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Preface

A profitable decision rule for us has been, ‘if Peter Whittle wrote it, read it.’
Whittle’s 1963 book Prediction and Regulation by Linear Least Squares Meth-
ods (reprinted and revised in 1983), taught early users of rational expectations
econometrics, including ourselves, the classical time series techniques that were
perfect for putting the idea of rational expectations to work. When we be-
came aware of Whittle’s 1990 book, Risk Sensitive Control and later his 1996
book Optimal Control: Basics and Beyond, we eagerly worked our ways through
them. These and other books on robust control theory like Bagar and Bernhard’s
H -Optimal Control and Related Minimax Design Problems: A Dynamic Game
Approach provide tools for rigorously treating the ‘sloppy’ subject of how to
make decisions when one does not fully trust a model and open the possibility
of rigorously analyzing how wise agents should cope with fear of misspecifica-
tion. While Whittle mentioned a few economic examples, the methods that he
and other authors of robust and risk sensitive control theories had developed
were mainly designed for types of problems that differ in some significant ways
from economic problems. Therefore, we soon recognized that risk sensitive and
robust control methods would require some modifications if they were to be ap-
plied successfully to economic problems. That is why we started the research
that led to this book. We do not claim to have attained a general theory of how
to make economic decisions while acknowledging misspecification, but only to
have begun to study this difficult and important problem that has concerned
every researcher who has estimated a rational expectations model, every central
banker who has used dubious models to guide his monetary policy decisions, and
every macroeconomist who has ever viewed formal estimation as wrongheaded
and instead ‘calibrated’ the parameters of a complete, but admittedly highly
stylized, model.

- xiii —
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Motivation and main ideas



Chapter 1
Introduction

1.1. Generations of control theory

Figure 1.1.1 reproduces John Doyle’s cartoon of developments in optimal con-
trol theory since World War II.1 Two scientists in the upper panels use different
mathematical methods to devise control laws and estimators. The person on the
left uses classical methods (Euler equations, z-transforms, lag operators) and
the one on the right uses modern recursive methods (Bellman equations, Kalman
filtering). The scientists in both top panels completely trust their models of the
transition dynamics and use mathematical procedures that assume that those
models are true. The gentleman in the lower panel shares the objectives of his
predecessors from the 50s, 60s, and 70s, but regards his model only as an approx-
imation to an unknown and unspecified model that he thinks actually generates
the data. He seeks decision rules and estimators that work over a continuous set
of models near his approximating model. The H., in his postmodern tatoo and
the 6 on his staff are alternative ways to express his doubts about his model
by measuring the discrepancy of the true data generating mechanism from his
approximating model. As we shall learn in later chapters, the parameter 6 is
interpretable as a penalty on a measure of discrepancy (the entropy) between
his approximating model and the model that actually generates the data. The
H, refers to a measure of his objective function under a greatest lower bound
on the multiplier 6.

1 John Doyle consented to let us reproduce this drawing, which appears in Zhou, Doyle,
and Glover (1996). We have changed Doyle’s notation by making 6 (Doyle’s p) the free
parameter borne by the post-modern control theorist.
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60’s — 70’8 —

40’s — 50’s —

Figure 1.1.1: A pictorial history of control theory (courtesy
John Doyle). Beware of theorists bearing a free parameter,

0.

1.2. Control theory and rational expectations

Classical and modern control theory supplied perfect tools for applying Muth’s
(1961) concept of rational expectations to a variety of problems in dynamic
economics. Rational expectations initially diffused slowly after Muth’s (1961)
paper precisely because in 1961 most economists were not sufficiently familiar
with the tools lampooned in the top panel of Fig. 1.1.1. Rational expectations
took hold in the 1970’s only after a generation of young macroeconomists had
learned those tools. Ever since, macroeconomists and rational expectations
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econometricians have gathered inspiration and ideas from classical and recursive
control theory.?

Ironically, when macroeconomists began to apply classical and modern con-
trol theory in the late 1970’s, control theorists and applied mathematicians were
trying to find ways to relax the assumption that the decision maker trusts his
model. They sought new control and estimation methods to repair adverse out-
comes they had experienced from applying classical and modern control theory
to a variety of engineering and physical problems. They thought that model mis-
specification explained why actual outcomes were sometimes much worse than
control theory predicted and therefore sought controls and estimators that ac-
knowledged model misspecification. That is how robust control and estimation
theory came into being.

1.3. Misspecification and rational expectations

It is an understatement to say that model misspecification is at least as much of
a problem in economics as it is in physics and engineering. This book borrows,
adapts, and extends tools from the literature on robust control and estimation
to model decision makers who regard their models as approximations. A de-
cision maker believes that the data come from an unknown member of a set
of unspecified models near his approximating model.® Concern about model
misspecification induces a decision maker to want decision rules that work over
that set of nearby models.

If they lived inside rational expectations models, decision makers would
not have to worry about model misspecification. They could trust their model
because subjective and objective probability distributions (i.e., models) coincide.
Rational expectations theorizing removes agents’ personal models as elements
of the model.*

2 See Stokey and Lucas with Prescott (1989), Ljungqvist and Sargent (2004), and Hansen
and Sargent (1991) for many examples.

We say unspecified because they are formulated as vague perturbations to the decision
maker’s approximating model.

4 In a rational expectations model, each agent’s model (i.e., his subjective joint proba-
bility distribution over exogenous and endogenous variables) is an equilibrium outcome, not
something to be specified by the model builder. Its early advocates in econometrics empha-
sized the empirical power that followed from the fact that the rational expectations hypothesis
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Although the artificial agents within a rational expectations model trust the
model, a model’s author often doubts it, especially after performing specification
tests or when calibrating it. There are several good reasons for wanting to extend
rational expectations models to acknowledge fear of model misspecification.®
First, doing so accepts Muth’s (1961) intention of putting econometricians and
the agents being modelled on the same footing: because econometricians face
specification doubts, the agents inside the model might too.® Second, in vari-
ous contexts, rational expectations models under-predict prices for risk that are
revealed by asset market data. For example, relative to standard rational ex-
pectations models, actual asset markets seem to assign prices to macroeconomic
risks that are too high. The equity premium puzzle is one manifestation of this
is mispricing.” Agents’ caution in responding to concerns about model mis-
specification can raise the theoretical values of the prices to be assigned to those
macroeconomic risks. This reason for studying robust decisions is positive and
is to be judged by how it helps explain market data. A third reason for studying
the robustness of decision rules to model misspecification is normative. A long
tradition dating back to Friedman (1953), Bailey (1971), Brainard (1967) and
Sims (1971, 1972) advocates framing macroeconomic policy rules and interpret-
ing econometric findings in light of doubts about model specification, though
how those doubts have been formalized in practice has varied.

eliminates all free parameters associated with peoples’ beliefs. For example, see Hansen and
Sargent (1980) and Sargent (1981).

5 In chapter 16, we explore various mappings, the fixed points of which can be used to
restrict a robust decision makers’ approximating model. As is usually the case with rational
expectations models, we are silent about the process by which an agent arrives at his approx-
imating model. A qualification to the claim that rational expectations models do not model
the process by which agents’ model is formed comes from the literature on learning, in which
agents who use recursive least squares learning schemes eventually come to have rational ex-
pectations. Early examples of such work are Bray (1982), Marcet and Sargent (1989), and
Woodford (1990). See Evans and Honkapohja (2001) for new results.

6 This argument might offend someone with a preference against justifying modelling as-
sumptions on behavioral grounds.

7 A related finding is that rational expectations models impute low costs to business cycles.
See Hansen, Sargent, and Tallarini (1999), Tallarini (2000), and Alvarez and Jermann (1999).
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1.4. Our extensions of robust control theory

When we say that we ‘adapt and extend’ robust control theory for economic
problems, we have three main things in mind: discounting, a reinterpretation of
the ‘worst case shock process’, and equilibrium reasoning.

1.4.1. Discounting

Most treatments of robustness in the control theory treat undiscounted prob-
lems, and the few formulations of discounting that do appear differ from the way
macroeconomics would set things up.® In this book, we formulate discounted
problems that preserve the recursive structure of decision problems that macroe-
conomists and other applied economists use so widely.

1.4.2. Representation of worst case shock

As we shall see, in existing formulations of robust control theory, the misspecifi-
cation shocks and the worst case shock process, in particular, is allowed to feed
back on endogenous state variables that are influenced by the decision maker,
an outcome that in some contexts appears to confront the decision maker with
peculiar incentives to manipulate future values of some of those shocks by ad-
justing his current decisions. Some critics of robust control theory in economics
like Christopher Sims have questioned the plausibility of the notion that the de-
cision maker is concerned about any misspecifications that can be represented
in terms of shocks that feed back on state variables under his partial control. In
chapter 6, we use a device informally known as the ‘Big K, little k trick’ from
the literature on recursive competitive equilibria to reformulate perturbations to
an approximating model, and the worst case shock in particular, as exogenous
processes that cannot be influenced by the decision maker. As we illustrate in
the analysis of the permanent income model of chapter 9, this reinterpretation
of the worst case shock process is useful in a variety of economic models.

8 See Whittle (1990) and Hansen and Sargent (2005XXX-commitment).
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1.4.3. Multiple agent settings

In formulations from the control theory literature, a description of the decision
maker’s model of the state transition law is a primitive element of the statement
of the problem. In multi-agent dynamic economic problems, it is not. Instead,
the parts of the decision maker’s transition law governing endogenous state
variables, such as aggregate capital stocks, are affected by other agents’ choices
and therefore are outcomes of equilibrium reasoning. In this book, we describe
ways of formulating the decision maker’s approximating model when he and
other decision makers are all concerned about model misspecification, perhaps
in differing degrees. We proceed in a methodologically conservative way by
imposing a common approximating model on all decision makers, but allow
them to express different degrees of mistrust of that model. As we explain in
chapters 15, 11, 16, and 18, this is a conservative procedure in the sense that it
adapts the concept of a Nash equilibrium to include concerns about robustness.

1.5. Robust control theory, shock serial correlations, and
rational expectations

Ordinary optimal control theory assumes that decision makers know the model
in the form of a transition law linking the motion of state variables to controls.
The optimization problem associates a distinct decision rule with each specifica-
tion of shock processes. Many aspects of rational expectations models flow from
this association.” For example, the cornerstone of the Lucas (1976) Critique is
the finding that, under rational expectations, decision rules are functionals of
the serial correlations of shocks. Rational expectations econometrics achieves
parameter identification by exploiting the structure of the function that maps
shock serial correlation properties to decision rules. *°

Robust control theory alters the mapping from shock temporal properties
to decision rules. Robust control theory treats the decision maker’s model as an
approximation and seeks a single rule to use for a set of models that might govern
the data. The alternative models are specified vaguely in terms of distortions to

9 Stoke and Lucas with Prescott (1989) is a standard reference on using control theory to
construct dynamic models in macroeconomics.
10" See Hansen and Sargent (1980, 1981, 1991).
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the shock processes in the decision maker’s model. Because they are allowed to
feed back arbitrarily on the history of the states, such distortions can represent
general misspecifications of the dynamics.

As emphasized by Hansen and Sargent (1980, 1981, 1991), the econometric
content of the rational expectations hypothesis is a set of cross-equation re-
strictions that cause particular combinations of parameters characterizing the
stochastic processes impinging on agents’ constraint sets to appear in decision
rules. A concern for model misspecification alters these cross-equation restric-
tions by inspiring the robust decision maker to twist or slant those stochastic
processes in ways designed to make his decision rule less fragile to misspecifi-
cation. Formulas presented in chapters 2 and 6 imply that the Hansen-Sargent
(1980, 1981) formulas for those cross-equation restrictions also describe the be-
havior of the robust decision maker, provided that we use the appropriated
slanted laws of motion in the Hansen-Sargent forecasting formulas. This finding
is interesting because it shows how robust control theory adds a concern about
misspecification in a way that preserves the econometric discipline imposed by

rational expectations econometrics.

1.6. Entropy in specification analysis in econometrics

The statistical and econometric literatures on the analysis of model misspecifi-
cation supply tools for measuring discrepancies between models and for thinking
about decision making in the presence of model misspecification.

Where y* denotes next period’s value of a state vector y, let the data
truly come from a Markov process with one step transition density f(y*|y)
for a Markov process that we assume has invariant distribution p(y). is the
invariant Let the econometrician’s model be f,(y*|y) where « € A and A is a
compact set of values for a parameter vector «. If there is no a € A such that
fo = f, we say that the econometrician’s model is misspecified. Assume that
the econometrician estimates a by maximum likelihood. Under some regularity
conditions, the maximum likelihood estimator &, converges in large samples
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to
plim &, = argminaeA/I(a,f) (y)dp(y)=1(f) (1.6.1)

where I(a, f)(y) is the conditional relative entropy of model f with respect to
model f, defined as the expected value of the logarithm of the likelihood ratio
evaluated with respect to the true conditional density f(y*|y)

1w = [1oe (LY pi)ay (162

The quantity I(c, f)(y) is called the conditional entropy of model f, rel-
ative to model f. It can be shown that I(«, f)(y) > 0. When the model is
misspecified, the minimized value of relative entropy defined on the right side
of (1.6.1) is positive. Figure 1.6.1 depicts how the probability limit of the esti-
mator of the parameters of a misspecified model a, makes I(f)(y) as small as
possible.

Figure 1.6.1: Econometric specification analysis. Suppose
that the data generating mechanism is f and that the econo-
metrician fits a parametric class of models f, € A to the
data and that f ¢ A. Maximum likelihood estimates of «
eventually select the misspecified model the model f,, that
is closest to f as measured by entropy I(f).

Sims (1993) and Hansen and Sargent (1993) have used the preceding analy-
sis of estimation of misspecified models has been used to deduce the consequences
of various types of misspecification for estimates of particular parameters of dy-
namic stochastic models. 2 For example, they studied the consequences of using

11 Versions of this result occur in White (1982), Vuong (1989), Sims (1993), Hansen and
Sargent (1993), and Gelman et. al. (XXXX).
2 Also see Vuong (1989).
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seasonally adjusted data to estimate rational expectations models of decisions
makers who actually base their decisions on raw seasonally unadjusted data.

1.7. Acknowledging misspecification in decision making

To study decision making in the presence of model misspecification, we turn
this analysis on its head by taking f,, as a given unreliable approximating model
and surrounding it with a set of unknown possible data generating processes,
one unknown element of which is the true process f. See figure 1.7.1. Decision
makers know their approximating model f,_, but because they don’t know f,
they must base their decisions on the only explicitly specified model available,
namely, the misspecified f,, . We say nothing about the process of discovery
that culminated in the decision maker’s approximating model f,, (y*|y).'* We
also take for granted the decision maker’s parameter estimates o, .'* We impute
to the decision maker some doubts about his model. In particular, the decision
maker suspects that the data are actually generated by another model f(y*|y)
with relative entropy I(ay, f)(y). The decision maker thinks that his model is a
good approximation in the sense that I(a,, f)(y) is not too large, and wants to
make decisions that will be good when f # f,,. We endow the decision maker
with a discount factor 8 and construct the following intertemporal measure of

model misspecification: '?

I=E;y B'(co f)(y)

t=0

where F; is the mathematical expectation evaluated with respect to the dis-
tribution f. Our decision maker confronts model misspecification by seeking
a decision rule that will work well across a set of models for which I < 5,
where 79 measures the set of models F' surrounding his approximating model

13 Tom: here is where we should cite Kreps’s chapter 11.

4 chapter 8, we entertain the hypothesis that the decision maker has estimated his
model by maximum likelihood using a data set of length T and use Bayesian detection error
probabilities to guide the choice of a set of models against which the decision maker wants to
be robust.

15 Hansen and Sargent (2005a, 2005b XXXX) provide an extensive discussion of reasons
for adopting this measure of model misspecification.
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fa. Fig. 1.7.1 portrays the decision maker’s view of the world. The decision
maker wants a single decision rule that will work reliablly for all models in
the set displayed in Fig. 1.7.1.'6 This book describes how he can form such a
robust decision rule by using a Bellman equation in which he maximizes his in-
tertemporal objective over decision rules while a hypothetical malevolent nature
minimizes that same objective by choosing a model f. Of course, this hypothet-
ical malevolent nature is just a device that the decision maker uses to construct
a lower bound on the performance of his rule. A decision maker interested in
robustness is naturally interested in constructing bounds on the performance of
a decision rule, and the malevolent agent assists him in that endeavor.

I(f)<n

Figure 1.7.1: Robust decision making: A decision maker
with model f,, suspects that the data are actually generated
by a nearby model f, where I(a,, ) < 7.

16 Note how this uproots the one-to-one mapping from transition laws f to decision rules
that is emphasized in the Lucas (1976) critique.
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1.8. Organization

This monograph displays alternative ways to express and respond to a decision
maker’s doubts about model specification. We study both control and estima-
tion (or filtering) problems, and both single— and multiple-agent settings. As
already mentioned, we adapt and extend results from the robust control lit-
erature in two important ways. First, while the control literature focuses on
undiscounted problems, we formulate discounted problems. Incorporating dis-
counting involves substantial work, especially in chapter 7, and requires paying
special attention to initial conditions. Second, we analyze three types of eco-
nomic environments with multiple decision makers who are concerned about
model misspecification: (1) a competitive equilibrium with complete markets
in history-date contingent claims and a representative agent who fears model
misspecification (chapters 11 and 12); (2) a Markov perfect equilibrium of a
dynamic game with multiple decision makers who fear model misspecification
(chapter 15); and (3) a Stackelberg or Ramsey problem in which both the leader
and the followers fear model misspecification (chapters 16 and 18). Thinking
about model misspecification in these environments requires that we introduce
an equilibrium concept that extends rational expectations. We stay mostly,
but not exclusively, within a linear quadratic framework (see chapter 17 for the
more general case), in which a pervasive certainty equivalence principle allows
a nonstochastic presentation of most of the control and filtering theory.

The monograph is organized as follows. Chapter 2 summarizes a set of
practical results at the lowest possible technical level. A message of this chapter
is that, although sophisticated arguments from chapters 6 and 7 are needed
fully to justify the techniques of robust control, the techniques themselves are
as easy to apply as the ordinary dynamic programming techniques that are now
widely used throughout macroeconomics and applied general equilibrium theory.
Chapter 2 uses linear quadratic dynamic problems to convey this message, but
the message applies more generally, as we shall illustrate in chapters 17 and 18.

Chapters 3 and 4 are about optimal control and filtering when the decision
maker trusts his model. Chapter 3 sets forth important principles by summa-
rizing results about the classic optimal linear regulator problem. This chapter
builds on the survey by Anderson, Hansen, McGrattan, and Sargent (1996)
and culminates in a description of invariant subspace methods for solving lin-
ear optimal control and filtering problems and also for solving dynamic linear
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equilibrium models. Later chapters apply these methods to various problems:
to compute robust decision rules as solutions of zero-sum two-player games; to
compute robust filters via another zero-sum two-player game; and to compute
equilibria of robust Stackelberg or Ramsey problems in macroeconomics.

Chapter 4 emphasizes that the Kalman filter is the dual (in a sense famil-
iar to economists from their use of Lagrange multipliers) of the basic linear-
quadratic dynamic programming problem of chapter 3. We exploit duality re-
lations often in subsequent chapters.

Within a one-period setting, chapter 5 introduces two-person zero-sum
games as a way to induce robust decisions. Although the forms of model misspec-
ifications considered in this chapter are very simple relative to those considered
in subsequent chapters, the static setting of chapter 5 is a good one for address-
ing some important conceptual issues. In particular, in this chapter for the first
time we state multiplier and constraint problems, alternative optimization prob-
lems that induce robust decision rules. We use the Lagrange multiplier theorem
to show the connection between the two problems.

Chapters 6 and 7 extend and modify results in the control literature to
formulate robust control problems with discounted quadratic objective functions
and linear transition laws. Incorporating discounting requires carefully restating
the control problems used to induce robust decision rules. Chapters 6 and
7 describe two ways to alter the discounted linear quadratic optimal control
problem in a way to induce robust decision rules: (1) to form one of several
two-player, zero-sum games in which nature chooses from a set of models in
a way that makes the decision maker want robust decision rules; and (2) to
adjust the continuation value function in the dynamic program in a way that
encodes the decision maker’s preference for a robust rule. The continuation value
that works comes from the minimization piece of one of the zero-sum two-player
gamesin (1). In category (1), we present a detailed account of several two-person
zero-sum games with different timing protocols, each of which induces a robust
decision rule. As an extension of category (2), we present three specifications of
preferences that embed a preference for robust rules. Two of them are expressed
in the frequency domain: the H., and entropy criteria. The entropy objective
function summarizes model specification doubts with a single parameter. We
describe how that parameter relates to a Lagrange multiplier in a two-player
zero-sum game, and also to the risk-sensitivity parameter of Jacobson (1973)
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and Whittle (1990), as modified for discounting by Hansen and Sargent (1995).

Chapters 6 and 7 show how robustness is induced by using min-max strate-
gies: the decision maker maximizes while nature minimizes over a set of models
that are close to the approximating model. Chapter 8 gives our method for cal-
ibrating a measure of proximity based on statistical detection theory.'” There
are alternative timing protocols in terms of which a zero-sum two player game
can be cast. A main finding of chapter 6 is that zero-sum games that make
a variety of different timing protocols share outcomes and representations of
equilibrium strategies. This important result lets us use recursive methods to
compute our robust rules and it facilitates important analytical approaches for
computing equilibria in multiple agent economics.

Arthur Goldberger and Robert E. Lucas, Jr., warned applied economists to
beware of theorists bearing free parameters (see Fig. 1.1.1). Relative to settings
in which decision makers completely trust their models, the multiplier and the
constraint problems of chapters 6 and 7 each bring one new free parameter that
expresses a concern about model misspecification, 6 for the multiplier problem
and 7 for the constraint problem. Each of these parameters measures sets of
models near the approximating model against which the decision maker seeks a
robust rule. Chapter 8 proposes a way to calibrate these parameters by using
the statistical theory for discriminating models. We apply this theory in chapter
9.

Chapter 9 uses the permanent income model of consumption as a labora-
tory for illustrating some of the concepts from chapters 6 and 7. Because he
prefers smooth consumption paths, the permanent income consumer’s savings
are designed to attenuate the effects of income fluctuations on his consump-
tion. A robust consumer engages in a kind of precautionary savings because
he suspects error in the specification of the income process. We will also use
the model of chapter 9 as a laboratory for asset pricing in chapter 12. But
first, chapters 10 and 11 describe how to decentralize the solution of a planning
problem with a competitive equilibrium. Chapter 10 sets out a class of dynamic
economies and describes two decentralizations, one with trading of history-date
contingent commodities once and for all at time zero, and another with sequen-
tial trading of one-period Arrow securities. In that sequential setting, we give
a recursive representation of equilibrium prices. Chapter 10 describes a setting

17 See Anderson, Hansen, and Sargent (2003) for a further discussion.
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where the representative agent has no concern about model misspecification,
while chapter 11 extends the chapter 10 characterizations to situations where
the representative decision maker fears model misspecification.

Chapter 12 builds on the chapter 11 results to show how fear of model
misspecification affects asset pricing. We show how, from the vantage point
of the approximating model, a concern for robustness induces a multiplicative
adjustment to the stochastic discount factor, where the adjustment measures
fear that the approximating model is misspecified. The adjustment for robust-
ness mathematically resembles similar adjustments that finance experts used to
construct risk neutral probability measures for pricing assets. We describe the
basic theory within a class of linear quadratic general equilibrium models and
then a calibrated version of the permanent income model of chapter 9.

Chapter 13 extends the analysis of filtering from chapter 4 by describing
a discounted robust filtering problem that is dual to the control problem of
chapter 6. We discover this problem by stating and solving a conjugate problem
of a kind familiar to economists through duality theory. By faithfully following
where duality leads us, we discover a filtering problem that is peculiar (but
not necessarily uninteresting) from an economic stand point. There are two
peculiarities. First, the decision maker discounts the more distant past. Second,
‘bygones are not bygones’: the decision makers concerns about past returns
affect his current estimate of a hidden state vector.

Chapter 14 studies robust filtering again and, by using a different criterion
than chapter 13, finds a different robust filter. We argue that the chapter 14 filter
is the appropriate one for many problems and give some examples. The different
filter that emerge from chapters 13 and 14 illustrate how robust decision rules are
‘context specific’ in the sense that they depend on the common objective function
in the two-player zero-sum game that is used to induce a robust decision rule.
This theme will run through our monograph. Following Hansen, Sargent, and
Wang (2001), we use the permanent income model of chapter 9 as a laboratory
for illustrating a filtering problem.

Chapters 15 and 16 describe two more settings with multiple decision mak-
ers and introduce an equilibrium concept that extends rational expectations in
what we think is a natural way. In a rational expectations equilibrium, all de-
cision makers completely trust a common model and important aspects of that
model, those governing endogenous state variables, are equilibrium outcomes.
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The source of the powerful cross-equation restrictions that are the hallmark of ra-
tional expectations econometrics is that decision makers share a common model
and that model is presumed to govern the data.'® To preserve that empirical
power in our equilibria with multiple decision makers who fear model misspec-
ification, we impose that all decision makers share a common approximating
model.*® The pieces of that model that describe endogenous state variables are
equilibrium outcomes that depend on agents’ robust decision making processes,
and in particular, on how their min-max problems.

Chapter 15 describes how to implement this equilibrium concept in the
context of a two-player dynamic game in which the players share a common
approximating model and in which each player makes robust decisions by solv-
ing a two-player zero-sum game taking the approximating model as given. We
show how to compute the approximating model by appropriately stacking and
solving robust versions of the Bellman equations and first-order conditions for
the two decision makers. While the equilibrium imposes a common approximat-
ing model, the worst-case models of the two decision makers diverge because
their objectives diverge. In this restricted sense, the model produces a version
of endogenous heterogeneity of beliefs.

In chapter 16, we alter the timing protocol in a way that invites one decision
maker to manipulate the worst-case beliefs of the other decision makers and
thereby affect their decision rules. Chapters 16 and 18 study versions of a
macroeconomic control problem, called a Ramsey problem, where a leader wants
optimally to control followers who are forecasting the leader’s controls. We
describe how to compute a robust Stackelberg policy when the Stackelberg leader
can commit to a rule. We accomplish that by using a robust version of the
optimal linear regulator or else one of the invariant subspace methods of chapter
3.

Chapter 17 tells how the key ideas about robustness generalize to models
that are not linear-quadratic. Then chapter 16 modifies Lucas and Stokey’s

I8 1ars: you might want to edit this footnote. The restriction that they share a
common model is the feature that makes free parameters governing expectations disappear.
The restriction that that common model actually governs the data is what legitimizes a law
of large numbers that underlies rational expectations econometrics.

19 In the empirical applications of Hansen, Sargent, and Tallarini (1999) and Anderson,
Hansen, and Sargent (2003), we also maintain the second aspect of rational expectations
modelling, namely, that the decision makers’ approximating model actually does generate the
data.
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model of optimal taxation by allowing the representative consumer to doubt
the specification of the Markov process for government expenditures. That al-
teration gives the Ramsey planner a motive to manipulate the representative
consumer’s worst case model as part of the process by which the planner ma-
nipulates equilibrium prices in solving the Ramsey problem.



Chapter 2
Basic ideas and methods

There are two different drives toward exactitude that will never attain
complete fulfillment, one because “natural” languages always say something
more than formalized languages can — natural languages always involve a
certain amount of noise that impinges on the essentiality of the information
— and the other because, in representing the density and continuity of the
world around us, language is revealed as defective and fragmentary, always
saying something less with respect to the sum of what can be experienced.
— TItalo Calvino, Six Memos for the Next Millenium, 1996, pp. 74-75

2.1. Introduction

Standard control theory tells a decision maker how to make optimal decisions
when his model is correct. Robust control theory tells him how to make good de-
cisions when his model approximates the correct one. This chapter summarizes
methods for computing robust decision rules when the decision maker’s crite-
rion function is quadratic and his approximating model is linear.! We modify
the Bellman equation and the Riccati equation associated with the standard
linear-quadratic dynamic programming problem to incorporate concerns about
misspecification of the transition law. The adjustments to the Bellman equation
have alternative representations, each of which has practical uses in various con-
texts.? This chapter concentrates mainly on single-agent decision theory but
chapters 10, 15, 16, and 18 extend the theory to environments with multiple
decision makers, all of whom are concerned about model misspecification. In
the process, we describe equilibrium concepts that generalize the notion of a
rational expectations equilibrium to situations in which decision makers have
different amounts of confidence in a common approximating model.® Chapter

1 Later chapters supply technical details that justify assertions made in this chapter.

2 Chapter 6 studies these alternative representations in detail.

3 Chapter 10 discusses competitive equilibria in representative agent economies; chapter 15
injects motives for robustness into Markov perfect equilibria for two-player dynamic games;
and chapters 16 and 18 study Stackelberg and Ramsey problems. In Ramsey problems, a

- 17 —



18 Basic ideas and methods

17 shows that many of the insights of this chapter extend beyond the linear
quadratic setting.

2.2. Approximating models

We begin with the single agent linear quadratic problem. Let y; be a state
vector and wu; a vector of controls. A decision maker’s model takes the form of
a linear state transition law

Y41 = Ayt + Buy + Cét+1, (221)

where {&} is an i.i.d. Gaussian vector process with mean 0 and identity con-
temporaneous covariance matrix. The decision maker thinks that (2.2.1) ap-
proximates another model that governs the data but that he cannot specify.
How should we represent the notion that (2.2.1) is misspecified? The i.i.d.
random process €;y1 can represent only a very limited class of approximation
errors and in particular cannot depict misspecified dynamics such as nonlinear
and time-dependent feedback of y;11 on past states. To represent dynamic

4 we surround (2.2.1) with a set of models of the form

misspecification,
Yer1 = Ays + Buy + C (€441 + wir1), (2.2.2)

where {¢;} is another i.i.d. Gaussian process with mean zero and identity co-
variance matrix and w41 is a vector process that can feed back in a possibly
nonlinear way on the history of y:

We41 = Gt (ytvytflv .- -)7 (2-2-3)

government chooses among competitive equilibria of a dynamic economy. A Ramsey problem
too ends up looking like a single-agent problem, the single agent being a benevolent government
that faces a peculiar set of constraints that represent competitive equilibrium allocations.

4 m appendix A and chapters 5 and 17, we allow a broader class of misspecifications.
Chapter 17 represents the approximating model as a Markov transition density and considers
misspecifications that twist probabilities over future states. When the approximating model
is Gaussian, many results of this chapter survive even though (2.2.2) ignores an additional
adjustment to the innovation covariance matrix of the distorted model. In many applications,
the adjustment to the covariance matrix is quantitatively insignificant. It vanishes in the case
of continuous time. See page 400.
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where {g:} is a sequence of measurable functions. When (2.2.2) generates
the data, it is as though the errors é;41 in model (2.2.1) are distributed as
N (wiq1,I) rather than as N(0,I). Thus, we capture the idea that the ap-
proximating model (2.2.1) is misspecified by allowing the conditional mean of
the shock vector in the model (2.2.2) that actually generates the data to feed
back arbitrarily on the history of the state. To express the idea that model
(2.2.1) is a good approximation when (2.2.2) generates the data, we restrain
the approximation errors by

Eo Z B wiwepr < o, (2.2.4)
=0

where E; denotes mathematical expectation evaluated with model (2.2.2) and
conditioned on y* = [y;,...,90]. In section 2.3 and chapter 8, we shall interpret
the left side of (2.2.4) as a statistical measure of the discrepancy between the
distorted and approximating models.

The decision maker believes that the data are generated by a model of the
form (2.2.2) with some unknown process w; satisfying (2.2.4). The decision
maker forsakes trying to improve his specification by learning because 79 is so
small that statistically it is difficult to distinguish model (2.2.2) from (2.2.1)
using a time series {y;}7_; of moderate size T, an idea that we develop in
Chapter 8.°

The decision maker’s distrust of his model (2.2.1) makes him want good
decisions over a set of models (2.2.2) satisfying (2.2.4). Such decisions are said
to be robust to model misspecification.

We compute robust decisions rules by solving one of several distinct but
related two-player zero-sum games: a maximizing decision maker chooses con-
trols {u;} and a minimizing player (a ‘malevolent’ or ‘evil’ agent) chooses model
distortions {w41}. The games share common players, actions, and payoffs, but
assume different timing protocols. Nevertheless, as we show in chapters 6 and
7, equilibrium outcomes and decision rules for the games coincide. Important
technicalities must be sorted through to verify this claim,® but their equivalence
makes the games easy to solve. Computing robust decision rules comes down

5 However, see Hansen and Sargent (2005,nocommitXXXXX) for a way to include a robust
form of learning. Also, see chapter 14.

6 The main thing that generates this outcome is that all of them are zero-sum games, a
feature that perfectly misaligns the preferences of the two players.
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to solving Bellman equations for dynamic programming problems that are very
similar to ones routinely used today throughout macroeconomics and applied
economic dynamics. Before later chapters assemble the results needed to sub-
stantiate these claims, this chapter quickly summarizes how to compute robust
decision rules with standard methods.

We begin with the ordinary linear quadratic dynamic programming prob-
lem without model misspecification, called the optimal linear regulator. Then
we describe how robust decision rules can be computed by solving another op-
timal linear regulator problem. Next we briefly describe Lagrangian (or Hamil-
tonian) methods. We close by highlighting material from chapter 16 that shows
how those Lagrangian methods achieve robust control of forward-looking macro
models and thereby solve robust Ramsey or Stackelberg problems.

2.2.1. Dynamic programming without model misspecification

The standard dynamic programming problem assumes that the transition law
is correct.” Let the one-period loss function be 7(y,u) = —(y'Qy + v Ru)
where the matrices ) and R are symmetric and satisfy some stabilizability and
detectability assumptions set forth in chapter 3. The optimal linear regulator
problem is

oo

—yoPyo —p = max Ej Zﬂtr (ye,ur), 0< B <1, (2.2.5)

{wlzo 130

where the maximization is subject to (2.2.1), yo is given, E denotes the math-
ematical expectation operator evaluated with respect to the distribution of €,
and Ej denotes the mathematical expectation conditional on time 0 informa-
tion, namely the state yo. Letting y* denote next period’s value of y, the
linear constraints and quadratic objective function in (2.2.5), (2.2.1) imply the

Bellman equation
—y'Py —p=maxEr(y,u) = By Py" — fpl |y (2.2.6)
where the maximization is subject to

y* = Ay + Bu + CE, (2.2.7)

7 Many technical results and computational methods for this problem are catalogued in
chapter 3.
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where € is a random vector with mean zero and identity variance matrix.
Subject to assumptions about A, B, R, @, 3 to be described in Chapter 3,
some salient facts about the optimal linear regulator are these:

1. The Riccati equation. The matrix P in the value function is a fixed point

of a matrix Riccati equation:

P=Q+BA'PA—(B*A'PB(R+ 3B PB)"' B'PA. (2.2.8)
The optimal decision rule is u; = —Fy; where
F=j3(R+3B'PB) ' B'PA. (2.2.9)

We can find the appropriate fixed point P and solve problem (2.2.5),
(2.2.1) by iterating to convergence on the Riccati equation (2.2.8) starting
from initial value Py = 0.

2. Certainty equivalence. In the Bellman equation (2.2.6), the scalar p =
%tracePCC”. The ‘volatility matrix’ C' influences the value function
through p, but not through P. It follows from (2.2.8), (2.2.9) that the
optimal decision rule F' is independent of the volatility matrix C. In
(2.2.1), we have normalized by setting Fé;é; = I. Therefore, the matrix
C' determines the covariance matrix C'C’ of random shocks impinging on
the system. The finding that F' is independent of the volatility matrix
C is known as the certainty equivalence principle: the same decision rule
u; = —Fx; emerges from stochastic (C' # 0) and nonstochastic (C' = 0)
versions of the problem. This kind of certainty equivalence fails to describe
problems that express a concern for model misspecification; but another
useful kind of certainty equivalence does. See page 27.

3. Shadow prices. Since the value function is —y,Pyo — p, the vector of
shadow prices of the initial state is —2Pyg. Form a Lagrangian for (2.2.1),
(2.2.5) and let the vector —23'"11; 11 be Lagrange multipliers on the time
t version of (2.2.1). First-order conditions for a saddle point of the La-
grangian can be rearranged to form a first-order vector difference equation
in (y¢ pe). The optimal policy solves this difference equation subject to
an initial condition for yy and a transversality or ‘detectability’ condition
Yoo Btr(ye, ur) < +00. On page 47 and in chapter 3, we show that subject
to these boundary conditions, the vector difference equation consisting of
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the first-order conditions is solved by setting u: = Py:, where P solves the
Riccati equation (2.2.8).

2.3. Measuring model misspecification: entropy

We use entropy to measure model misspecification. To interpret our measure of
entropy, we state a modified certainty equivalence principle for linear quadratic
models. Although we use a statistical interpretation of entropy, by appealing
to the modified certainty equivalence result to be stated on page 27, we shall
be able to drop randomness from the model but still retain a measure of model
misspecification that takes the form of entropy.

Let the approximating model again be (2.2.1) and let the distorted model
be (2.2.2). The approximating model asserts that w11 = 0. For convenience,
we analyze the consequences of a fixed decision rule and assume that u; = —Fx.
Let A, = A — BF and write the approximating model as

Y1 = Aoy + Céin (2.3.1)
and a distorted model as®
Yir1 = Aol + C (€141 + wit1) - (2.3.2)

The approximating model (2.3.1) asserts that &1 = (C'C)™1C" (y441 — Aoyt) -
When the distorted model generates the data, yi1 — Aoyr = Cérr1 = Clepy1 +
wyy1), which implies that the disturbances under the approximating model ap-
pear to be

€41 = €441 + Wiy, (233)

so that misspecification manifests itself in a distortion to the conditional mean
of innovations to the state evolution equation.

How close is the approximating model to the distorted model that actually
governs the data? To measure the statistical discrepancy between the two mod-
els of the transition from y to y*, we use conditional relative entropy defined

o (ST e
10w = 1 g<fo(y*|y))f(y ) dy".

8 Appendix A allows a larger set of perturbations to the approximating model and gives

as

a definition of entropy appropriate for those perturbations.
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where f, denotes the one-step transition density associated with the approxi-
mating model and f is a transition density obtained by distorting the approxi-
mating model.®
In the present setting, the transition density for the approximating model
is
fo (W ly) ~ N (Ay + Bu,CC"),

while the transition density for the distorted model is'°
f (W ly) ~ N (Ay + Bu+ Cw,CC"),

where both u and w are measurable functions of y*. To evaluate entropy, we
first compute the ratio of probability densities (i.e., the ratio of likelihood func-
tions) of y;4+1 under the distorted and the approximating models, conditional on
y¢. Because wgy is measurable with respect to the history 3¢, then conditional
on 4, the log likelihood of 7;,1 for the distorted model is

log LY = —log V21 — .5¢}, (€141

Using (2.3.3), the conditional log likelihood of y; 1 under the approximating
model is
10g L% = — 10g V 2w — .5 (€t+1 + thrl)l (EtJrl + wt+1) .

Therefore, the log likelihood ratio of the distorted model with respect to the
approximating model is

log L% — log L* = 5w, 1 wis1 + W1 €141 (2.3.4)

9 Define the likelihood ratio m(f(y*ly)) = ;;((‘Z*Jﬁ}) . Then notice that

I(f) ()= /(mlogm) fo (v*ly) dy* = Ey, [mlogmly],

where the subscript fo, means integration with respect to the approximating model fo.
Hansen and Sargent (2005a, 2005b — commit and nocommit XXXX) exploit such representa-
tions of entropy. See appendix A.

0 In a continuous time diffusion setting, Hansen, Sargent, Turmuhambetova, and Williams
(2004XXX) describe how the assumption that the distorted model is difficult to distinguish
statistically from the approximating model means that it can be said to be absolutely continu-
ous over finite intervals with respect to the approximating model. They show that this implies
that the perturbations must then assume a continuous time version of the form imposed here
(i-e., they can alter the drift but not the volatility of the diffusion).
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Define entropy I(wiy1) as the mathematical expectation of the log likelihood
ratio (2.3.4), evaluated when the data are generated by the distorted model.
Because w;1 is measurable with respect to the history 3, averaging (2.3.4)
over €;41 gives the expected log likelihood

I (weg1) = Wy, Wigr. (2.3.5)

In chapter 8, we describe how measures like (2.3.5) govern the distribution of
test statistics for discriminating among models. In chapter 12, we show how the
log likelihood ratio (2.3.4) also plays an important role in pricing risky securities
under an approximating model when a representative agent is concerned about
model misspecification.

As an intertemporal measure of the size of model misspecification, we take

R(w) =2Ey» BT (wis), (2.3.6)
t=0

where the mathematical expectation conditioned on yq is evaluated with respect
to the distorted model (2.3.2). Then we impose constraint (2.2.4) on the set of
models or equivalently

R (w) < no. (2.3.7)

In the next section, we construct decision rules that work well over a set of
models that satisfy (2.3.7). Such robust rules can be obtained by finding the
best response for a maximizing player in the equilibrium of a two-player zero-

sum game.



Two robust control problems 25

2.4. Two robust control problems

This section states two robust control problems, the constraint problem and
the multiplier problem. The two problems differ in how they treat constraint
(2.3.7). Under proper conditions, the two problems have identical solutions.
The multiplier problem is a robust version of a stochastic optimal linear regula-
tor. A certainty equivalence principle allows us to compute the optimal decision
rule for the multiplier problem by solving a corresponding nonstochastic optimal
linear regulator problem.
We state the

Constraint problem: Given an 7 satisfying 77 > 19 > 0, a constraint problem
is

{ut }fio {wt+1 }fio

max min Ej Z B (ys, ut) (2.4.1)
t=0

where the extremization®! is subject to the distorted model (2.2.2) and the
entropy constraint (2.3.7), and where FEj, the mathematical expectation con-
ditioned on yp, is evaluated with respect to the distorted model (2.2.2). Here
77 measures the largest set of perturbations against which it is possible to seek
robustness.

Next we state the

Multiplier problem: Given 6 € (8, +00), a multiplier problem is

max min Ep Z B (ye, we) + BOwy wer } (2.4.2)

{ut}?io {thrl}?io t=0

where the extremization is subject to the distorted model (2.2.2) and the math-
ematical expectation is also evaluated with respect to that model.

In the max-min problem, 6 € (8, +o00] is a penalty parameter restraining
the minimizing choice of the w41 sequence. The lower bound 8 is a so-called
‘breakdown point’ beyond which it is fruitless to seek more robustness because
the minimizing agent is sufficiently unconstrained that he can push the criterion
function to —oo despite the best response of the maximizing agent. Formula
(7.3.13) for 6 on page 184 shows how the value of § depends on the return

11 Following Whittle (1990), extremization means joint maximization and minimization. It
is a useful term for describing saddle-point problems.
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function, the discount factor, and the transition law. Tests for whether 6 > 6
are presented in formulas (6.2.9) and (6.2.10). We shall discuss the lower bound
6 and an associated upper bound 7] extensively in chapter 7.

Chapters 6 and 7 state conditions on 6 and 79 under which the two prob-
lems have identical solutions, namely, decision rules u; = —Fy, and w41 =
Kvy,. Chapter 6 establishes many useful facts about distinct versions of the
multiplier problem that employ alternative timing protocols!? and that justify
solving the multiplier problem recursively. Let —y(Pyo — p be the value of

problem (2.4.2). It satisfies the Bellman equation 3

—y'Py —p = maxmin E {r (y,u) + 00w'w — fy*' Py* — Bp} (2.4.3)
where the extremization is subject to
y* = Ay + Bu+ C (e +w) (2.4.4)

where * denotes next period’s value, and ¢ ~ A(0,7). As a tool to explore
the fragility of his decision rule, in (2.4.3) the decision maker pretends that a
malevolent nature chooses a feedback rule for a model-misspecification process
w.

In summary, to represent the idea that model (2.2.1) is an approximation,
the robust version of the linear regulator replaces the single model (2.2.1) with
the set of models (2.2.2) that satisfy (2.2.4). Before describing how robust
decision rules emerge from the two-player zero-sum game (2.4.2), we tell a kind
of certainty equivalence that applies to the multiplier problem.

12 por example, one timing protocol has the maximizing u player first commit at time 0
to an entire sequence, after which the minimizing w player commits to a sequence. Another
timing protocol reverses the order of choices. Other timing protocols have each player choose
sequentially.

13 m chapter 6 we show that the multiplier and constraint problems are both recursive, but
that they have different state variables and different Bellman equations. Nevertheless, they
lead to identical decision rules for u; .
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2.4.1. Modified certainty equivalence principle

On page 21,'* we stated a certainty equivalence principle that applies to the
linear quadratic dynamic programming problem without concern for model mis-
specification. It fails to hold when there is concern about model misspecification.
But there is another certainty equivalence principle that allows us to work with
a non-stochastic version of (2.4.3), i.e., one in which €41 = 0 in (2.4.4). In
particular, it can be verified directly that precisely the same Riccati equations
and the same decision rules for u; and for w41 emerge from solving the ran-
dom version of the Bellman equation (2.4.3) as would from a version that sets
€141 = 0. This fact allows us to drop €41 from the state-transition equation
and p from the value function —y’ Py — p, without affecting formulas for the
decision rules.'® Nevertheless, inspection of the Bellman equation and the for-
mula for the decision rule for u; show that the ‘volatility matrix’ C' does affect
the decision rule. Therefore, the version of the certainty equivalence principle
stated on page 21 — that the decision rule is independent of the volatility matrix
— does not hold when there are concerns about model misspecification. This is
interesting because of how a desire for robustness creates an avenue for the noise
statistics embedded in the volatility matrix C' to impinge on decisions even with
quadratic preferences and linear transition laws. 6 This effect is featured in the
precautionary savings model of chapter 9, a simple version of which we shall
sketch in section 2.8.

4 Tom: figure out why the pagetag is off by one page.

15 The certainty equivalence principle stated here shares with the one on page 21 the facts
that P can be computed before p; it diverges from the certainty equivalence principle without
robustness on page 21 in that now P and therefore F' both depend on the volatility matrix
C.

16 The dependence of the decision rule on the volatility matrix is an aspect that attracted
researchers like Jacobson (1973) and Whittle (1990) to risk-sensitive preferences (see chapter
17).
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2.5. Robust linear regulator

The modified certainty equivalence principle lets us attain robust decision rules

by positing the nonstochastic law of motion
Yt+1 = Ayt + BUt + Othrl (251)

with gyo given, where the w process is constrained by the nonstochastic coun-
terpart to (2.2.4). By working with this nonstochastic law of motion, we obtain
the robust decision rule for the stochastic problem in which (2.5.1) is replaced
by (2.2.2). The approximating model assumes that w41 = 0. Even though
randomness has been eliminated, the volatility matrix C' affects the robust de-
cision rule because it influences how the specification errors w1 feed back on
the state.

To induce a robust decision rule for u;, we solve the nonstochastic version
of the multiplier problem:

max min Z B [ (ye, ue) + 0B wig1 ] (2.5.2)
fue} {wepa} =5

where the extremization is subject to (2.5.1) and yo is given. Let —y{Pyo be

the value of (2.5.2). It satisfies the Bellman equation 7

—y' Py = maxmin {r (y,u) + 0w w — By* Py*} (2.5.3)
where the extremization is subject to the distorted model
y* = Ay + Bu+ Cw. (2.5.4)

In (2.5.3), a malevolent nature chooses a feedback rule for a model-misspecification
process w. The minimization problem in (2.5.3) induces an operator D(P) de-
fined by

—y"D(P)y* = n}li)n {0w'w — y*' Py*} (2.5.5)

where the minimization is subject to the transition law y* = Ay + Cw. From
the minimization problem on the right of (2.5.5), it follows that!8

D(P)=P+6'PC(I-6"'C'PC)”' C'P. (2.5.6)

17 Notice how this is a special case of (2.4.3) with p = 0. The modified certainty equivalence
principle implies that the same P matrix solves (2.5.3) and (2.4.3).

18 Before computing D in formula (6.2.10), we always check whether the matrix being
inverted on the right side of (2.5.6) is positive definite.
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The Bellman equation (2.5.3) can then be represented as
—y' Py = max {r (y,u) — By*'D(P)y*} (2.5.7)

where now the maximization is subject to the approrimating model y* = Ay +
Bu and concern for misspecification is reflected in our having replaced P with
D(P) in the continuation value function. Notice the use of the approximating
model as the transition law in the Bellman equation (2.5.7) instead of the dis-
torted model that is used in (2.5.3), (2.5.4). The reason for the alteration in
transition laws is that Bellman equation (2.5.7) encodes the activities of the
minimizing agent within the operator D that distorts the continuation value
function. *°

Define T'(P) to be the operator associated with the right side of the ordinary

Bellman equation (2.2.6) that we described in (2.2.8):
T(P)=Q+ BA'PA—3*A'PB(R+ 3B PB) ' B'PA. (2.5.8)

Then according to (2.5.7), P can be computed by iterating to convergence on
the composite operator T oD and the robust decision rule can be computed by
u = —Fx, where

F=p3(R+BBD(P)B) ' B'D(P)A. (2.5.9)
The worst case shock obeys the decision rule w = Ky, where
K=6"'(I—6"'C'PC)”' C'P(A- BF). (2.5.10)

Several comments about the solution of (2.5.3) are in order.

1. Interpreting the solution. The solution of problem (2.5.2), (2.5.1) has a
recursive representation in terms of a pair of feedback rules

u = —Fy, (2.5.11a)
Wi41 = Kyt (2511b)

19 The form of (2.5.7) links this formulation of robustness to the recursive form of Ja-
cobson’s (1973) risk-sensitivity criterion proposed by Hansen and Sargent (1995), as we shall
elaborate on in chapter 17.
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Here u; = —Fy, is the robust decision rule for the control u;, while w41 =
Ky, describes a worst case shock. This worst-case shock induces a distorted
transition law

Y41 = (A+ CK) ys + Buy. (2.5.12)

After having discovered (2.5.12), we can regard the decision maker as de-
vising a robust decision rule by choosing a sequence {u;} to maximize

)
= B [yiQur + ujRud)
t=0

subject to (2.5.12). However, as noted above, the decision maker believes
that the data are actually generated by a model with an unknown process
w41 = We1 7 0. It is just that by planning against the worst case process
w41 = Ky, he designs a robust decision rule that performs well under a
set of models. The worst-case transition law is endogenous and depends
on 6,8,Q,R, A, B. Equation (2.5.12) incorporates how the distortion w
feeds back on the state vector y; it permits w to feed back on endogenous
components of the state, meaning that the decision maker indirectly influ-
ences future values of w through his decision rule. Allowing the distortion
to depend on endogenous state variables in this way may or may not be
a useful way to think about model misspecification. How useful it is de-
pends on whether allowing w;1 to feed back on endogenous components of
the state vector captures plausible specifications that concern the decision
maker. But there is an alternative interpretation that excludes feedback of
w on endogenous state variables, which we take up next.

. Reinterpreting the solution. We shall sometimes find it useful to reinterpret

the solution of the robust linear regulator problem (2.5.1), (2.5.2) so that
the decision maker believes that the distortions w do not depend on those
endogenous components of the state vector whose motion his decisions af-
fect. In particular, in chapter 6, we show that the robust decision rule
u; = —F'y; solves the ordinary linear regulator problem

max br (g, u 2.5.13
{Ut}gﬁ (Y2, ue) ( )

subject to the distorted transition law

Yi+1 = Ayr + By + Cwi (2.5.14a)
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wey1 = KY, (2.5.14b)
Vi1 = A, (2.5.14c)

where A* = A—-BF+CK , where (F, K) solve problem (2.5.2), (2.5.1), and
where we impose the initial condition Yy = yo. In (2.5.14), the maximizing
player views Y; as an exogenous state vector that propels the distortion
w1 that twists the law of motion for state vector y,. The solution of
(2.5.13), (2.5.14) has the outcome that Y; = y; Vt > 0.29 Chapters 6 and
7 show how formulation (2.5.13), (2.5.14) emerges from a version of the
multiplier problem that imposes a timing protocol in which the minimizing
agent at time 0 commits to an entire sequence of distortions {w;4+1}52, and
in which it is best for the minimizing agent to make w;41 obey (2.5.14b),
(2.5.14¢). As we shall see in chapter 7, this formulation helps us to interpret
frequency domain criteria for inducing robust decision rules. In addition,
the transition law (2.5.14) rationalizes a Bayesian interpretation of the
robust decision maker’s behavior by identifying a particular belief about
the shocks for which the maximizing player’s decision rule is optimal.?!
This observation is reminiscent of some ideas of Fellner.

3. Relation to Fellner. In the introduction to Probability and Profit, William
Fellner wrote:

... the central problems of decision theory may be described in semiprob-
abilistic views. By this I mean to say that in my opinion the directly
observable weights which reasonable and consistent individuals attach to
specific types of prospects are not necessarily the genuine (undistorted)
subjective probabilities of the prospects, although these decision weights
of consistently acting individuals do bear an understandable relation
to probabilities. ... the decision weights which these decision-makers
attach to alternative monetary prospects need not be universally on par
with probabilities attached to head-or-tails events but may in cases be

20 In contrast to formulation (2.5.1), (2.5.2), in problem (2.5.13), (2.5.14) the maximizing
agent does not believe that his decisions can influence the future position of the distortion w.
Depending on the types of perturbations to the approximating model that the maximizing
agent wants to protect against, we might actually prefer interpretation (2.5.1), (2.5.2) in
some applications.

21 A decision rule is said to have a Bayesian interpretation if it is undominated in the sense
of being optimal for some model. See REFERENCE XXXX (Blackwell-Girshick??7?).
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derived from such probabilities by “slanting” or “distortion.” Slanting
expresses an allowance for the instability and controversial character
of some types of probability judgment; the extent to which may even
depend on the magnitude of the prize which is at stake when a prospect
is being weighted.

Robust control theory contains concepts that embody some of Fellner’s
ideas. Thus, the ‘decision weights’ implied by the ‘slanted’ transition law
(2.5.14) differ from the ‘subjective probabilities’ implied by the approximat-
ing model (2.2.1). The distortion or ‘slanting’ is context-specific because
K depends on the parameters 3, R, Q of the discounted return function.

Robustness bound. The minimizing player in the two player game assists
the maximizing player by helping him construct a useful bound on the
performance of his decision rule. Let Ap = A — BF for a fixed F' in a
feedback rule u = —Fy. In chapter 6 on page 171, check the pagetag
here: it is off a page we show that equation (2.5.7) implies that

— (Apy + Cw)' P (Apy + Cw) > —y' A%D (P) Apy — 0w'w.  (2.5.15)

The quadratic form in y on the right side is a conservative estimate of the
continuation value of the state y* under the approximating model y* =
Apy.? Inequality (2.5.15) says that the continuation value under a dis-
torted model is at least as great as a conservative estimate of the continu-
ation value under the approximating model, minus 6 times the measure of
model misspecification w’w. The parameter 6 influences the conservative-
adjustment operator D and also determines the rate at which the bound
deteriorates with misspecification. Lowering 6 lowers the rate at which the
bound deteriorates with misspecification. Thus, (2.5.15) provides a sense in
which lower values of 6 provide more conservative estimates of continuation

utility and therefore more robust guides to decision making.

Alternative games with identical outcomes. The game (2.5.2) summarized
by the Bellman equation (2.5.3) is one of several two-player zero-sum games
with identical lists of players, actions, and payoffs but different timing pro-
tocols. Chapter 6 describes the relationships among these games and the
remarkable fact that they have identical outcomes. The analysis of chapter

22 That is, when w =0, —(Apy)'D(P)Apy understates the continuation value.
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6 justifies using recursive methods to solve all of the games. That chapter
also discusses senses in which the decision maker’s preferences are dynam-
ically consistent.

6. Approximating and worst-case models. The behavior of the state under the
robust decision rule and the worst case model can be represented

Yi+1 = Ay — BFy: + CKy;. (2.5.16)

However, the decision maker does not really believe that the worst-case
shock process will prevail. He uses w;y1 = Ky, to slant the transition
law as a tool to help him construct a rule that will be robust against a
range of other w1 processes that represent unknown departures from his
approximating model. We want to evaluate the performance of the robust
decision rule under other models. In particular, we often want to evaluate
the robust decision rule when the approximating model governs the data
(so that the decision maker’s fears of model misspecification are actually
unfounded). With the robust decision rule and the approximating model,
the law of motion is

Y41 = (A— BF) ys. (2.5.17)

We obtain (2.5.17) from (2.5.16) by replacing the worst case shock Ky,
by zero. Notice that although we set K =0 in (2.5.16) to get (2.5.17), F
in (2.5.16) embodies a best response to K, and thereby reflects the agent’s
‘pessimistic’ forecasts of future values of the state. We call (2.5.17) the
approximating model under the robust decision rule and we call (2.5.16)
the worst-case or distorted model under the robust decision rule.?® In
chapter 12, we use stochastic versions of both the approximating model
(2.5.17) and the distorted model (2.5.16) to express alternative formulas
for the prices of risky assets when consumers fear model misspecification.

7. Lower bound on 6 and H., control. Starting from 6 = +oo, lowering 6
increases the fear of misspecification by lowering the shadow price on the
norm of the control of the minimizing player. We shall see in chapter 7
that there is a lower bound for 6. This lower bound is associated with the
largest set of alternative models, as measured by entropy, against which

23 The model with randomness adds Cegq1 to the right side of (2.5.17).
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it is feasible to seek a robust rule: for values of 6 below this bound, the
minimizing agent is penalized so little that he finds it possible to choose
a distortion that sends the criterion function to —oo. Control theorists
are interested in the cutoff value of 6 because it is affiliated with a rule
that is robust to the biggest allowable set of misspecifications. We describe
the associated Ho, control theory in chapter 7. However, the applications
that we are interested in usually call for values of 6 that far exceed the
cutoff value. We explain why in chapter 17, where we use detection error
probabilities to discipline the setting for 6.

Risk-sensitive preferences. It is a useful fact that we can ignore doubts
about model specification and instead adjust attitudes toward risk in a way
that implies the decision rule and value function that come from the two
player zero-sum game (2.5.2). In particular, the decision rule u; = —Fa;
that solves the robust control problem also solves a stochastic infinite hori-
zon discounted control problem in which the decision maker has no concern
about model misspecification but instead adjusts continuation values to ex-
press an additional aversion to risk. The risk adjustment is a special case
of one that Epstein and Zin (1989) used to formulate their recursive specifi-
cation of utility and is governed by a parameter o < 0. If we set o = —~!
from the robust control problem, we recover the same decision rule for the
two problems.

The risk-sensitive decision maker trusts that the law of motion for the state
is
Yer1 = Ayr + Buy + Ceryq (2.5.18)

where {€;:11} is a sequence of i.i.d. Gaussian random vectors with mean zero
and identity covariance matrix. The utility index of the decision maker is
defined recursively as the fixed point of recursions on

Ui =7 (ye,ue) + BRe (Upsr) (2.5.19)
where
R (Upsr) = 210g B [exp (—UU;“> }yt} (2.5.20)
g

and where ¢ < 0 is the risk-sensitivity parameter. When o = 0, an appli-
cation of I’hospital’s rule shows that R; becomes the ordinary conditional
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expectation operator E(-|y*). When o < 0, R; puts an additional adjust-
ment for risk into the assessment of continuation values.

For a quadratic r(y,u), the Bellman equation for Hansen and Sargent’s
(1995) risk-sensitive control problem is

—y'Py —p = max {r(y,u) + BR(—y*'Py* —p)}, (2.5.21)

where the maximization is subject to y* = Ay+Bu+Ce and € is a Gaussian
vector with mean zero and identity covariance matrix.
Using a result from Jacobson (1973), it can be shown that

R(—y"Py* —p) = — (Ay + Bu)' D (P) (Ay + Bu) —p (P,p) (2.5.22)

where D is the same operator defined in (2.5.6) with § = —o~!, and the
operator p is defined by

p(P,p) =p— o tlogdet (I +cC'PC). (2.5.23)

Consequently, the Bellman equation for the infinite-horizon discounted risk-
sensitive control problem can be expressed as

~y'Py —p = max{r (y,u) - 5 (Ay + Bu)' D (P) (Ay + Bu) - fp (P.p)}.
(2.5.24)
Evidently, the fixed point P satisfies P = T o D(P), and therefore is the
same P that appears in the Bellman equation (2.4.3) for the robust control
problem. The constant p that solves (2.5.24) differs from the p in (2.4.3),
but since they depend only on P and not on p or p, the decision rules are
the same for the two problems.
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2.6. More general misspecifications

Thus far, we have permitted the decision maker to seek robustness against mis-
specifications that occur only as a distortion w41 to the conditional mean of
the innovation to the state y;r1. When the approximating model has the Gaus-
sian form (2.2.1), this is less restrictive than may at first appear. In appendix
A and chapter 17, we allow a more general class of misspecifications to the lin-
ear Gaussian model (2.2.1), but nevertheless find that important parts of the
preceding results survive. For convenience, express the approximating model
(2.2.1) in the compact notation

fo (¥*ly) ~ N (Ay + Bu,CC"),

which portrays the conditional distribution of next period’s state as Gaussian
with mean Ay 4+ Bu and covariance matrix CC’. Let f(y*|y) be an arbitrary
alternative conditional distribution that puts positive probability on the same
events as the approximating model f,. The conditional entropy of model f
relative to the approximating model f, is

e (£ g
10w = 1 g<fo(y*|y))f(y ) dy".

Entropy I(f)(y) is thus the conditional expectation of the log likelihood ratio
evaluated with respect to the distorted model f. A multiplier robust control
problem is associated with the following Bellman equation:

—y'Py —p = max min £ {r (y, u) + 2061 (f) (v) - By"Py" —Bp}  (2.6.1)

Let ¢ = —0~! and consider the inner minimization problem, assuming that
u = —Fy. On page 399, we shall show that the extremizing f is the Gaussian
distribution

Fly) ~ N (Ay — BFy+ CKy, éé/) (2.6.2)

where (F, K) are the same matrices appearing in (2.5.11),
CC' =C(I+oC'PC) " C, (2.6.3)

and P is the same P that appears in the solution of the Bellman equation for
the deterministic multiplier robust control problem (2.5.3). Equation (2.6.2)
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assures us that when we allow the minimizing player to choose a general mis-
specification f(y*|y), he chooses a Gaussian distribution with the same mean
distortion as when we let him distort only the mean of a Gaussian conditional
distribution. Hovever, formula (2.6.3) shows that the minimizing agent would
also distort the covariance matrix of the innovations, if given a chance.?*

The upshot of these findings is that when the conditional distribution
f(y*|y) for the approximating model is Gaussian, even if we actually were to
permit general misspecifications f(y*|y?), we could compute the worst-case f
by solving a deterministic multiplier robust control problem for P, F, K, and
then use P to compute the appropriate adjustment to the covariance matrix
(2.6.3). In chapter 12, we use some of these ideas to price assets under alter-
native assumptions about the set of models against which decision makers seek
robustness.

2.7. A simple algorithm

Chapter 6 discusses alternative algorithms for solving (2.5.3) and relationships
among them. This section describes perhaps the simplest algorithm, an adapted
ordinary optimal linear regulator. Chapters 6 and 7 describe necessary technical
conditions, including restrictions on the magnitude of the multiplier parameter
925

Application of the ordinary optimal linear regulator can be justified by
noting that the Riccati equation for the optimal linear regulator emerges from
first-order conditions alone, and that the first-order conditions for extremizing
(i.e., finding the saddle point by simultaneously minimizing with respect to w
and maximizing with respect to w) the right side of (2.5.3) match those for
an ordinary (non-robust) optimal linear regulator with joint control process
{ut, wir1}. This insight allows us to solve (2.5.3) by forming an appropriate

optimal linear regulator.

24 14 a diffusion setting in continuous time, the minimizing agent chooses not to distort
the volatility matrix because it is infinitely costly in terms of entropy. See Hansen, Sargent,
Turmuhambetova, and Williams (2005) and Anderson, Hansen, and Sargent (2003).

25 The Matlab program olrprobust.m described in the appendix implements this algorithm;
doublex9.m implements a doubling algorithm of the kind described in chapter 3 and Hansen
and Sargent (XXXXbook); please note that doublex9.m solves a minimum problem and that
—0~1 =5 < 0 connotes a fear of model misspecification.
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Thus, put the Bellman equation (2.5.3) into a more compact form by defin-

ing
B=[B (] (2.7.1a)
B {1; _291} (2.7.10)

iy = { e } . (2.7.1¢)

W1

Let ext denote ‘extremization’ — maximization with respect to u, minimization

with respect to w. The Bellman equation can be written
—y' Py = extg {—y’Qy — aRi — ﬂy*’Py*} (2.7.2)
where the extremization is subject to
y* = Ay + Bi. (2.7.3)

The first-order conditions for problem (2.7.2), (2.7.3) imply the matrix Riccati

equation

~ [~ ~ ~\ 1 -
P=Q+pAPA-FAPE(R+3B'PB) B'PA (2.7.4)
and the formula for F in the decision rule Uy = —-F Yt
~ ~ ~ -\ 1 -
F=p(R+BB'PB) B'PA (2.7.5)

Partitioning F', we have

up = —Fy (2.7.6a)
W41 = Kyt (276b)
The decision rule u; = —Fy, is the robust rule. As mentioned above, w1 =

Ky, provides the #-constrained worst-case specification error. We can solve the
Bellman equation by iterating to convergence on the Riccati equation (2.7.4),
or by using one of the faster computational methods described in chapter 3.
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2.7.1. Interpretation of the simple algorithm

The adjusted Riccati equation (2.7.4) is an augmented version of the Riccati
equation (2.2.8) that is associated with the ordinary optimal linear regulator.
The right side of equation (2.7.4) defines one step on the composite operator
T oD where T and D are defined in (2.5.8) and (2.5.5).26 Chapter 7 connects
the D operator to Hansen and Sargent’s (1995) discounted version of the risk-
sensitive preferences of Jacobson (1973) and Whittle (1990).

2.8. Example: robustness and discounting in a perma-
nent income model

This section illustrates various aspects of robust control theory in the context of
a linear-quadratic version of a simple permanent income model.?” In the basic
permanent income model, a consumer applies a single marginal propensity to
consume to the sum of his financial wealth and his human wealth, where human
wealth is defined as the expected present value of his labor (or endowment)
income discounted at the same risk-free rate of return that he earns on his
financial assets. In the usual permanent income model without a concern about
robustness, the consumer has no doubts about the probability model used to
form the conditional expectation of discounted future labor income. Instead, we
assume that the consumer doubts that model and therefore forms forecasts of
future income by using a conditional probability distribution that is twisted or
slanted relative to his approximating model for his endowment. Otherwise, the
consumer behaves as an ordinary permanent income consumer.

His slanting of conditional probabilities leads the consumer to engage in
a form of precautionary savings that under the approximating model for his
endowment process tilts his consumption profile toward the future relative to
what it would be without a concern about misspecification of that process.
Indeed, so far as his consumption and saving program is concerned, activating a
concern about robustness is equivalent with making the consumer more patient.

26 This can be verified by unstacking the matrices in (2.7.4). See page 170 in chapter 6.

27 See Sargent (1987) and Hansen, Roberds, and Sargent (1991) for accounts of the con-
nection between the permanent income consumer and Barro’s (1979) model of tax smoothing.
See Aiyagari, Marcet, Sargent, and Seppéld (2002) for a deeper exploration of the connections.
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However, that is not the end of the story. Chapter 12 shows that attributing a
concern about robustness to a representative consumer has different effects on
asset prices than are associated with varying his discount factor.

2.8.1. The LQ permanent income model

In Hall’s (1978) linear-quadratic permanent income model, a consumer receives
an exogenous endowment {d;} and wants to allocate it between consumption

¢ and savings k; to maximize
—Ep Y B (e —b)*,B€(0,1). (2.8.1)
t=0

We simplify the problem by assuming that the endowment is a first-order au-
toregression. Thus, the household faces the state transition laws

kt +c = Rktfl + dt (282&)
div1 = pa (1= p) + pdi + ca (€141 + wii1) (2.8.20)

where R > 1 is a time-invariant gross rate of return on financial assets k;_1
held at the end of period ¢ — 1, and |p| < 1 describes the persistence of his
endowment. In (2.8.2b), w1 is a distortion to the mean of the endowment that
represents possible model misspecification. We use o = —0~! to parameterize
the consumer’s desire for robustness. Soon we’ll confirm how easily this problem
maps into the robust linear regulator. But first we’ll use classical methods to
elicit some useful properties of the consumer’s decisions when o = 0.
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2.8.2. Solution when ¢ =0

We first solve the household’s problem without a concern about robustness by
setting #~! = 0 = 0. Define the marginal utility of consumption as pe; = b—c;.
The household’s Euler equation is

Etpiei1 = (BR)™" pet, (2.8.3)

where F; is the mathematical expectation operator conditioned on date ¢ in-
formation. Treating (2.8.2a) as a difference equation in k;, solving it forward
in time, and taking conditional expectations on both sides gives

kiy = Z R_(j+1)Et (Ct-i-j - dt.:,_j) . (2.8.4)

Jj=0

Solving (2.8.3) and (2.8.4) and using p.t = b — ¢; implies

per =— (1= R?B7") | Rky1+ B, Y R (dy —b) | - (2.8.5)

Jj=0

Equations (2.8.3) and (2.8.5) can be used to deduce the following representation
for fuct

fea1 = (BR) ™" pies + veria. (2.8.6)

We provide a formula for the scalar v in (2.8.11) below.

Given an initial condition fi. o, equation (2.8.6) describes the consumer’s
optimal behavior; .o can be determined by solving (2.8.5) at ¢t = 0. It is easy
to use (2.8.5) to deduce an optimal consumption rule of the form

Ct = gyt

where g is a vector conformable to the pertinent state vector y. In the case
BR = 1 that was analyzed by Hall (1978), (2.8.6) implies that the marginal
utility of consumption g is a martingale under the approximating model, which
because p.s = b — ¢; in turn implies that consumption itself is a martingale.
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2.8.3. Linear requlator for permanent income model

This problem is readily mapped into a linear regulator in which the marginal
utility of consumption b— ¢; is the control. Express the transition law for k; as

kt:Rkt71+dt—b+(Ct—b).

Define the state as y; = [1  ki—1 dt]' and the control as us = pe = (b — ¢)
and express the state transition law as yi41 = Ay + Buy + C(€441 + wiq1) or

1 1 0 0 1 0 0
kt = -b R 1 kt,1 + 1 (b - Ct)—|— 0 (€t+1 + thrl) (287)
dt+1 0 0 P dt 0 Cd

This equation defines the triple (A, B,C) associated with a robust linear reg-
ulator. For the objective function, (2.8.1) implies that we should let r(y,u) =
—y' Ry — u'Qu where R = 0343 and Q = 1.

We can obtain a robust rule by using the robust linear regulator and setting
o < 0. The solution of the robust linear regulator problem is a linear decision

rule for the control i :
et = —Fyt (288)

Under the approximating model, the law of motion of the state is then
Yyi+1 = (A— BF)y; + Cepyn. (2.8.9)
Equations (2.8.8) and (2.8.9) imply that
tett1 = —F (A= BF)y; — FCeq1. (2.8.10)
Comparing (2.8.10) and (2.8.6) shows that —F(A — BF) = —(8R)"'F and
v=—FC, (2.8.11)

which is the promised formula for v.
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2.8.4. Effects on consumption of concern about misspecification

To understand the effects on consumption of a concern about robustness, we
use as a benchmark Hall’s assumption that SR = 1 and no concern about ro-
bustness (¢ = 0). In that case, the multiplier p. and consumption ¢; are
both driftless random walks. To be concrete, we set parameters to be consistent
with ones calibrated from post-World War II U.S. time series by Hansen, Sar-
gent, and Tallarini (1999) for a more general permanent income model. HST
set B = .9971 and fit a two-factor model for the endowment process; each fac-
tor is a second order autoregression. To simplify that specification, we replace
this estimated two-factor endowment process with the population first-order au-
toregression one would obtain if that two factor model actually generated the
data. That is, we use the population moments implied by Hansen, Sargent, and
Tallarini’s (HST’s) estimated endowment process to fit the first-order autore-
gressive process (2.8.2b) with w11 = 0. Ignoring constant terms, we obtain the
endowment process diy1 = .9992d; + 5.5819¢;41 where €47 is an i.i.d. scalar
process with mean zero and unit variance.?® We use B to denote HST’s value
of 8 =.9971. Throughout, we suppose that R = 1.
We now consider three cases.

e The SR =1,0 =0 case studied by Hall (1978). With 8 = B, we
compute that the marginal utility of consumption follows the law
of motion
Met+1 = et +4.3825€441 (2.8.12)

where we compute the coefficient 4.3825 on €;41 by noting that it
equals —F'C by formula (2.8.11).

e A version of Hall’s SR = 1 specification with a concern about
misspecification. Retaining BR =1, we activate a concern about
robustness by setting ¢ = 6 — 2E — 7 < 0.2 We now compute
that 30

tetr1 = 99761c ¢+ + 8.0473€41. (2.8.13)

28 wWe computed p,cy by calculating autocovariances implied by HST’s specification, then
used them to calculate the implied population first-order autoregressive representation.

29 We discuss how to calibrate o in chapters 9, 12, and 17.

30 We can confirm this formula computationally as follows. Use doublex9 to solve the
robust optimal linear regulator and compute representations u. ¢ = —Fy; and compare it to
the term F(A — BF)y; on the right side of (2.8.10) to discover that F (A — BF) = .9976F
i.e., the coefficients are proportional with .9976 being the factor of proportionality.
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When b — ¢, > 0, this equation implies that Ey(b — ¢i41) =
.9976(b — ¢t) < (b — ¢¢) which in turn implies that Eicipq1 > cx.
Thus, the effect of activating a concern about robustness is to put
upward drift into the consumption profile, a manifestation of a
type of ‘precautionary savings’ that comes from the consumer’s
fear of misspecification of the endowment process.

e A case that raises the discount factor relative to the SR = 1
benchmark prevailing in Hall’s model, but withholds a concern
about robustness. In particular, while we set ¢ = 0 we increase
B to B = .9995. Remarkably, with (0,0) = (O,B), we com-
pute that fi.;+1 obeys exactly (2.8.13).3! Thus, starting from
(e, 8) = (0, B), in so far as the effects on consumption and saving
are concerned, activating a concern about robustness by lower-
ing o while keeping 3 constant is evidently equivalent to keeping
o = 0 but increasing the discount factor to a particular B > B .

These numerical examples illustrate what is true more generally, that in
the permanent income model an increased concern about robustness has effects
on (¢, kir1) that operate exactly like an increase in the discount factor 8. In
chapter 9, we extend these numerical examples analytically within a broader

2 = /v and suppose

class of permanent income models. In particular, let «
that instead of the particular pair (&, B), where (6 < 0), we use the pair (0, B),

where 3 satisfies:

B B(1+B) ~1+00?

B(a)_m 1+ 1_46(1+B)2 (2.8.14)

Then the laws of motion for p.:, and therefore the decision rules for c;, are
identical across these two specifications about concerns about robustness. We
establish formula (2.8.14) in appendix B of chapter 9.

31 We discover this computationally using the method of the previous footnote.
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2.8.5. Equivalence of quantities but not continuation values

We have seen that, holding other parameters constant, there exists a locus of
(0,0) pairs that imply the same consumption, saving programs. It can be
verified that the P matrices appearing in the quadratic forms in the value
function are identical for the (6,3) and (O,B) problems. However, in terms
of their implications for pricing claims on risky future payoffs, it is significant
that the D(P) matrices differ across such (o, ) pairs. For the (O,B) pair,
P = D(P). However, when o < 0, D(P) differs from P. As we shall see in
chapter 12, when we interpret (2.8.1), (2.8.2) as a planning problem, D(P)
encodes the shadow prices that can be converted into competitive equilibrium
state-date prices that can then be used to price uncertain claims on future
consumption. Thus, although the (&,B) and (0,3) parameter settings imply
identical savings and consumption plans, they imply different valuations of risky
future consumption payoffs. In chapter 9, we use this fact to study how a
concern about robustness influences the theoretical value of the market price of

macroeconomic risk and the equity premium.

2.8.6. Distorted endowment process

On page 30, we described a particular distorted transition law associated with
the worst case shocks wyy; = Ky,. If the decision maker solves an ordinary
dynamic programming program without a concern about misspecification but
substitutes the distorted transition law for the one given by his approximating
model, he attains a robust decision rule. Thus, when o < 0, instead of facing
the transition law (2.8.7) that prevails under the approximating model, the
household would use the distorted transition law 2°

[}y;:ﬂ - [g (A—BCFK+ CK)] [;y/j + [ﬂ fret + [g} €1, (2.8.15)

For our numerical example with ¢ = —2F — 7, we would have A — BF + CK =
1.0000 0 0 0 0 0

[ 15.0528 0.9976 —0.4417] and CK = 0 0 0 Notice
—0.0558 0.0000 1.0016 —0.0558 0.0000 0.0024

the pattern of zeros in C'K, which shows that the distortion to the law of

29 This is not a minimal state representation because we have not eliminated the constant
from the Y component of the state.
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motion of the state affects only the d; component of the component of the state
y. The components Y of the state are information variables that account for
the dynamics in the misspecification imputed by the worst case shock w. In
chapter 9, we shall analyze the behavior of the endowment process under the
distorted model (2.8.15).

It is useful to consider our observational equivalence result in light of the
distorted law of motion (2.8.15). Let E; denote a conditional expectation with
respect to the distorted transition law (2.8.15) for the endowment shock and let
FE: denote the expectation with respect to the approximating model. Then the
observational equivalence of the pairs (5, B) and (0, B) means that the following
two versions of (2.8.5) imply the same p.; processes:

== (1= 25 (B B s

and

peo=— (1= R72571) [ Rbs + EtJZZjOR*j (diy; =)

For both of these expressions to be true, the effect on E of setting o less than
zero must be offset by the effect of raising g from B to B .

2.8.7. Representing misspecification: a Stackelberg formulation

In chapters 6 and 7, we show the equivalence of outcomes under different tim-
ing protocols for the two-player zero-sum games. In appendix B of chapter 9,
we shall use a Stackelberg game to establish the observational equivalence for
consumption, savings plans of (0, B) and (&, B) pairs. The minimizing player’s
problem in the Stackelberg game can be represented as

min =38 {2, + Bo wt, ) (2.8.16)

{werl 5

subject to

-1
He,t+1 = (ﬁR) He,t + VWt41- (2817)
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Equation (2.8.17) is the consumption Euler equation of the maximizing player.
Under the Stackelberg timing, the minimizing player commits to a sequence
{wi+1}52, that the maximizing player takes as given. The minimizing player
determines that sequence by solving (2.8.16), (2.8.17). The worst case shock
that emerges from this problem satisfies w11 = kue and is identical to the
worst case shock wy; = Ky, that emerges from the robust linear regulator for
the consumption problem.

2.9. Stabilizing property of shadow price Py,

In chapter 3, we solve problem (2.5.1), (2.5.2) with a Lagrangian method that
provides a fast way to compute P and gives insights about a recursive represen-
tation u; = Py, where —23'"1 1, is the vector of shadow prices on the time
t + 1 state vector. The Lagrangian formulation is also convenient for designing
decision rules for Ramsey and Stackelberg problems, as we shall show in section
2.10 and chapter 16. Form the Lagrangian

L=- Z B [yiQyt + uyRuy + 20y (Ays + Buy + Cwigr — Yeg1) — 95w£+1wt+1] .
t=0
(2.9.1)

We want to maximize (2.9.1) with respect to sequences for u; and y;y1 and
minimize it with respect to a sequence for wy1. The first-order conditions with
respect to ug, Yy, wey1 , respectively, are:

0 = Ru; + BB 41 (2.9.2a

)
e = Qur + BA g (2.9.20)
0 = BOws 1 — BC 1. (2.9.2¢)
Solving (2.9.2a) and (2.9.2¢) for u; and wyy; and substituting into (2.5.1)
gives
Yir1 = Ay, — B(BR™'B' = g71071CC’) puus1. (2.9.3)
Write (2.9.3) as
Yis1 = Ay, — BBR™IB iy 41. (2.9.4)
We represent the system formed by (2.9.20) and (2.9.4) as

I BBR™'B yt+1:| B [ A 0} |:yt:|
[O BA' ][Mt-H B —Q I][m (2:9.5)
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or

L [yt“] =N [yt} . (2.9.6)
Ht+1 Mt

We want to find a ‘stabilizing’ solution of (2.9.6), i.e., one that satisfies3°

oo
Z Bryiys < +oo.
t=0
Chapter 3 shows that the stabilizing solution satisfies yu; = Py;, where P
solves the matrix Riccati equation (2.7.4). Briefly, the generalized eigenval-
ues of (L*, N) occur in +/(-symmetric pairs (i.e., (A;, A_;) such that if X; is
an eigenvalue, another eigenvalue is A\_; = ﬁ ). The stabilizing solution solves
stable roots backward and unstable roots forward by imposing initial conditions
satisfying pg = Pyg. This condition replicates itself over time in the sense that

He = Pyt, (297)

and implies that >~ f'yjy: < oc.
In summary, the solution of the nonstochastic multiplier problem is given
by the feedback rule

{ e } — Py, (2.9.8)
Wi41

where F' depends on P through (2.7.5). We can find P either by solving a Ric-
cati equation or by using a method that rearranges the generalized eigenvectors
of L* N.

30 Chapter 3 describes the detectability and stabilizability conditions that make this re-
striction equivalent with Z;)io ﬁtr(yt, ug) < 400.
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2.10. Forward looking models

The basic robust control problem with Bellman equation (2.5.3) pertains to a
single decision maker. For macroeconomic applications with a representative
agent in an economy without distortions, (2.5.3) can be used to compute equi-
librium allocations and prices (for elaboration and examples see chapters 9 and
12 as well as Hansen, Sargent, and Tallarini (1999)). However, even with a
representative agent, to analyze so-called Ramsey problems where there are dis-
tortions, say flat rate taxes on labor or capital, (2.5.3) must be modified. For a
Ramsey problem, the robust decision maker is a government that wants to devise
a plan to which it commits at time 0, taking into account the ‘forward looking’
behavior of private agents whose behavior is summarized by Euler equations that
include the government’s policy instruments u; as ‘forcing variables’. In chapter
16, we describe how to solve such robust policy design problems. We formulate
the government’s problem as a Lagrangian and note how the private sector’s
forward-looking behavior formally transforms some of the state variables in an
optimal linear regulator into ‘jump’ variables, while converting some Lagrange
multipliers into ‘state variables.” Chapter 16 reviews the interesting intellectual
history of the Lagrangian formulation for such problems on both sides of the
Atlantic. In this section, we explain the basic idea, whose implication is that
robust Ramsey policies can be computed easily by solving and appropriately
manipulating an associated ordinary optimal linear regulator problem.

Here is the basic idea. In a forward looking model, we can partition the state
z

Y= [ ] . The z variables are true state variables, being inherited from the past,
x

but the n, variables z are ‘jump variables’ that adjust to clear markets at ¢,
e.g., prices and quantities. The last n, equations of (2.5.1) include descriptions
of the forward-looking behavior of the private sector, e.g., private agents’ Euler

equations. 3!

We need n, additional state variables. To get them, we look to the last
n, Lagrange multipliers in (2.9.1), which we call p.:, that adhere to ‘imple-
mentability constraints’ that the private sector’s Euler equations impose on the

31 When private agents also have concerns about robustness, some of these Euler equations
pertain to their worst case shocks, which in general differ from the worst case shocks of the
Stackelberg leader. See chapter 16.
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Ramsey plan.32 The implementability constraints are in effect promise keep-
ing constraints that require the government to confirm the private sector’s past
expectations about the government’s setting of the current value of its policy in-
strument, expectations that were incorporated into past decisions of the private
sector. The implementability multipliers p,; are the missing state variables.
These multipliers on the promise keeping constraints encode the effects on pri-
vate agents’ past decisions of government promises about future policies.

Let iy = [Nzt

Mt
variables at t +1 and —23'*!y,; are shadow prices on the jump variables at

] . Here —23%*'u,, are shadow prices on the true state

time ¢t + 1, being the ‘implementability multipliers’. The Ramsey problem can
be written in the form (2.5.2), (2.5.1). The first-order conditions continue to
be (2.9.6) and the solution requires that (y, u:) satisfy (2.9.7), where P still
solves the Riccati equation associated with the Bellman equation (2.7.2). At
this point the procedure for solving the robust Ramsey problem departs from
that for the linear regulator. We must use (2.9.6) to solve for the jump variable
x. With this purpose, write the last n, equations of (2.9.6) as

Mot = Porzy + Pagwy

or
2y = —Pyy' Pa12t 4+ Pag it (2.10.1)

Using (2.10.1), the solution of the robust Ramsey problem is

Zt4+1 I 0 :| |: I 0 :| |: Zt :|
= A, B _ 2.10.2a
|:Mm,t+1 ] {le Py —Py'Por Pyt | | prat ( )

_ _ z
zy =[Py P Py [utt] (2.10.2b)

where A, = (A — BF, — C’Fg) for the distorted or worst-case model and A, =
(A — BF}) for the robust rule under the approximating model.

The decision rule and worst case model distortion w41 for the Ramsey
planner (a.k.a. the Stackelberg leader) can be represented

—-F I 0
Wig1 —F | | =Py Po1 Py Mt

32 1n chapter 16, we show how these Euler equations need to be adjusted when the com-

petitive representative agent also has concerns about model misspecification.
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Chapter 16 shows that by eliminating pu,:, the robust decision rule can be
represented in the form

Ut = PUt—1 + Qo2 + Q12t—1.

Here the history dependence of the decision rule is captured through the depen-
dence on the lagged instrument u;_;. Chapter 16 gives an alternative represen-
tation for the worst-case shock

Wy = VUt—1 + Yozt + V1%t—1-

2.11. Concluding remarks

The discounted dynamic programming problem for quadratic returns and a lin-
ear transition function is called the optimal linear regulator problem. This
problem is widely used throughout macroeconomics and applied dynamics. For
linear-quadratic problems, robust decision rules can be constructed by thought-
fully using the optimal linear regulator. This is true both for single-agent prob-
lems and for some Ramsey and Stackelberg problems. The optimal linear regu-
lator has other uses too. In chapters 4, 13, and 14 we describe filtering problems.
Via the concept of duality explained there, the linear regulator can also be used
to solve such filtering problems, including ones with a desire for estimates that
are robust to model misspecification.
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A. Link to a stochastic formulation

Although this chapter has focused primarily on nonstochastic formulations of
a linear-quadratic robust control theory, many of our results also pertain to a
stochastic version of our problem in which i.i.d. Gaussian shocks also occur in
the transition equation for the approximating model. In this stochastic setting,
there is a natural way to formulate perturbations to the controlled stochastic
process implied by the approximating model and a way to measure those pertur-
bations in terms of entropy. In a linear-quadratic-Gaussian setting, the formulas
obtained from solving the nonstochastic problem contain all of the information
needed to solve the corresponding stochastic problem. This appendix outlines
these connections. For a more complete account, see Hansen and Sargent (2005a,
2005b XXXX).

The approximating model (2.5.18) and the 3*~!-measurable control process
{u'} induces a probability measure over the infinite history y°°. Hansen and
Sargent (2005) show how to represent distortions of the approximating model
in terms of positive martingales {M;} defined on the same probability space as
for the approximating model. The martingale has the recursive representation

Mt+1 = mt+1Mt,

where myy1 is a y'*! measurable random variable with Em;, 1|y’ = 1 and
My = 1. We take M, as a likelihood ratio for distorting the probability of
the joint distribution over y' conditioned on g that is implied by the ap-
proximating model. Define the entropy of the distortion associated with M,
as the expected log-likelihood ratio with respect to the distorted distribution,
which can be expressed as F(M;log M¢|yo). Corresponding to the factorization
M = My H;Zl m,; is the following decomposition of entropy:

t—1

E (M;log Milyo) = Y | E [M;E (mjy1logmyi1ly’) [yo] -
=0

Here E[myy1 logmyy1|yt] is the conditional relative entropy of a perturbation to
the one-step transition density associated with the approximating model. Notice
the absence of discounting on the right side. To get a recursive formulation
of stochastic robust control that sustains an enduring concern about model
misspecification, Hansen and Sargent (2005) advocate using a discounted version
of the object on the right side to penalize a malevolent player’s choice of a
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sequence of increments {m;;1}. This leads us to pose a two-player zero-sum
game of the form

o0

{min} r{na:f Z B My {r (e, we) + 0B8mys1 logmeyi b (yhu' ™)  (2.A.1)
mi41 ut —0 yf

subject to

Mt+1 = mt+1Mt, (2A2)

where Emyyqlyt = 1, w(y*|lu'~1) is the probability over the history y' =
Yt ..., yo induced by u*~! and the law of motion

Y41 = Ayt + Buy + C€t+1, (2A3)

where €;41 is an i.i.d. Gaussian vector with mean zero and identity covariance
matrix. Guess that the value function has the multiplicative form W (Mo, yo) =
MoV (yo) and express the problem as

M()V (yO) e {mm} Iglai( E() Z 6tMt {T (yt, Ut) + 96mt+1 1ogmt+1} (2144)
mi41 Ut =0

subject to (2.4.2) and (2.A.3). The Bellman equation for this problem is

MtV (yt) = min Hla,XMt {T‘ (yt; Ut) + ﬁE [mt+1V (yt+l) + 9mt+1 1ogmt+1]}

Miy1 Ut
(2.A.5)
where V(y) = —y'Py — p and the extremization is subject to (2.4.2) and
(2.A.3). Since M; enters linearly, the Bellman equation can be rewritten

V (y:) = min max {r (ys,ut) + BE [mes1V (ye41) + Omep1logmei1]}  (2.A.6)

mi41 Ut

and the minimizing increment my4; will depend on y; but not M;. Let wyqq
and ¥; obey formulas (2.4.10) and (2.A4.11) below. The Gaussian conditional
distribution and the quadratic return function imply that the minimizing m4
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iS33

-V (yt+1))

my,, o< exp ( 2
=exp [—.5 (€41 — wi1) Bt (€1 — wip1) + 5€; €41 — -5logdet Ty
and conditional entropy is given by 3
E (mt+1 log mt+1|yt) =.5 [|wt+1|2 + trace (X — I) — log det Et] ,
so that the worst case transition law is

Yer1 = Ayr + Buy + Cé (2.A.8)

where €41 is an i.i.d. Gaussian process with mean w;4; and covariance matrix
Et .

Thus, it does not harm the malevolent agent to require that he chooses
myy1 so that the resulting worst-case model is Gaussian. Therefore, we can
express the Bellman equation as

V (y) = minZ max{r (ye, ut)+BEV (yri1)+.580 [[wis1|* + trace (S¢ — I) — log det Xy ] }
Wi41,24¢ Ut
(2.A4.9)

33 To show this, let py = Ays + Bug so that y; 41 = put + Cepy 1. Note that

v (ZHI) _ (¢, 1C"PCeyy1 + C;ng) + (W Put + p) _ 2.A7)

Note that —(epyq — wt+1)/2;1(5t+1 —wey1) + eé+1et+1 + terms measurable w.r.t. yt =
-1 -1 -1 —1
—E;H_lEt Et_i_l—w;_,’_lzt wt+1+262+12t €t+1+€t+1 = €2+1(1—Et )Et+1—262+12twt+1—
w£+12;1wt+1 Matching terms with the objects in (2.A.7) gives I — 2;1 = C'PCH and
w1 = (01 — C'PC)~1C Py .
34 Conditional entropy Emyyqlogmyqly; evidently equals the expectation of

' -1
[—.5 (€t+1 — wt+1) Et (5t+1 - wt+1) + -552+15t+1 — .5logdet Etjl

under the distorted distribution formed by using m; 1 as a likelihood ratio with respect to the
original N (0,I) distribution for e;4 ;. Thus, we have to evaluate Em[—.5traccEt_1(et+1 -
wiy1)(et41 — wit1)' + 5epy jerp1] — Slogdet By, Using epy1 = wig1 — (€441 — wi1),
€t+1€2+1 = w£+1wt+1 +(ep1—wir1) (€441 —wt+1)+2w£+1(€t+1 —wy4 1) and taking expec-
tations gives Epm = w£+1wt+1 + traceX. Therefore, Em[—.5traceEt_l(et+1 —wpy1)(ep41 —
wip1) + .5e;+1et+1] — .5logdet ¥y = —.5trace(X — I) + .5w£+1wt+1 — .5logdet X .
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subject to

Yer1 = Ay + Buy + C (w1 + €41)

~ ~
E€t+1€t+1 = Et.

The minimizing choices of wy41,; are

Wi41 = Kyt (2A10)
»l=1-6"1'C'PC (2.A.11)
and the maximizing choice of u; is uy = —Fy; where K satisfies (2.5.10), F

satisfies (2.5.9), and where P is the pertinent fixed point of T o D, where D
and T are defined in (2.5.6) and (2.5.8), and where # in these formulas must
be set to .5 times the 6 in (2.4.8), because of the scaling we chose in the text
of this chapter. Comparing these solutions with those in the text of this chapter
tells us that the solution can be computed by solving the nonstochastic problem
associated with the Bellman equation

Vi(y) = gllf} max {r (e, ws) + BEV (yes1) + 580lwesa [} .
With the same appropriate multiplication of 6 by .5, formulas (2.5.9), (2.5.10),
(2.5.6), (2.5.8) again give the pertinent P, K, and F. After P is computed,
the minimizing 3; can be found from (2.4.11).

B. Matlab programs

A robust optimal linear regulator is defined by the system matrices Q, R, A, B, C,
the discount factor 3, and the risk-sensitivity parameter ¢ = —~!. The Mat-
lab program olrprobust.m implements the algorithm of section 2.7 by calling
the optimal linear regulator program olrp.m. The program olrprobust solves a
minimum problem, so that ¢ < 0 corresponds to a concern about robustness and
R and @ should be approximately negative definite, where we say approximately
because of the usual detectability qualifications. Call the program olrprobust
as follows: [F,K,P,Pt]=olrprobust(beta,A,B,C,Q,R,sig). The objects re-
turned by olrprobust determine the decision rule u; = —Fy,, the distortion
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wey1 = Ky, the quadratic form in the value function —g'Py, and the dis-
torted continuation value function —y*'(Pt)y*. The program doublex9 imple-
ments the doubling algorithm described in chapter 3 and by Hansen and Sargent
(200XXXX( chapter 9)). To compute the robust rule with a discounted objective
function, one has to induce doublex9 to solving a discounted problem by first
setting Ad = /BA, Bd = /3B, calling [F,Kd,P,Pt]=doublex9(Ad,Bd,C,Q,R,sig),
then finally setting K = Kd/+/B. The program bayes4.m uses both olrpro-
bust and doublex9 to compute robust decision rules and verifies that they give

the same answers.
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Chapter 3
Linear control theory

3.1. Introduction

This chapter analyzes the standard discounted linear-quadratic optimal control
problem, called the optimal linear regulator. The robust decision maker to be
described in later chapters adjusts this problem to reflect his doubts about the
linear transition law. This chapter describes basic concepts of linear optimal
control theory and efficient ways to compute solutions.! We describe meth-
ods that are faster than direct iterations on the Bellman equation (the Riccati
equation) and are more reliable than solutions based on eigenvalue-eigenvector
decompositions of the state-costate evolution equation.?

In later chapters, we use these techniques to formulate and solve various
robust decision and estimation problems. Invariant subspace methods are key
tools. In the present chapter, we show how they can be used to solve the Ric-
cati equation that emerges from the Bellman equation for the linear regulator.
In later chapters, we shall use invariant subspace methods in two important
settings: (a) to compute robust decision rules and estimators in ‘single agent’
problems; and (b) to solve Ramsey problems in ‘forward-looking’ macroeco-
nomic models. Invariant subspace methods also provide efficient algorithsms for
analyzing and solving equilibria of rational expectations model that are formed
by combining Euler equations and terminal conditions for a collection of deci-
sion makers with other equilibrium conditions and laws of motions for exogenous
variables.

Section 3.2 decomposes the basic linear optimal control problem into sub-
problems that are more efficient to solve and describes classes of economic prob-
lems that give rise to such problems. Sections 3.3, 3.4, 3.5, and 3.6 describe

1 Large parts of this chapter are based on Evan Anderson, Ellen McGrattan, and the
authors (1996).

2 Our survey of these methods draws heavily on Anderson (1978), Gardiner and Laub
(1986), Golub, Nash and Van Loan (1979), Laub (1979,1991), and Pappas, Laub and Sandell
(1980).

- 59 —
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recent algorithms for solving these sub-problems. Subsection 3.4.2 briefly de-
scribes how to use invariant subspace methods to solve or approximately solve
dynamic general equilibrium models.

3.2. Control problems

In this section, we pose three optimal control problems. We begin with a problem
close to the much studied time-invariant deterministic optimal linear regulator
problem. We label this the deterministic regulator problem. We then consider
two progressively more general problems.

The first generalization introduces forcing sequences or “uncontrollable
states” into the deterministic requlator problem. While this generalization is also
a deterministic requlator problem, there are computational gains to exploiting
the a priori knowledge that some components of the state vector are uncontrol-
lable. We refer to this generalization as the augmented regulator problem. As
we will see, a convenient first step for solving an augmented requlator problem
is to solve a corresponding deterministic regulator problem in which the forcing
sequence is “zeroed out.” In other words, we obtain a piece of the solution to
the augmented regulator problem by initially solving a problem with a smaller
number of state variables.

The second generalization introduces, among other things, discounting and
uncertainty into the augmented regulator problem. We refer to the resulting
problem as the discounted stochastic requlator problem. Using well known trans-
formations of the state and control vectors, we show how to convert this problem
into a corresponding undiscounted augmented regulator problem without uncer-
tainty. Therefore, while our original problem is a discounted stochastic requlator
problem, we solve it by first solving a deterministic regulator problem with a
smaller number of state variables, then solving a corresponding augmented reg-
ulator problem, and finally using this latter solution to construct the solution to
the original problem in the manner described below.
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3.2.1. Deterministic requlator problem

Choose a control sequence {v;} to maximize

— Z (v Ruy + yt/nyyt) )
t=0

subject to

Yt+1 = Ayyye + Byuy

> (e + [wel?) < o0 (3.2.1)
t=0

This control problem is a standard time-invariant, deterministic optimal
linear regulator problem with one modification. We have added a stability con-
dition, (3.2.1), that is absent in the usual formulation. This stability condition
plays a central role in at least one important class of dynamic economic models:
permanent income models. More will be said about these models later. In these
models, the stability condition can be viewed as an infinite horizon counterpart
to a terminal condition on the capital stock.

Following the literature on the time-invariant optimal linear regulator prob-
lem, we impose the following;:

Definition: The pair (Ayy, By) is stabilizable if y'B, = 0 and y'A,, = Ay’ for
some complex number A and some complex vector y implies that |A] < 1 or
y=0.

Assumption 1: (Ayy, By) is stabilizable.

Stabilizability is equivalent to the existence of a time-invariant control law that
stabilizes the state (see Anderson and Moore, 1979, Appendix C). For our
applications, it can often be verified by showing that a trivial control law, such
as setting investment equal to zero, achieves this stability.

In solving this problem, we are primarily interested in specifications for
which all of the state variables are “endogenous,” and hence the following
stronger restriction is met:

Definition: The pair (A, By) is controllable if y'B, =0 and y'A,, = Ay’ for
some complex number A and some complex vector y implies that y = 0.
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When (A4,y, By) is controllable, starting from an initialization of zero, the state
vector can attain any arbitrary value in a finite number of time periods by an ap-
propriate setting of the controls (see Anderson and Moore, 1979, Appendix C).?
For this reason, we can think of a state vector sequence with evolution equation
governed by a pair (A,,, B,) that is controllable as being an endogenous state
vector sequence.

While Assumption 1 gives us a nonempty constraint set, it is still possible
that the supremum of the objective is not attained. We assume the following:

Assumption 2: The matrix @, is positive semidefinite, and the matrix R is
positive definite.

Among other things, this concavity assumption puts an upper bound of zero on
the criterion function. Therefore, the supremum is finite (and nonpositive). We
require that the supremum is attained.

Assumption 3: There exists a solution to the deterministic regulator problem for
each initialization of yq.

A commonly used sufficient condition in the control theory literature for there
to exist a solution is detectability. Factor Qy, = D,D,’ .

Definition: The pair (A, D,) is detectable if Dyy = 0 and A,y = Ay for
some complex number A\ and some complex vector y implies that |A| < 1 or
y=0.

When the pair (A,,, D,) is detectable, it is optimal to choose a control sequence
that stabilizes the state vector. In this case, the solution to the control prob-
lem is the same with or without the stability constraint (3.2.1). However, as
we mentioned previously, for permanent income models the stability constraint
is essential for obtaining an interpretable solution to the problem. For these
models, detectability is too strong of a condition to impose. Chan, Goodwin
and Sin (1984) give a weaker sufficient condition for there to exist a solution
(see (iii) of Theorem 3.10). In the context of a continuous-time formulation,
Hansen, Heaton and Sargent (1991) proposed a very similar sufficient condition
for stabilizable systems based on a spectral representation of the deterministic

3 This is one of five equivalent characterizations of reachability given in Appendix C of
Anderson and Moore (1979). However, many other control theorists take one of these charac-
terizations as the definition of controllability. For instance, see Kwakernaak and Sivan (1972)
and Caines (1988). We choose to follow this latter convention.



Control problems 63

requlator problem. Unfortunately, these conditions may be tedious to check in
practice. Some of the solution algorithms we survey below could in principle be
modified to detect a violation of Assumption 3.

A sufficient condition for convergence of one of the solution algorithms that
we survey below is that the pair (A4,,,D,) be observable:

Definition: The pair (A, D,) is observable if D,y = 0 and A,y = \y for
some complex number A and some complex vector y implies that y = 0.

Clearly, observability is stronger than detectability. Moreover, observability is

guaranteed when the matrix @, is nonsingular. When the pair (A,,, D, ) is ob-

servable, the value function associated with the deterministic regulator problem
is strictly concave in the state vector y (Caines and Mayne 1970, 1971).

The solution to the deterministic regulator problem takes the form
Ve = — L'yl

for some feedback matrix F,. The stability constraint (3.2.1) guarantees that
the eigenvalues of Ay, — ByF, have absolute values that are strictly less than
one because the state evolution equation when the optimal control is imposed
is given by

Yt+1 = (Ayy - ByFy) Y-

3.2.2. Augmented regulator problem

Choose a control sequence {v;} to maximize

- Z (v’ Roe + i Quyye + 294 Qyz21)
=0

subject to
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We have modified the optimal linear regulator problem by including the
exzogenous forcing sequence {z:}. The presumption here is that this partition-
ing may occur naturally in the specification of the original control problem. Of
course, as is well known in the control theory literature, we could always trans-
form an original state vector into controllable and uncontrollable components.
Constructing this transformation, however, can be difficult to do in a numeri-
cally reliable way. In the next section we will display a class of optimal resource
allocation problems associated with dynamic economies for which z; contains
a vector of taste and technology shifters. By assumption, this component of
the state vector cannot be influenced by a control vector such as the level of
investment.

For the augmented requlator problem to be well posed, we require that the
forcing sequence be stable:

Assumption 4: The eigenvalues of A,, have absolute values that are strictly less
than one.

The solution to the deterministic regulator problem gives us a piece of the
solution to the augmented regulator problem. More precisely, the solution to the
augmented problem is

Ut = —L'ylYr — F, 2,

where the matrix Fj, is the same as in the solution to the regulator problem
for which the forcing sequence {z;} is zeroed out. Consequently, our solution
methods entail first computing F, by solving a deterministic regulator problem
of lower dimension and then computing F, given F,.

3.2.8. Discounted stochastic requlator problem

Let {F :t=0,1,...} denote an increasing sequence of sigma algebras (informa-
tion sets) defined on an underlying probability space. We presume the existence
of a “building block” process of conditionally homoskedastic martingale differ-
ences {¢;:t =1,2,...}, which obeys

Assumption 5. The process {e; : t =1,2,...} satisfies
(i) Elet+1]F2) =0
(ll) E(€t+1€t+1l|]:t) = I
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The discounted stochastic regulator problem is to choose a control process {u;},
adapted to {F;}, to maximize

B <§%5f[ut’ wt'][yl; Vg/] [Z:] VO)’

Tip1 = Axy + Bug + CEH_1

E <Z ﬁt (|ut|2 + |£L't|2) ‘ fo) < 00.
t=0

The state vector z; is taken to be the composite of the endogenous and exoge-

subject to

nous state variables. Let U, = [I 0] be a matrix that selects the endogenous
state vector Uyz; and U, = [0 I] be a matrix that selects the exogenous state
vector U,x; for an optimization problem with discounting. To justify our parti-
tioning, the matrix A is restricted to satisfy U, AU, = 0, and the matrix B is
restricted to satisfy U, B = 0. Notice that in addition to incorporating discount-
ing and uncertainty, the discounted stochastic regulator includes cross-product
terms between controls and states, captured with «'WW’'z, which are absent in
the augmented control problem.

We now apply a standard trick for converting a discounted stochastic regula-
tor problem to an augmented regulator problem. Using the well known certainty
equivalence property of stochastic optimal linear regulator problems, we zero
out the uncertainty without altering the optimal control law. That is, we are
free to set the matrix C' to zero and instead solve the resulting deterministic
control problem. We eliminate discounting and cross-product terms between
states and controls by using the transformations

yr = B2 Uy, 2z = B2 U3, v = (Y2 (w+ R 'W'z,).

As is evident from these formulas, we have absorbed the discounting directly
into the construction of the transformed state and control vectors. In addition,
the cross-product matrix W is folded into the construction of the transformed
control vector. We are left with a version of the augmented regulator problem
with the following matrices:

A A,
|: (’!)/’U AU :| _ 61/2 (A —BR_IW/), BU _ 61/2UyBa
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|: ny Qyz
Qyz/ sz

Assumptions 1 - 4 are imposed on the constructed matrices on the left-hand side

] =Q-WR W' (3.2.2)

of the equal signs in (3.2.2).
As before, write the solution to the augmented regulator problem as

UV = —L'ylYr — F.z.
Then the solution to the discounted stochastic regulator problem is
Ut = _FItv

where

F,
F=|Yl+R'W.
[F} i

Also as before, the matrix F,, can be computed by solving the corresponding
deterministic regulator problem with the forcing sequence “zeroed out.” Subse-
quent sections will describe methods for computing F;, and F.

In macroeconomics, the discounted stochastic regulator problem is often ob-
tained in the fashion of Kydland and Prescott (1982), who use it to replace
a nonlinear-quadratic problem. Thus consider the nonquadratic optimization
problem: choose an adapted (to {F;}) control process {u;} to maximize

~E Zﬂtr(ut,xt)‘f() : (3.2.3)
t=0

subject to
Ti4+1 — AiZ?t + BUt + O€t+1.

Here r is not required to be a quadratic function of u; and x;. When the
associated constraints are nonlinear, sometimes we can substitute the nonlinear
constraints into the criterion function to obtain a problem of the form of (3.2.3).
Kydland and Prescott (1982) simply replace the function r by a quadratic form
in [u,/ ] asrequired for the discounted stochastic requlator problem, where
the quadratic function is designed to “approximate” r well near a particular

4

value for the state vector.®* In chapter 5, we describe a different approach

4 While Kydland and Prescott (1982) apply an ad hoc global approximation to r in which
the range of approximation is adapted to the amount of underlying uncertainty, many later
researchers have instead simply used a local Taylor series approximation around some “non-
stochastic” steady state produced by shutting down all randomness in the model. Kydland
and Prescott (1982) note that for the range of uncertainty they considered, the two methods
gave similar answers. In forming the linear quadratic problem, it is important to substitute the
non-linear constraints into the objective function before taking a Taylor series approximation.
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where, by design, the initial optimal resource allocation problem can be directly
converted into a discounted stochastic requlator problem.

3.3. Solving the deterministic linear regulator problem

In this section we describe ways to solve for the matrix F,. Recall that this
matrix has a double role. First, it gives the control law for a particular deter-
ministic requlator problem. More importantly for us, it also gives a piece of the
solution to the discounted stochastic regulator problem.

In describing methods for computing F),, it is convenient to work with the
state-costate equations associated with the Lagrangian

L=-—

M8

(Wi Quyyyr + vi Ry + 211" (Ayyys + Byve — yiy1)] - (3.3.1)
t

Il
o

First-order necessary conditions for the maximization of £ with respect to

{ve}iZo and {y}i2, are
Ve - R’Ut + Bylut+1 = 0, t Z 0 (332)

Yi it = Quyyt + Ay’ 1141, t>0. (3.3.3)

To obtain a composite state-costate evolution equation, solve (3.3.2) for v,
substitute the solution into the state evolution equation, and stack the resulting
equation and (3.3.3) and write the state-costate evolution equation as

L{yt“} :N[yt], (3.3.4)

Ht41 Mt
where , )
I = {I B,R7'B, } N = Ayy O} .
0 Ay’ , [ —Qyy [

For a continuous-time system the a corresponding differential equation for

states and costates is D )
{ yt} =H {yt , (3.3.5)

Dy bt |

where

H

(Ao —mE) wso

_ny _Ayy/
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which assembles the first-order conditions for the problem with criterion — [ [y(t)' Qyyy(t)+
u(t)' Ru(t)]dt and law of motion Dy(t) = A,,y(t) + Byu(t), where D is the
time-differentiation operator. We describe several methods for solving equa-
tions (3.3.4) and (3.3.5). Formally, we will devote most of our attention to the
discrete-time system (3.3.4). As we will see, methods designed for solving the
continuous-time system (3.3.5) can be adapted easily to solve the discrete-time
system (3.3.4), and conversely.

We want the solution of (3.3.4) that stabilizes the state-costate vector se-
quence for any initialization yg. Since we have transformed the state vector to
eliminate discounting, we impose stability in the form of square summability:

i‘ {Zi] ‘2< 0, (3.3.7)

for the discrete-time system (3.3.4). (We impose the analogous square integra-
bility restriction on the continuous time system (3.3.5)).

One way to ascertain the solution to the deterministic regulator problem is
to find an initial costate vector expressed as a function of the initial state vector
yo that guarantees the stability of system (3.3.4) or (3.3.5). The initialization
of the costate vector takes the form pg = P,yo and is replicated over time.
Substituting Py, for p; into (3.3.4), we find that

(I +ByR'B)'P,) yrs1 = Ayyyi

/ (3.3.8)
Ayy Pyyer1r = —Quyye + Pyye.
It is straightforward to verify that
(I+B,R'B,/P,) ' =1-B,(R+B,/P,B,) ' B,P,. (3.3.9)
Solving the first equation in (3.3.8) for y;y1
Yer1 = (Ayy — ByFy) yt, (3.3.10)
where
F, = (R+ B, P,B,) " B,P,Ay,. (3.3.11)

Premultiplying (3.3.10) by Aj, P, gives

Al Pyyiyr = (A, PyAy, — A, P,ByF,) y;. (3.3.12)
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For the right-hand side of equation (3.3.12) to agree with the right-hand side
of the second equation of (3.3.8) for any initialization yg, it must be that

-1

(3.3.13)
= ny + (Ayy - ByFy)l Py (Ayy - ByFy) + Fy/RFy

which is the familiar Riccati equation. In other words, the matrix P, used to
set the initial condition on the costate vector is also a solution to the Riccati
equation (3.3.13). With this initialization, the costate relation p, = P,y; holds
for all ¢ > 0. Finally, it follows from (3.3.10) that this state-costate solution is
implemented by the control law v, = —Fyy;.

The remainder of this section is organized as follows. In the first subsection,
we initially consider the case in which the matrix Ay, is nonsingular. While this
case is studied for pedagogical simplicity, it is also of interest in its own right. In
the second subsection, we then treat the more general case in which A,, can be
singular. As emphasized by Pappas, Laub and Sandell (1980), singularity in A,
occurs naturally in dynamic systems with delays. One of our example economies
used in our numerical experiments has a singular matrix A,,. Finally, in the
third subsection we study the continuous-time counterpart to the deterministic
requlator problem. We describe an alternative solution method and show how to
convert, a discrete-time regulator problem into a continuous-time regulator with
the same relation between optimally chosen state and co-state vectors. We defer
the discussion of the numerical algorithms used for implementing these methods
until the next section.

3.3.1. Nonsingular A,

When the matrix A, is nonsingular, we can solve (3.3.4) for [ytH } :
Hi4+1
[yt“} :M[ﬂ, (3.3.14)
H+1 e

where

Ay, +B,R'B/A, "'Q,, —B,R'B/A,
_a 10 w1 . (3.3.15)
We find the matrix P, by locating the stable invariant subspace of the matrix

M.

M:LlN_[
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Definition: An invariant subspace of a matrix M is a linear space C of possibly
complex vectors for which MC = C.

Invariant subspaces are constructed by taking linear combinations of eigenvec-
tors of M. A stable invariant subspace is one for which the corresponding
eigenvalues have absolute values less than one. To solve the model, we seek a

1
matrix P, such that [P } y is in the stable invariant subspace of M for every

Y

n dimensional vector y. We now elaborate on how to compute this subspace.
The matrix M has a particular structure that we can exploit in character-
izing its eigenvalues. To represent this structure, we introduce a matrix J given

by
0 -1
J = .
{I 0 }
Notice that J~1 = J = —J.

Definition: A matrix M is symplectic ift MJM’' = J.

It is straightforward to verify that M given by (3.3.15) is symplectic. It follows
that
M =J M7 (3.3.16)

Therefore, the transpose of M is similar to its inverse. Recall that similar
matrices define the same linear transformation but with respect to a different
coordinate system. Thus M’ and M~! share the same eigenvalues. For any
matrix M, the eigenvalues of M ! are the reciprocals of the eigenvalues of M,
so it follows that the eigenvalues of a real symplectic matrix come in recipro-
cal pairs, and the number of stable eigenvalues cannot exceed the number of
states n. However, merely requiring M to be symplectic permits there to be
eigenvalues with absolute values equal to one, and so we will need an additional
argument to show that there are exactly n stable eigenvalues.

To locate the stable invariant subspace of the symplectic matrix M, we
follow Laub (1979) and (block) triangularize M :

VIIMV =W
Wi Wia
W= 3.3.17
[ ’ Wm] , (3.3.17)
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where V' is a nonsingular matrix. By construction, the matrices M and W
are similar. The matrix partitions in (3.3.17) are built to coincide with the
number of stable and unstable eigenvalues. In particular, the absolute values of
the eigenvalues of W71 are stable.

A special case of this decomposition is an appropriately ordered Jordan
decomposition of M as was used by Vaughan (1970) in developing an invariant
subspace algorithm for computing P,. Laub (1991) traces this solution strategy
back to the 19th century and credits MacFarlane (1963) and Potter (1966) with
introducing it to the control literature. As emphasized by Laub (1991), it is
preferable to build algorithms based on other upper triangular decompositions
that are more stable numerically. The Jordan decomposition is particularly
problematic when the symplectic matrix M has eigenvalues with multiplicities
greater than one (see also Golub and Wilkinson 1976). In the next section, we
describe alternative Schur decompositions, which are more reliable numerically.

To use this triangularization to calculate P,, apply V! to both sides of
the state equation (3.3.14):

Y1 = Wi,
where
g =V~1 [yt] )
Mt

This transformation permits us to study asymptotic properties in terms of two
smaller uncoupled subsystems. Partition g, into two blocks with dimensions
given by the number of stable and unstable eigenvalues:

o |:g1,t:|
yt = - .
Yot

U2,t41 = Waalia ¢,

Then

and the solution sequence {g2,} fails to converge to zero unless it is initialized at
zero. Setting ¥z o at zero can be accomplished by an appropriate initialization
of the costate vector, as we now verify.

Partition the matrices V and V=1 as

Vi Vi Vll V12
v=| " - Vo= 21 22 | -
Vor Voo Ve v
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Since V is nonsingular and there exists a (stable) solution to the optimal control

problem, we must have
VAHy + V2, = 0. (3.3.18)

The rank of the matrix [V2! V?22] equals the number of unstable eigenvalues
of M, and thus the rank of its null space must equal the number of stable
eigenvalues. For a solution to exist for every initialization yy = y, it follows
from (3.3.18) that there must exist a p such that

VAy+V2u=0.

Thus the dimensionality of the null space of [V2!  V22] must also be at least
n. Therefore, M has exactly n stable eigenvalues, and the matrix partition
V22 is nonsingular. Solving (3.3.18) for u; gives

== (V2) " V2y,
Consequently, the matrix P, used to initialize the costate vector is given by

Py=— (V3T VA =11, (3.3.19)

Vi
where the second equality follows from the fact that the rank of [Vl 1} is n,
21

and

Vi1
va oy ~0.
| ] [Vzl]

3.3.2. Singular Ay,

We now extend the solution method to accommodate singularity in Ay, . This
method avoids inverting the L matrix in (3.3.4). Instead of locating the stable
invariant subspace of M , a deflating subspace method finds the stable deflating
subspace of the pencil A\L — N.

Definition: A pencil AL — N is the family of matrices {\L — N} indexed by the
complex variable .

Definition: A deflating subspace of the pencil AL— N is a subspace C of complex
vectors such that the dimension of C is at least as large as the dimension of the
sum of the subspaces LC and NC.
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For the matrices L and N of equation (3.3.4), it can be verified that the
intersection of their null spaces contains only the zero vector.® This ensures
us that a generalized eigenvalue problem is well posed. When a subspace C is
deflating, there exists a vector y in C that solves the generalized eigenvalue
problem

ALy = Ny

(see Theorem 2.1 in Stewart 1972). Implicitly, we are including the possibility
of a solution with A = oo, which occurs when y is in the null space of L but
not in the null space of N. As with the previous (invariant subspace) method,
the deflating subspace of interest for solving the optimal control problem is the
deflating subspace associated with the stable state-costate sequence. The stable
deflating subspace is the subspace associated with the stable generalized eigen-
vectors (the eigenvectors associated with generalized eigenvalues with absolute
values strictly less than one.) Hence we solve the model by finding a matrix P,

1
such that [P } y is in the stable deflating subspace of the pencil AL — N.

Y
Recall that when A, is nonsingular, the matrix M is symplectic. More
generally, system (3.3.4) is associated with a symplectic pencil

Definition: A pencil AL — N is symplectic if LJL' = NJN'.

Pappas, Laub and Sandell (1980, Theorem 4) show that the generalized eigen-
values of the symplectic pencil (AL — N) come in reciprocal pairs, just as the
eigenvalues of M do when Ay, is nonsingular. Hence we again have that the
number of stable generalized eigenvalues is no greater than n. Furthermore, we
can imitate our argument in the case in which Ay, is nonsingular to show that
there are exactly n stable generalized eigenvalues.®

We triangularize the state-costate system (3.3.4) using the solutions to the
generalized eigenvalue problem. As in Theorem 2.1 of Stewart (1972), there

5 See Theorem 3 of Pappas, Laub and Sandell (1980) for the case in which (Ayy, Dy)
is detectable. As we noted previously, the restriction to a detectable system rules out some
interesting economic models. More generally, nonexistence of a common nonzero vector in the
null spaces of N and L can be shown by way of contradiction. Suppose there is a common
nonzero vector in the null space. Then the matrix (I + nyBnylB;J) is singular. However,
this singularity contradicts Theorem 1 of Kimura (1988).

6 Theorems 3 and 4 of Pappas, Laub and Sandell (1980) establish this result when the
pair (Ayy, Dy) is detectable.
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exists a decomposition of the pencil AL — N such that

|:T11 T2 Wi le]

ULV =T =
T22 0 W22

],UNV=W= [ (3.3.20)
where U and V are unitary matrices and the matrix partitions have the same
number, n, of elements as the number of entries in the state vector y;. Pre-
multiplication of the pencil AL — N by the nonsingular matrix U preserves the
solutions to the generalized eigenvalue problem, and postmultiplication by V' al-
ters the generalized eigenvectors but not the eigenvalues. A consequence of the
triangularization is that the solutions to the generalized eigenvalue problem for
the original system are constructed directly from the solutions to the following
two smaller problems:

ATy = Wiy

Aoy = Waoy.

As with the invariant subspace method, we build the blocks of the trian-

(3.3.21)

gularization so that the generalized eigenvalues of the first problem in (3.3.21)
satisfy |A| <1, and for the second problem |A| > 1. As a consequence, the span
of the first n columns of V' gives the vectors of the deflating subspace we seek.
The span of the remaining n columns contains the problematic initializations
of the state-costate vector for which the implied sequence of state-costate vec-
tors diverges exponentially. In addition, it includes the span of the generalized
eigenvectors associated with infinite eigenvalues. Imitating the solution method
when A, is nonsingular, we initialize the costate vector as p = P,y;, where
the matrix P, is again given by (3.3.19).

To understand better the nature of this unstable subspace, recall that an
eigenvector associated with an infinite eigenvalue is in the null space of Tho.
Suppose the triangularization of L and N is built so that we can further par-
tition the matrices:

My Myo
Too =
” { Sl }
O Or2
Woo =
22 |: 0 022:|5

where the matrices M7 and Ogo are nonsingular. Such a triangularization
always exists. Consider solving the following equation recursively for a sequence
{@t+1}; for each t solve for g1 given ¢ by using

Toogir1 = Waals.
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For this equation to have a solution, the second component of g; must be zero
for all ¢ because
O229¢ 2 =0, (3.3.22)

and Ozs is nonsingular. In addition to eliminating the nonexistence problem,
imposing this restriction also resolves the multiplicity problem. Note that the
multiplicity problem for the triangular system is that for a given ¢, (3.3.22) does
not restrict §s41,2. However, applying (3.3.22) at t 4+ 1 resolves the problem.

3.3.3. Continuous-time systems

To conclude this section, we consider solving continuous-time Hamiltonian sys-
tems of the form (3.3.5). The defining feature of a Hamiltonian matrix is:

Definition: A matrix H is Hamiltonian if JH is symmetric.
The matrix H in (3.3.5), (3.3.6) clearly satisfies this property. It follows that
H =—-JHJ

which in turn implies that the matrix H’ is similar to —H . Consequently, the
eigenvalues of a real Hamiltonian matrix come in pairs that are symmetric about
the imaginary axis of the complex plane. The stable eigenvalues of a Hamiltonian
matrix are those whose real parts are strictly negative. Similar arguments to
those given above guarantee that there are exactly n stable eigenvalues of H .
Therefore, (3.3.5) can be solved by using an invariant subspace method and its
associated decomposition (3.3.17), provided that the classification of stable and
unstable eigenvalues is modified appropriately.”

There is an alternative approach for solving a continuous-time Hamiltonian
system. Given a Hamiltonian matrix H, another Hamiltonian matrix G is
constructed with the same stable and unstable invariant subspaces. The matrix

7 Deflating subspace methods are not needed for solving the class of continuous-time
quadratic control problems considered here because we can form directly the Hamiltonian
matrix and apply an invariant subspace method. However, as we have formulated it, the
continuous-time problem does not permit systems with finite gestation lags in making invest-
ment goods productive or systems for which consumption services depend on only a finite
interval of past consumptions.
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G is called the “sign” of the matrix H, and is defined as follows. Take the
Jordan decomposition of H:

where Aj; is an upper triangular matrix with the eigenvalues of H that have
strictly negative real parts on the diagonals, and Ags is an upper triangular
matrix with the eigenvalues of H that have strictly positive real parts on the

diagonals. Then
-1 0

Gz&gn(H)EV[() 7

} VL
Thus the sign of a matrix is a new matrix with the same eigenvectors as the
original matrix and with eigenvalues replaced by —1 or 1 depending on the
signs of the real parts of the original eigenvalues.

The matrix P, can be inferred directly from G. To see this, we use an
insight from Roberts (1980). By construction, all of the stable eigenvalues of G
are equal to —1. Consequently, the matrix P, satisfies the following eigenvalue

“lpJo=-[n]s

for any n dimensional vector y, and the matrix P, solves the affine equation

o[ 1]+[1] o pam

problem:

This method is implemented by finding fast ways to compute the “sign” of a
matrix.

While the matrix sign method is directly applicable for solving continuous-
time Hamiltonian systems, Hitz and Anderson (1972) and Gardiner and Laub
(1986) show how to use it to locate deflating subspaces of discrete-time systems.
Consider the generalized eigenvalue problem for the symplectic pencil

ALy = N.

Then
1I+NL-N)y=1-XN(L+N)y.
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Since the only common vector in the null space of L and N is zero, we construct
the solution to the eigenvalue problem

Sy =(L—N)""(L+N)y,

where
6_1+)\
1=\

Consequently, the stability relations (3.2.1) carry over here as well, and we
apply the matrix sign algorithm to (L — N)~*(L + N).

It also turns out that (L — N)~!(L + N) is a Hamiltonian matrix, which
we can exploit in computation. To verify the Hamiltonian structure, note that

(L=N)J(L'+N')=LJL' —NJN'— NJL'+ LJN'
= —-NJL + LJN'
=NJN' — LJL' = NJL' + LIN'’
=—(L+N)J(L' - N

where we have used the fact that AL — N is a symplectic pencil. Therefore,

JL-N)Y " (L+N)=L'+N)L'+N) " J(L-N)"'(L+N)
=(L'+N')[-(L—N)J(L' +N)] " (L+N)
=(L'+N)[(L+N)J (L' =N (L+N)
=(L'+N) (L' =N,

which proves that (L — N)71(L 4+ N) is a Hamiltonian matrix.

In summary, by construction, the stable (unstable) invariant subspace of
the Hamiltonian matrix (L — N)~!(L + N) coincides with the stable (unstable)
deflating subspace of the symplectic pencil AL — N . This coincidence permits us
to compute the matrix P, used for initializing the costate vector for the discrete-
time system (3.3.4) by applying a matrix sign algorithm to (L — N)~1(L+ N).
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3.4. Computational techniques for solving Riccati
equations

We consider three types of algorithms for computing P, :

(i) Schur algorithm;
(ii) doubling algorithm;

(i) matrix sign algorithm.

A Schur algorithm is based on locating a stable subspace using a Schur decom-
position of the state-costate system. As we noted in the previous section, once
a stable subspace is located, the relevant Riccati equation solution P, is eas-
ily computed. There are two versions of a Schur decomposition, depending on
whether the matrix Ay, is known to be nonsingular or not. A Schur decomposi-
tion gives a more reliable way of locating stable spaces than the familiar Jordan

decomposition and its generalization for pencils.

A doubling algorithm is an iterative method for speeding up the dynamic
programming Riccati equation iteration by doubling the number of time periods

in each iteration.

Recall from our discussion in the previous section that the stable deflating
subspace of the pencil {AL— N} coincides with the invariant subspace of the sign
of the matrix (L — N)~}(L + N) associated with the eigenvalue —1. A matrix
sign algorithm is an iterative method for computing the sign of (L—N)~}(L+N)
from which we can recover P, easily. See section 3.4.4 for details of the matrix
sign algorithm.

3.4.1. Schur algorithm

Suppose the matrix Ay, is nonsingular. As we noted in section 3, the matrix P,
can be found by locating the stable invariant subspace of the matrix M given
in (3.3.15). In some of our numerical calculations, we use what is referred to as

a real Schur decomposition of M to locate its invariant subspace.
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Definition: The real Schur decomposition of a real matrix M is an orthogonal
matrix V and a real upper block triangular matrix W such that

Wll V:V12 cee Vi/lm
V/MV . ~ . O W22 PR WQm
0 ... 0 Wum

where W; is either a scalar or a 2 x 2 matrix with complex conjugate eigenval-
8

ues.
A real Schur decomposition is a computationally convenient version of the block
triangular decomposition (3.3.17) used to compute P, when A,, is nonsingular.
Golub and Van Loan (1989) describe how to compute the real Schur decompo-
sition (in particular, see sections 7.4 and 7.5). Recall that the block triangular
matrix W in (3.3.17) results from partitioning the eigenvalues into stable and
unstable eigenvalues. Algorithms that compute the real Schur decomposition of
a matrix typically do not partition the diagonal blocks of W according to sta-
bility. Instead, given an arbitrary real Schur decomposition M = VWV’ , one
can use the approaches described in either Bai and Demmel (1993) or Stewart
(1976) to construct a sequence of orthogonal transformations that reorder the
diagonal blocks of W, while updating V so that M = VWV’ holds at every
step.
In summary, the steps for implementing a Schur algorithm are

(1) form the matrix M in (3.3.15);
(2) form a real Schur decomposition of M where the first n columns of V,
written in a partitioned form as [‘/11/ V;l/]/, are a basis for the stable

invariant subspace of M ;
(3) solve Pqu = Vs for P,.

We recommend computing the real Schur decomposition of M by using the
LAPACK function DGEES; P, in step (3) can be computed using the built-in
MATLAB operator ’/’, which solves a linear equation using Gaussian elimination
with partial pivoting.

8 There is also a complex Schur decomposition of a real or complex matrix in which V is
a unitary matrix and W is upper triangular.
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A deflating subspace method is required when A, is singular and likely
to be more stable numerically when A,, is nearly singular. To implement this
approach in practice, we use an ordered real generalized Schur decomposition
to find an appropriate triangularization of the state-costate dynamical system
(see Van Dooren (1982)).

Definition: A generalized real Schur decomposition of a real matrix pencil A\L—N
is a pair of orthogonal matrices U and V, a real upper triangular matrix T,
and a real upper block triangular matrix W, such that

Tll 1:112 z?lm
. 0 Tuy ... Tom
oLv=7=| . T ,
0 ... 0 Tom
Wi Wi ... Winm
o 0 Wa ... Won
UNV=W-=| . , . s
0 ... 0 Wum

where the pencil /\Tn‘ — W;; is either a 1 x 1 matrix pencil or a 2 X 2 matrix
pencil with complex conjugate generalized eigenvalues.

As with the real Schur decomposition, we initially compute a generalized real
Schur decomposition of A\ — N without regard to whether the generalized
eigenvalues are stable or not. We then reorder the diagonal blocks of T and W
so that the generalized eigenvalues are partitioned in the manner required by
(3.3.20). This partitioning can be done using the algorithms described in Van
Dooren (1981,1982) or in Kéagstrom and Poromaa (1994).

Thus the steps for implementing a generalized Schur algorithm are

(1) form the matrices L and N in (3.3.4);

(2) form a generalized real Schur decomposition of the pencil AL — N where
the first n columns of V, written in a partitioned form as [Vill V;ll]l,
span the deflating subspace of the pencil AL — N;

(3) solve PyVll =V, for P,.
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3.4.2. Digression: solving DGE models with distortions

Linear or log-linear approximations to the equilibrium conditions of dynamic
general equilibrium (DGE) models take one of the forms

Ly;11 = Ny, + Gz (3.4.1)

or, if L is nonsingular,

Yt+1 = Myt + GZt (342)

where M = L7!N and z; is a vector of forcing variables governed by a law of

motion

Zt+1 = AQQZt, (343)

where the eigenvalues of Asy are all less than or equal to unity in modulus.®
We shall consider the case in which L is nonsingular. We assume that the
eigenvalues of M split into equal numbers of stable and unstable ones so that we

Wi W,
can obtain a real Schur decomposition of M = V-IMV =W = { 011 Wlﬂ
22

where Wiy is a stable matrix and Was is an unstable matrix. The assumption
that the eigenvalues split in this way is tantamount to assuming that there exists
a unique stabilizing solution of (3.4.1).

Using M = VWV~ in (3.4.2) and premultiplying both sides by V=1 gives

Vg =WV + VG2 (3.4.4)

or
Vi = Wy + Gz (3.4.5)

where y; = V~ly, and G* = V~!G. Express (3.4.5) in terms of the uncoupled
dynamic system

Yirer = Wyt + Waayy, + Giz (3.4.6a)
Yarp1 = Waays, + G2 (3.4.6b)

9 This assumption can be relaxed to be that the eigenvalue of maximum modulus of Ao
times the reciprocal of the largest eigenvalue of Ago is strictly less than unity. Tom: check
the sign of this statement.
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Where L is the lag operator, rewrite (3.4.6b) as (I — ngz)ygtﬂ = Giz
or —WaoL(I — Wy' L™V )y, = G2y or'®

- -1
yse = —Wap' (I - W2_21L_1) G*z. (3.4.7)
Substituting this into (3.4.6a) and rearranging gives
- -1
Y = Wyl + {GI - W12W2_21 (I — W2_21L71) G;] 2. (3.4.8)

Equations (3.4.7), (3.4.8) give the stabilizing solution for the uncoupled dy-
namic system cast in terms of y;. To retrieve the original variables, we simply
use y = Vyji.

The very same solution would also be sustained as the solution of the
stochastic system in which (3.4.3) is replaced by the stochastic law of motion

Zt+1 = AQQZt + C’wt+1 (349)

where w41 is a martingale difference sequence with identity covariance ma-
trix; and where y;11 on the left side of (3.4.1) and (3.4.2) is replaced by
Elyiy1lye, 2t], where here E is the mathematical expectation operator and 2!
denotes the history of the zs process up to and including ¢. Equations (3.4.7),
(3.4.8) are also the heart of the solution that would obtain if were we to assume
that in a stochastic system the state z; is not observed, but that noisy signals
Y; that are linearly related to it. In that case, the solution is to replace z;
in (3.4.7), (3.4.8) with E[z|Y?]. The projection E[z|Y?] can be computed
recursively using the standard Kalman filtering formulas reported in chapter 4.

10 These formulas can be viewed as extensions to the vector case of formulas found in
Sargent (1987a, ch IX, pp. 777).



Computational techniques for solving Riccati equations 83

3.4.3. Doubling algorithm

Dynamic programming solves the infinite horizon problem by backward induc-
tion, which leads to iterations on the Riccati equation (3.3.13). A doubling
algorithm accelerates this approach. It preserves the idea of approximating the
solution to the infinite horizon problem by a sequence of finite horizon problems,
but instead of increasing the horizon by one time period in each iteration, the
number of time periods gets doubled.

To see how this approach works, recall that the solution to the finite horizon
problem for periods O, ..., (7 — 1) can be viewed as a two point boundary value
problem where the initial state vector yo is set to some arbitrary vector y and
the costate vector at the terminal date p, is set to zero. Suppose for simplicity
that A,, is nonsingular. By iterating on relation (3.3.14), we find that

M [yd - [Zﬂ , (3.4.10)

where

M=M"".
To approximate the matrix P,, we solve (3.4.10) for the initial costate vector o
as a function of yy. Partitioning M conformably to the state-costate partition,

we see that
Miryr =yo, M2y, = po.

Therefore, the implicit initialization of the costate vector is
. N
po = M2y (Mll) Yo,

and our approximation for the matrix P, is given by Mgl(Mll)’l.

What is needed to implement this approach is a way to compute M when
the horizon 7 is large. Expanding the horizon one period at a time corresponds
to multiplying the matrix M !, 7 times in succession. However, when 7 is
chosen to be a power of two, computations can be sped up by using

M2 = (M—2’“) M2 (3.4.11)

As a consequence, when 7 = 27, the desired matrix can be computed in j
iterations instead of 27 iterations, which explains the name doubling algorithm.
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Given that the matrix M ~! has unstable eigenvalues, direct iterations on
(3.4.11) can be very unreliable. Clearly, the sequence of matrices {M~2"} di-
verges. One of the features of a doubling algorithm is to transform these compu-
tations into matrix iterations that converge. Another feature is that a doubling
algorithm exploits the fact that the matrix M is symplectic. Symplectic matri-
ces have several nice properties.!! We have already seen that their eigenvalues
come in reciprocal pairs. In addition, the product of symplectic matrices is
symplectic, and the inverse of a symplectic matrix is symplectic. Moreover, for
any symplectic matrix S, the matrices S2;(S11)~% and (S11)"1S12 are both
symmetric and

Sop = (Sil)_l + So1 (511)_1 S12
= (311)71 + 821 (S11) " S (S11) ! S

Therefore, a (2n X 2n) symplectic matrix can be represented in terms of the
three n X n matrices a = (Sll)il,ﬁ = (811)71;912,’}/ = 821(S11)717 the latter
two of which are symmetric.

The doubling algorithm described by Anderson (1978) and Anderson and
Moore (1979) exploits such a representation by using the following parameteri-
zation of M~2":

-1 -1
M2 — (ar) ) (o) B )
Ve (ar)™ ag+ (o) Bl
where the n x n matrices ay, Ok, v are given by the recursions

apsr = ax (I + Buyk) ™ o
Br+1 = Br +axr (I + ﬁk'yk)71 By, (3.4.12)
Vet = 1 + vk (I + Bry) ™" .

While this alternative parameterization introduces a matrix inverse into the
recursions (3.4.12) that is absent in (3.4.11), the matrix I+ 857 being inverted
is only n dimensional. The nonsingularity of this matrix for all & is established
in Kimura (1988). To initialize the doubling algorithm, we simply deduce the
implicit parameterization of M ' given in partitioned form by
Ayyil AyyilByRilBy/

Mt=N"1L= B Y ,
nyAyy ! nyAyy 1B7!R71By/ + Ayy/

(3.4.13)

L1 There is a variation of the Schur algorithm that exploits the symplectic structure of M.
See pages 431-434 of Petkov et al. (1991) for an overview of this algorithm.
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which leads to the initializations
Qo = Ayyu 60 = ByR_lBylu Yo = QUU

While our derivation took the matrix A,, to be nonsingular, Anderson (1978)
argues that the doubling algorithm is more generally applicable.

A convenient feature of this parameterization is that there are known con-
ditions under which the matrix sequences {ax}, {8k}, {7} converge. When the
pair (A, D,) is detectable, then the sequence {7} is nondecreasing and con-
verges to the matrix P,. (Here we are adopting the usual partial ordering for
positive semidefinite matrices.) As noted by Kimura (1988, Theorem 5), under
the same restrictions, the sequence {8;} is nondecreasing and converges to a
positive semidefinite matrix P, associated with a “dual” to the deterministic
regulator problem.

The convergence of the {ay} sequence is more problematic. Unfortunately,
without simultaneous convergence of {ay}, it is not evident that iterations of
the form given in (3.4.12) can be used as the basis of a numerical algorithm. If
this latter sequence diverges, small numerical errors may get magnified, causing
the resulting algorithm to be poorly behaved. Kimura (1988) provides some
sufficient conditions for {ay} to converge to a matrix of zeros. His sufficient
conditions are used to guarantee that either P, or P; is nonsingular.

As we noted previously, a sufficient condition for P, to be nonsingular is
that the pair (A,,,D,) be observable. Sufficient conditions for the nonsingu-
larity of the matrix P, are that (i) (Ayy, By) is controllable; and (ii) (Ayy, Dy)
is detectable (Kimura 1988). Recall that controllability is often achieved by our
a priori partitioning of the state vector into endogenous and exogenous compo-
nents. Thus for our purposes, the restrictions guaranteeing the nonsingularity
of P; may be of particular interest. Even so, detectability is too strong for
some of our applications.

To apply a doubling algorithm more generally, we sometimes modify the
control problem by adding small quadratic penalties to linear combinations of
the states and controls. As long as these penalties are sufficient to guarantee
that either P, or PJ is nonsingular, we are assured of convergence of all three
sequences. Of course, there is a danger that the penalty distorts the solution
to the original control problem in a nontrivial way, which must be checked in
practice.
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3.4.3.1. Initialization from a positive definite matrix

Instead of adding small quadratic penalties to the objective function for each
calendar date, we could add a terminal penalty to the finite horizon approx-
imation to the control problem. From Chan, Goodwin and Sin (1984), it is
known that iterations on the Riccati difference equation converge to the unique
stabilizing solution whenever the Riccati equation is initialized at a positive def-
inite matrix.!? Initializing the Riccati difference equation at a positive definite
matrix is equivalent to imposing a terminal penalty that is a negative definite
quadratic form in the state vector. We will now show how to initialize the dou-
bling algorithm to impose a terminal penalty. This will permit us to compute
P, via a doubling algorithm for a richer class of control problems.

Consider first a finite time horizon problem with a quadratic penalty on the
terminal state. We select this penalty so that the terminal multiplier p, = Py,
for some positive definite matrix P,. Then equation (3.4.10) is altered to be

~ [T
M [ ] yr = [yo} . (3.4.14)
Po Ho
Build a matrix K I 0
K= .
r

Then equation (3.4.14) can be rewritten as

. I
K‘lMKK‘l[ ]yT — K [yo} .
Po Ko

M* |:y7':|_|: Yo :|,
0 /LO_PoyO

M* =K 'MK.

Equivalently,

where

Partitioning M™* consistently with the state-costate vector, the implicit initial-
ization of the costate vector is now

po = Poyo + My (M) ™" yo,

12 Here we are using the fact that the pair (Ayy, By) is stabilizable and that there exists

a solution to the deterministic regulator problem when constraint (3.2.1) is imposed. The
result follows from (i) and (iii) of Theorem 3.1 and Theorem 4.2 of Chan, Goodwin and Sin
(1984).
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and our approximation for P, is given by M{,(M7,)~! + P,.

We are now left with computing the matrix M™* when the horizon 7 is very
large. Notice that

M*=(K'MK)™"

It is straightforward to verify that because M is symplectic, sois K MK . This
means that doubling algorithm (3.4.12) is applicable for computing (K 1M K )_2’c ;
however, the initializations must be altered. The new initializations can be
deduced by looking at the implicit parameterization of the symplectic matrix
K='M~'K, and they are given by

ao = (I+B,R'B,/P,) " 4,,

G = (I+B,R'B,/P,) ' B,R'B, (3.4.15)
_ -1

Yo = ny - P, + Ayy/Po (I + ByR 1By/PO) Ayy

Not surprisingly, the original initializations coincide with setting P, to zero in
(3.4.15).

There are two related advantages to these initializations over the previous
ones. First, the sequence {v;} converges to P, — P, whenever P, is positive
definite. This follows from the Riccati difference equation convergence described
previously and does not require that (Ay,, D,) be detectable. Second, the
sequence {0;} converges and satisfies the bounds

Ogﬁ] < (Po)_l

3

even when (A,,, D,) is not detectable.'® Although we do not have a com-

plete characterization of convergence of the resulting algorithm, all three matrix

13 The convergence and bound can be established as follows. Let {3%} denote the sequence
starting from the original initialization. Then it is straightforward to show that

_ * -1 *
ﬁj—(l‘f‘ﬁjpo) ﬁj
Exploiting the nonsingularity of Py, the following equivalent formula can be deduced:
_ —1
Bj=(Po)™! = (Po+ PoBPo) .

The reported bound follows immediately. The sequence {,8]*} is monotone increasing because
it is a subsequence of Riccati difference equation iterations for a dual problem initialized at
zero. Therefore, the sequence {ﬁ]} is also monotone increasing. Given the upper bound

(Po)_1 , this latter sequence must converge.
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sequences (including {«;}) are guaranteed to converge with these alternative
initializations if they converge with the original ones.

In summary, the steps for implementing the doubling algorithm are

(1) initialize ag, Bo, and 7o according to (3.4.15);
(2) iterate in accordance with (3.4.12);
(3) form P, as the limit of {4} + P,.

3.4.3.2. Application to continuous time

As noted by Anderson (1978) and Kimura (1989), a doubling algorithm for a
discrete-time symplectic system can be used to solve a continuous-time Hamil-
tonian system. Recall that in our discussion of solving control problems via
a matrix sign algorithm, we showed how to covert a discrete-time symplectic
system into a continuous-time Hamiltonian system. To apply a doubling al-
gorithm, we want to “invert” this mapping, e.g., given a Hamiltonian matrix
H ., we construct a symplectic pencil with the same stable deflating subspace.
The symplectic pencil associated with H is given by A\(I + H) — (I — H). By
adopting a very similar argument as before, we found it easy to show that the
generalized eigenvectors for the constructed pencil coincide with the eigenvec-
tors of the original Hamiltonian matrix H . Moreover, the classification of stable
and unstable (generalized) eigenvalues is preserved.

3.4.4. Matrixz sign algorithm

In section 3.3.3 we showed how to compute P, from the sign of the Hamilto-
nian matrix for a continuous-time state-costate system. To compute P, for a
symplectic pencil AL — N, we first form the Hamiltonian matrix

H=(L-N)"(L+N)

and then compute sign(H). For this to be a viable solution method, we must
be able to compute sign(H) easily.

There are alternative matrix sign algorithms. An algorithm advocated by
Roberts (1980) and Denman and Beavers (1976) is to average a matrix and its
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inverse:
Go=H

Grp1 = Gy + (1/2) [(Gk)—l _ Gk} =01, (3.4.16)

To speed up convergence, Gardiner and Laub (1986) suggest using the recursion

Go=H, Gpy1= (1/26k) (Gk + Eszk_l) ,

where

e = | det Gp|"/™. (3.4.17)

Bierman (1984) and Byers (1987) propose a further refinement, which ex-
ploits the fact that the matrix Gy is a Hamiltonian matrix for each k. Recall
that if H is a Hamiltonian matrix, then JH is symmetric where

it

TGy = % (JGy + e2JIG 1), (3.4.18)

Hence

where ¢ is either set to one as in the original sign algorithm or set via formula
(3.4.17) using JGy in place of Gj. Consequently, it suffices to compute the
sequence of symmetric matrices {JGy} recursively via (3.4.18) starting from
the initialization JH .14

In summary, the steps for implementing a matrix sign algorithm are

(1) form the matrices L and N in (3.3.4);
(2) compute the sign of G = (L — N)"}(L + N);
(3) compute P, by solving the over-determined system

Gia Gu+1
P, = — 3.4.19
[Gzz + I} Y [ G2 } ( )

for P,.
As noted in Anderson (1978), the original sign algorithm (3.4.16) also can
be viewed as a doubling algorithm. Interpreted in this manner, it uses (at least

14 Kenney, Laub and Papadopoulos (1993) and Lu and Lin(1993) discuss further improve-
ments to the matrix sign algorithm.
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implicitly) an alternative parameterization of the symplectic matrix M~! to
that used in the doubling algorithm (3.4.12). Both recursions entail inverting
a matrix. While recursion (3.4.18) requires that a symmetric (2n x 2n) matrix
be inverted in each iteration, the doubling algorithm (3.4.12) requires that a

nonsymmetric n X n matrix be computed at each iteration.

3.5. Solving the augmented regulator problem

So far, we have shown how to compute the matrix F,,, which provides us with
the optimal control law for the deterministic requlator problem. This matrix also
gives us a piece of the solution to the augmented control problem and, hence, to
the problem of interest: the discounted stochastic requlator problem. The missing
ingredient is the matrix F,, where the optimal control law for the augmented
requlator problem is given by vy = —F,y; — F,z;. In this section, we show that
F, can be calculated by solving a particular Sylvester equation.

We start by forming a Lagrangian modified to incorporate the exogenous
state vector sequence {z;}:

o0
L=- Z (Wt Quyyt + 2y’ Qyzzt + ViR + 2p0 41" (Ayyye + Ayzze + Byvy — yeya)],
t=0

where the evolution of the forcing sequence is given by
Zt4+1 = Azzzt- (351)

First-order necessary conditions for the maximization of £ with respect to

{vi}i2 and {y:}i2, are

Ve © R’Ut + By/,utJrl = 0, t Z 0 (352)

Y © Ht = nyyt + QyzZt + Ayy/,qu, t Z 0 (353)

Solve equation (3.5.2) for v;; substitute it into the state equation; and stack
the resulting equation along with (3.5.3) and (3.5.1) as composite system

Yt+1 Yt
L | g1 | =N | e |
Zt+1 2t
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where
I BnylB; 0 Ayy 0 Ay,
L= 10 Ayy’ 0f, Nl=|-Qyy I —Qy.|- (3.5.4)
0 0 I 0 0 A..

As with the deterministic requlator problem, the relevant solution is the one
that stabilizes the state-costate vector for any initialization of yy and zg. Hence
we seek a characterization of the multiplier p; of the form

/J't:P |:yt:| )
2t

such that the resulting composite sequence [y,/ g’ 2z'] is in the stable de-
flating subspace of the augmented pencil AL* — N®. Assuming for the moment
that a solution P exists, it must be the case that P =[P, P.]|, where P, is
the Riccati equation solution that was characterized in section 3.3, and P, is a
matrix that has not yet been characterized. To see why this must be the case,
note that the solution to the augmented requlator problem with zo = 0 coincides
with the solution to the deterministic requlator problem . We have previously
shown that P, is a matrix, such that all vectors in the deflating subspace of the
pencil AL — N can be represented as [¢/ y'P,]". When the forcing sequence
is initialized at zero, so that it remains there for all ¢, it must also be the case
that [y o'P, 0] isin the stable deflating subspace of the augmented pencil
AL®— N®. This justifies our previous claim that the solution to the deterministic
requlator problem is a piece of the solution to the augmented regulator problem .

To deduce the control law associated with the matrix P, we substitute P
into (3.5.4), which yields

Yt+1 Yt
LY | Pyyry1 + Pezepr | = N | Pyye + Pozy
Zt+1 Zt

Write the three equations in this composite system separately:

(I+ ByR 'By'P,) y111 + ByR "By Pozyy1 =Ayyys + Ayzze
Ayy/PyyHl + Ayy/PzZtH = (Py - ny) Y + (Pz - Qyz) 2t

Zt4+1 :Azzzt'
(3.5.5)
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Substitute the last equation into the first and solve for y;y1:
_ -1 _
Y1 = (I+BUR 1By/Py) [Auuyt—l— (Ayz _BUR 1By/PzAzz) Zt] .

It follows from relation (3.3.9) that this evolution equation for y; can be rewrit-
ten as
Yer1 = (Ayy — ByFy) yi + (Ayz — ByI%) 24, (3.5.6)

where Fy, and F, are given by
F, = (R+ B,/P,B,)” ' B, P,A,,,

F, = (R + By/PyBy)_1 B, (PyA,. + P,A.,). (3.5.7)

For the reasons given previously, our construction of Fy coincides with (3.3.11)
used to represent the optimal control law for the deterministic regulator problem.
Stability of the state vector sequence {y;} is guaranteed by evolution equation
(3.5.6) because the matrix A,, — B, F, is the same matrix that appears in
the state evolution equation for the deterministic regulator problem under the
optimal control law. Since the solution to the deterministic requlator problem
is stable by design, the eigenvalues of Ay, — ByF, have absolute values that
are strictly less than one. The optimal control law for the augmented regulator
problem is given by
vy = —Fyy — F.2.

The matrix F, can be computed using formula (3.5.7) once we know P, .
We now show that P, is the solution to a Sylvester equation. Premultiply (3.5.6)
by Ay, Py:

Ayy' Pyyeir = Ayy' Py (Ayy — ByFy) ye + Ayy' Py (Ayz — ByF:) 2. (3.5.8)
Using formula (3.5.7), we rewrite the coefficient matrix on z; as
Ayy'Py (Ays — ByF.) = (Ayy — ByF,)' (PyAy: + P A..) — Ay P A

To obtain an alternative formula for this coefficient, substitute the last equation
of (3.5.5) into the second equation and solve for A, Py i1 :

Ayy,PyyH—l = (Pz — Qy: — Ayy/PzAZZ) z¢ + (Py - ny) Y- (3.5.9)



Computational techniques for solving Sylvester equations 93

Equating coefficients on z; in (3.5.8) and (3.5.9) results in
(Ayy — ByF,) (PyAy. + P.A..) — Ay/'P.A.. = P, — Q. — Ay P A....

Rewriting this in the form of a Sylvester equation (in the unknown matrix P, ),

we have that
P, = Qyz + (Ayy - ByFy)IPyAyz + (Ayy - ByFy)IPZAZZ' (3'5'10)

As already noted, the matrix (A,, — By F,) has only stable eigenvalues.
Also, we assumed that the matrix A,, has only stable eigenvalues (Assumption
4). These restrictions are sufficient for there to exist a unique solution P, to
(3.5.10). Up to now, our discussion proceeded under the presumption that

there exists a matrix P, such that by setting yu; = P [yt} , we stabilize the
2t
state vector sequence. We can now work backwards using the (unique) solution

to the Sylvester equation to show that indeed such a matrix P does exist.

3.6. Computational techniques for solving Sylvester
equations

A Sylvester equation is represented by
M=W+SMT, (3.6.1)

where the matrices W, S, and T are specified in advance and M is the matrix
to be computed. Consistent with (3.5.10), the matrices S and T have stable
eigenvalues.'® There is a variety of ways to depict the solution to a Sylvester
equation. One is to vectorize (3.6.1) as

[I —T ® S]vec(M) = vec(W), (3.6.2)

where vec(-) denotes stacks of the columns of a matrix argument. (To derive
(3.6.2) from (3.6.1), use the identity vec(SMT) = [T" ® S]vec(M)). Hence

15 We have recycled some of the notation used in previous sections.
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vec(M) is the solution to a linear equation system. Alternatively, M is given
by the infinite sum
o0
M= STWT’. (3.6.3)
j=0
This representation can be deduced by iterating on equation (3.6.1), starting

from any initial matrix with the appropriate dimensions.
We consider two types of algorithms for computing M :

(i) Hessenburg-Schur algorithm;
(ii) doubling algorithm.

The Hessenberg-Schur algorithm uses a Schur decomposition of the matrix T
to convert a single Sylvester equation to a collection of much smaller Sylvester
equations, each of which can be vectorized as in (3.6.2). A Hessenberg de-
composition of the matrix S is used further to simplify the calculations. The
doubling algorithm is an iterative algorithm that approximates the infinite sum
on the right-hand side of (3.6.3) by a finite sum. As with the doubling algorithm
for solving a Riccati equation, the number of terms included in the finite sum
approximation “doubles” at each iteration.

3.6.1. The Hessenberg-Schur algorithm

As suggested by Bartels and Stewart (1972), one strategy for solving Sylvester
equations entails block triangularizing the matrices T and/or S. We follow
Golub, Nash and Van Loan (1979) by forming a Schur decomposition of the
matrix 7: V'TV = T, where V is an orthogonal matrix and T is upper
block triangular with row and column blocks that are either one or two dimen-
sional (see section 3.4.1 for a formal definition). Postmultiply Sylvester equation
(3.6.1) by V and rewrite the equation as

M =W + SMT, (3.6.4)

where M = MV, W =WV, and S = S. Notice that (3.6.4) is in the form of
a Sylvester equation in the matrix M.

The block triangularity of 7' can now be exploited to reduce (3.6.4) into m
smaller Sylvester equations, where m is the number of row and column blocks
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of T'. Write the matrix 7" in partitioned form as

Tll 1:112 cee Czj‘lm

. 0 Ty ... To,
T = . . . .

0 ... 0 Tom

Use the column partition of W to partition M and W, and let M; and Wj
denote the corresponding ;" partitions. Decompose Sylvester equation (3.6.4):

My =Wy + SM Ty, (3.6.5)
j—1

Mj =W, + 8 MTy; + SMTj;, j=2,....m. (3.6.6)
k=1

Notice that (3.6.5) is a Sylvester equation in M; and that (3.6.6) is a Sylvester
equation in ]\7[j as long as the matrices M, for k = 1,2,...,5 — 1 have already
been computed. Thus these m Sylvester equations can be solved sequentially
as linear equations using vectorization (3.6.2).

An additional refinement advocated by Golub, Nash and Van Loan (1979)
entails taking a Hessenberg decomposition of the matrix .6

Definition: The Hessenberg decomposition of the square matrix S is an orthog-
onal matrix U and a matrix S that has all zeros below the first subdiagonal,
such that S = USU".

In addition to postmultiplying equation (3.6.1) by V', we now also premultiply
this equation by U’. Equation (3.6.4) continues to hold with M = UMV,
W =U'WV, and S =U'SU. This Sylvester equation can still be decomposed
as in (3.6.5) and (3.6.6). With S in Hessenberg form, we can solve these
latter Sylvester equations more efficiently using an equation solver designed for
Hessenberg systems. 17

In summary, the steps for implementing a Hessenberg-Schur algorithm for

computing P, are

16 Alternatively, we could take the Schur decomposition of S as proposed by Bartels and
Stewart (1972).

17 Interesting variations on the Hessenberg-Schur algorithm have been proposed by Ham-
marling(1982) and Gardiner et al. (1992).
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(i) form the matrices W = Q. + (4yy — ByFy,)'P,A,., S = (Ay, — ByF,),
and T = A, ;
(ii) form a Hessenberg decomposition S = USU’ and a Schur decomposition
T=VTV',
(iii) compute the solution M to (3.6.5) and (3.6.6) and form P, = UMV,

Since the Hessenberg decomposition of a matrix can be computed faster than the
real Schur decomposition, one should always arrange the Sylvester equation so
that the Hessenberg decomposition is taken of the matrix (A, —B,F,) or A..,
whichever has more entries. The steps just described should be implemented if
there are more elements in the vector y; than z;. If z; has more elements, then
the alternative Sylvester equation

Pz/ = Qyzl + A;;zpy (Ayy - ByFy) + Alzzpzl (Ayy - ByFy)l

should be solved for the matrix P,’.18

3.6.2. Doubling algorithm

The doubling algorithm for Sylvester equations iterates on

Qfy1 = Q0O
Br+1 = BB (3.6.7)
Vr+1 = Ve + oYk B

to convergence, where ag = S, Bp =T, and 9 = W. By repeated substitution,

it can be shown that
2k 1
Yk = Z STWTI.
j=0

In other words, each iteration doubles the number of terms in the sum. !

I8 In numerical work in Anderson, Hansen, McGrattan, and Sargent (1996), we formed
the Hessenberg decomposition of a matrix using MATLAB subroutine HESS and the Schur
decomposition of a matrix with SCHUR. We solved Hessenberg systems using the routines
HSFA and HSSL, which are part of the package described in Gardiner et al. (1992). See pages
364-370 of Golub and Van Loan (1989) for how to compute the Hessenberg decomposition.

19 This algorithm is a slight generalization of the doubling algorithm for Lyapunov equa-
tions discussed in Anderson and Moore (1979). A Lyapunov equation is a Sylvester equation
in which § =T".
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To use this doubling algorithm to compute P,

(1) initialize ag = (Ayy—ByFy)', Bo = Asz, and yo = Quz+(Ayy—ByFy) PyAy:;
(ii) iterate in accordance to (3.6.7);
(iii) form P, as the limit of {74}.

3.7. Concluding remarks

This chapter has focused on computational details for the optimal linear regu-
lator. Many aspects of these calculations will recur in various settings below.
Indeed, key ideas and formulas in all of the subsequent chapters of this book
build directly or indirectly on results in this chapter. Thus, in chapter 4, we
see how the Kalman filter emerges as the dual of the optimal linear regulator.
Chapter 6 uses invariant subspace methods to prove the equivalence of alterna-
tive ways of formulating a robust control problem. Chapter 16 uses a Lagrangian
formulation and invariant subspace methods to construct robust decision rules
for controlling forward looking models. As already indicated in chapter 2, the
optimal linear regulator can be induced to do all of the hard work in computing
a robust rule for such models.






Chapter 4
The Kalman filter

. we are always searching for something hidden or merely potential or
hypothetical, following its traces whenever they appear on the surface.
— Ttalo Calvino, Six Memos for the Next Millenium, 1996, p. 77.

4.1. Introduction

The Kalman filter is a recursive method for computing linear least squares es-
timates of sequences of random vectors comprising hidden states and future
observables. The states and observables are described by a known linear state-
space system that is perturbed by Gaussian shocks with zero mean and known
covariances.

Remarkably, the Kalman filter formulas are identical with those for an
optimal linear regulator, a fact that reflects the duality of filtering and control,
the subject of this chapter. Following Whittle (1990, 1996), we formulate a
filtering problem in terms of a Lagrangian. After performing minimizations
and maximizations in a particular order, an optimal linear regulator problem
emerges with the flow of time reversed. We therefore say that the linear regulator
problem is dual to the Kalman filter, and vice versa.

The Kalman filter is a powerful tool in economics and econometrics because
it accomplishes many tasks, including these: (1) it efficiently computes the Wold
and autoregressive representations associated with an economic model whose
equilibrium can be represented as a linear state space system;! (2) By recovering
an autoregressive representation, it enables computing the likelihood function of
a linear model recursively; (3) by building upon (2), it can be used to infer the
econometric implications of aggregation over time; and (4) it is the basic tool for
estimating and forecasting hidden factors in linear models. Items (1)—(4) make
the Kalman filter an essential tool in deducing the observable implications for an

1 A common practice in the real business cycle literature is to approximate an equilibrium
as a linear state space system in logarithms of state variables. That enables the application
of the Kalman filter to obtain the vector autoregressive representation and the likelihood. ,
For examples, see Schorfveide (2000XXX) and Otrok (2001XXX).

- 99 —
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important class of models whose equilibria occur, or can be well approximated,
in the form of a linear state space system.?

Before getting into the details, we first state the Kalman filtering problem
and its solution, then assert the associated optimal linear regulator problem for
which it is the dual. The remaining sections of the chapter fill in the details
required to prove the duality of the filtering and control problems.

We assume throughout this chapter that the state-space model is true, so
that issues of model approximation are not in play. Chapters 13 and 14 will
formulate filtering problems in setings where the decision maker suspects model
misspecification and therefore wants a robust filter.

4.2. Review of Kalman filter and preview of main result

Throughout this chapter, we let x; denote a state vector at time ¢t and
a vector of possibly noise-ridden observations on linear combinations of x;_1.
This section uses a convention for indexing time that differs from the one used
in the remainder of the chapter. We temporarily use this timing convention
because we shall use it again in chapter 13 and because it leads to a dual control
problem in which the direction of time matches the one we used in chapters 2
and 3. To attain that familiar representation for the control problem, for the
filtering problem we have to let larger indexes ¢ recede further into the past.
We begin with a simple and famous example.

2 Qo far as first and second moments are concerned, those implications are characterized by
a vector autoregression. Using the Kalman filter is the easiest way to obtain the autoregressive
representation. See Hansen and Sargent (200XXX, chapter 8).
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4.2.1. Muth’s problem as an example

John F. Muth (1960) applied classical filtering methods to discover a stochastic
process for income for which Milton Friedman’s (1956XX) adaptive expectations
scheme would be an optimal estimator of permanent income. Muth’s problem
can be formulated recursively using the Kalman filter. Where x_; is a scalar
state variable and y_; is a scalar observed variable at time —t,¢ > 0, consider
the state space system

Ty =ax_t—1+[c 0]e_s (4.2.1a)
Y-t = 9T —t—1 + [0 d] €_¢ (421())

where a, g, ¢, d are scalars and e_; is an i.i.d. (2x 1) vector of Gaussian random
variables with mean zero and covariance matrix I. To analyze Milton Fried-
man’s concept of permanent income, Muth set a = 1,g =1 and ¢ > 0,d > 0.
He regarded z_; as a permanent component of income and dey _; as transitory
income, while y_; is measured income at —t. A consumer facing an income
process with this structure wants to estimate his permanent income. Thus,
he wants to compute Z_; = E[r_4|y~?] where y~* denotes the infinite his-
tory of [y_¢,y—¢—1,...]. That is, the consumer wants to form an estimator &_;

t

that is a measurable function of the infinite history y~" and that minimizes

Ef(x— —2-4)%ly™"].

The Kalman filter attains Muth’s solution of this problem.? The solution
for the optimal estimator takes the recursive form &_; = (a — Kg)#_+—1+ Ky_¢
Z_¢, which can also be represented as

ta=KY (a—Kgly i (4.2.2)
=0

j=

where K is the Kalman gain. Equation (4.2.2) expresses the consumer’s es-
timate of the permanent component of his income as a geometric weighted
sum of past income levels. The conditional variance of this estimator is ¥ =
Elr_; — i,t|y*t]2. The Kalman filter gives a way to compute ¥ and K.

3 Muth solved the problem using classical (i.e., non-recursive, methods.
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4.2.2. The dual to Muth’s filtering problem

The dual to Muth’s filtering problem is the optimal linear regulator

o0

—YN\ = I{naic — Z (c2)\f + d2,uf) (4.2.3)
Ht =0

where the maximization is subject to the law of motion
)\t+1 = CL)\t + g, (424)

with Ao given, and where a, g, ¢, d take the same values as in Muth’s problem.
Problem (4.2.3), (4.2.4) has a solution in the form of a feedback rule

where K is the same scalar that emerges from the Kalman filter, and the ma-
trix ¥ in the value function —X A3 is the state covariance matrix that emerges
from the Kalman filter. In this chapter, we shall interpret the \’s as Lagrange
multipliers associated with the Kalman filtering problem.

For particular values of a,g,c,d, we invite the reader to use the Matlab
program olrp.m to solve the regulator problem and kfilter.m to solve the
Kalman filtering problem, and thereby to verify numerically the duality that
we have asserted. In the next section, we verify duality analytically and in the
process tell why the adjective ‘dual’ is appropriate, in the sense of mathematical
programming. is appropriate. But first we state a more general versions of the
Kalman filter problem and the associated dual optimal linear regulator problem.
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4.2.3. The filtering problem

Consider the following optimal filtering problem that generalizes Muth’s prob-
lem. For ¢t > 0, a state vector z_,; and an observation vector y_; satisfy?

T_t = A(E_t_l + CE_t (426@)
Y—t = Gl'_t_l + Dé_t (426())

where e_; is an i.i.d. Gaussian vector with mean zero and covariance matrix I.
We want a recursive way to compute the projections &_; = E[z_¢|y~t], 9+ =
E [y_¢|y="'] where y=" = [y_t,y—¢—1,...].° Let ¥ be the covariance matrix
of the state-reconstruction errors e_; = x_; — £_4, conditional on y~¢. The
maximum-likelihood estimator Z_; maximizes —e’_tE’le,t. The Kalman filter
constructs ¥ and gives a recursive way of computing Z_; as a function of the

t

infinite history y~*. In particular, the Kalman filter attains the representation

.f,t = Aiiftfl + K (yft - g,t) (427&)
gy =Gi_y (4.2.70)

where K is the Kalman gain. Equations (4.2.6), (4.2.7) imply that the predic-
tion errors satisfy y_; — §—¢ = G(x—4—1 — £_4—1) + De_;. Define the error in
estimating z_; as e_; = x_; — &_4. Substitute (4.2.7) into (4.2.6) to deduce

€_t = (A — KG) e_;_1+ (C — KD) €_¢. (428)

Define the error covariance matrix X_; = Fe_;e’ ,. Then for a fixed, not
necessarily optimal K, (4.2.8) implies

Y, =(A-KG)X ;,(A-KG) +(C—-KD)(C—-KD)". (4.2.9)

4 The text of this section assumes an infinite history y*. Alternatively, let s denote a
finite horizon. Then for the filtering problem with the timing convention of this section, we
would have an initial condition stating that e_¢ has a Gaussian distribution with mean zero
and covariance matrix 3. This corresponds to setting a terminal value function for the dual
control problem with the quadratic form \,¥gAs. Under the different convention about time
indexes that we shall use in section 4.3 and the rest of this chapter, for the horizon s version
of the problem, the initial condition for the filtering problem is stated in terms of a quadratic
form 6’020_160. That corresponds to a terminal condition stated in terms of )\620)\0. It is a
terminal condition because the flow of time is reversed.

5 Note the different conditioning information denoted by #_4 and y_1.
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The limit of iterations on (4.2.9) satisfies
Y=(A-KG)X(A-KG) +(C—-KD)(C—-KD)". (4.2.10)
The value of K that minimizes ¥ in (4.2.10) satisfies
K = (CD' + ASG') (DD + GG') " (4.2.11)

Formulas (4.2.10), (4.2.11) implement the steady state Kalman filter. An ef-
ficient algorithm for computing (K, Y) iterates on (4.2.11), (4.2.10), starting
from the initial value ¥ = 0. This is a version of the Howard policy improvement
algorithm.

Equations (4.2.11), (4.2.10) also implement the policy improvement algo-
rithm for solving a particular optimal linear regulator that is defined in terms
of a state vector A\; and a control vector u;. Given the initial value of the state,
Ao, the dual problem is

max<{ —.5 Yy ZZ 4.2.12
(e} { ; ‘ t} (4.2.12)
where the maximization is subject to Ay given and

275 = C/At + D/,[Lt (4213&)
)\t+1 = AI)\t + Glut. (4213b)

Equation (4.2.13a) defines the objective function. The solution of the optimal
linear regulator is a policy rule

Mt = —K/)\t (4214)
that attains the optimal value function
v (Ao) = =BT 0. (4.2.15)

We shall show that A\g = ¥~ 'eg and that therefore the optimized value =50
in (4.2.12) equals the quadratic term —.5¢j>"!eg in a log-likelihood function.

The key practical insight of these findings is that we can compute the pair
(3, K) for the filtering problem by solving the associated optimal linear regu-
lator (4.2.12), (4.2.14). The reversal in time and the transposition of matrices
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as we move from the filtering problem to the optimal linear regulator problem
are manifestations of duality, as subsequent sections show.

The duality of optimal filtering and control brings substantial insights and
computational advantages. In chapters 13 and 14, we shall use these insights
again to pose and solve robust filtering problems.

The remainder of this chapter substantiates our claims about duality. The
reader who is willing to accept the preceding assertions about duality on faith
can proceed immediately to subsequent chapters. Though it can be skipped, we
think that the subsequent arguments convey some of the magic associated with
the duality of filtering and control.

4.3. Sequence version of primal and dual problems

This section substantiates various assertions in the previous section. We show
how the Kalman filtering problem leads to an augmented optimal linear reg-
ulator problem in terms of dual variables. We now let the time index ¢ flow
forward. This has the consequence that a reversal of time will occur in the dual
problem. We consider the state space system for ¢ > 1:

Ty = AItfl + CEt (431&)
Yt = Gl't_l + Dét. (4311))

Here ¢;, t > 1, is an i.i.d. Gaussian disturbance vector with mean zero and
covariance matrix I. We take the initial condition xy to be unknown with prior
distribution described by

Ty = Tg + €p (4.3.2)

where e is a Gaussian vector with mean zero and covariance matrix Fege) =
Y. We assume that eg is distributed independently of the €;’s for ¢t > 0. For
any variable z, let z° be the vector of observations on {z;, ¢t =1,...,s}. The
joint density of (y®,2°) is Gaussian. Therefore it can be represented

f(2%,y°) < exp (=Ds),
where

1 1<
D, = 56626160 + 3 Zeget. (4.3.3)

t=1
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Whittle (1990, 1996) calls Dy the ‘discrepancy’. To see that the time ¢ contri-
bution to Dy is (1/2)€,e:, note that by (4.3.1)

T A
)= [6]mvea

where C* = Dl The covariance matrix of C*¢; is C*C* . Then the time ¢

contribution to the discrepancy is®

1 - 1
5620*/ (C*C*/) ! C*Et = 56;6,5.

4.3.1. Sequence version of Kalman filtering problem

Given y®, we seek estimators of the hidden state z; for t =1,...,s—1. We ob-
serve y° and estimate the hidden states by maximizing the log likelihood —D;
with respect to the unobserved states and shocks es. In particular, we seek
values of eq, {€t, zt—1};_; that minimize (4.3.3) subject to (4.3.1), (4.3.2). Fol-
lowing Whittle (1990, 1996), we formulate this minimization problem in terms
of a Lagrangian. Letting {\, pe41};_, be sequences of vectors of Lagrange

multipliers, we form

1, 1S .
Jl = 56620 160 + 5 ;E;et + )\6 ($0 — Ty — 60)

) . (4.3.4)
+ Z A (@ — Azy—1 — Cey) + Zué (y¢ — Gri_1 — Dey) .

t=1 t=1

6 The matrix (C*C*Y~LC* is the Moore-Penrose generalized inverse of C*/ .
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4.3.2. Sequence version of dual problem

We want to minimize J; with respect to eg, ¢ for t =1,...,s, and xy for t =
0,...,s—1 and to maximize with respect to A\t,t =0,...,s,and s, t=1,...,s.
To illuminate how the Kalman filter is the dual of a linear regulator, we optimize
in a particular order, thereby eventually arriving at a reduced Lagrangian that
takes the form of an augmented linear regulator problem.

4.3.2.1. Minimizing over eg, ¢;

Following Whittle (1990, 1996), we first minimize with respect to eg, €, t =

1,...,s. The first order conditions with respect to € and ey can be written
€ = OIAt + D/,Ut (435&)
€ = EQ)\O. (4351))

Condition (4.3.5a) implies that

/ / /
=[] Loe o] ] 420
A quick calculation also shows that
Sl P e | R
Condition (4.3.5b) implies that
e6Xo teo = AoZ0o (4.3.8)
and that
Ao (w0 — &g — €0) = Ao (20 — Zo — BoAo) - (4.3.9)

Note the presence of ¥y rather than ¥5' on the right side of (4.3.8). Substi-
tuting (4.3.6), (4.3.7), (4.3.8), and (4.3.9) into (4.3.4) gives J; = Jo where

1 I [N][CC CD'7 [N
Jo = —=AToho — = { ][ + N (zo— &
2 2 0010 2; Lt DC' DD’ Lt 0( 0 0)

) N (e — Az )+ Yt (g — Gapa).

t=1 t=1
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By expressing the objective in terms of the dual variables (i.e., the multipliers
e, At ), through equation (4.3.8) the objective function in (4.3.10) involves a
quadratic form in ¥, rather than X L This feature is important for under-
standing the duality of filtering and control.

4.3.2.2. Extremizing over A\, u:; ¢

We want to mazrimize Jo with respect to A\¢,t =0,...,s and pu,t =1,...,s,
and to minimize it with respect to x;,¢ = 0,...,s — 1. Minimizing (4.3.10)
with respect to z;,t =0,...,s — 1 yields the first-order condition

)\tfl = A/)\t + G/}Lt. (4311)

Having minimized out the x;’s, we are left with the problem of choosing

A, t=0,...,s and ps,t =1,...,s to maximize
1 1[N [Cce” oD [N
J3 = —=X20Mo — = [ ][
3T T r0m0n0 2; w| | DC' DD | |

s (4.3.12)
— Moo + > iy
t=1
subject to (4.3.11) and the boundary conditions Ay = 0, u; = 0 for ¢t > s. Here
Js3 = Ja. Notice how this resembles a finite horizon augmented linear requlator
problem (see page 60) with state vector A\; and control vector u;. However, the
direction of time is reversed. The term —%()\620)\0 + 2X\(Zo) plays the role of
a ‘terminal’ value function once time is reversed. The optimal control takes the
form of a feedback rule

e = —K;)\t + giYt + ft.’i'o, (4313)

where K; is a version of the Kalman gain, as we shall see in detail below.
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4.4. Digression: reversing the direction of time

We briefly return to a formulation of the filtering problem in which time recedes
into the past with increases in ¢, as in section 4.2. Supposing that s > 0 and
letting t =0, ..., s, the state space system is (4.2.6) where the initial condition
at time —s —1 is

T s 1=T s 1+e€ 51

where e_,_1 is a Gaussian random vector with mean zero and covariance matrix
Y _s_1. Define the discrepancy at horizon s as

1 g
Dy = §€LS,12:§,16—5—1 + 5 Zel—te—t' (441)
t=0

We could follow the steps in the previous section to derive the dual problem
with these timing conventions. In the limit as s — 400, the dual problem
would assume the form of the optimal linear regulator (4.2.12), (4.2.14).

For the remainder of this chapter, we shall use the timing conventions of
section 4.3. However, in chapter 13, we shall again use the timing convention of
section 4.2.

4.5. Recursive version of dual problem

We are sometimes interested in versions of problem (4.3.12) that condition on
infinite histories of observations, in which case there is a recursive formulation
of the problem. We seek a time invariant K, which we attain by studying the
problem as s — oo and then taking the limit of K; as ¢t — oco. The recursive
version of problem (4.3.12) is associated with the Bellman equation

1 1 1 1[A]' [cc’ oD A
CINEA-NE— Zu= N P S
2 Tt ﬁl,??«‘{ 2 2[J [DC’ DD’] [,J

+uy - A*’io}
(4.5.1)
where the maximization on the right is subject to the law of motion

= AA+Gp (4.5.2)
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and where A* now denotes last period’s value of X\ and ¥* is last period’s value
of X. The term ¢ is a constant that we’ll explain later. This Bellman equation
induces a mapping from X* to ¥. The unique positive semi-definite matrix fixed
point ¥ and the matrix K associated with the optimal feedback rule supply
the ingredients (3, K') that solve the infinite-history Kalman filtering problem.
Letting ¢ be a vector of Lagrange multipliers on (4.5.2), the first-order
conditions with respect to A\*, y for maximizing (4.5.1) subject to (4.5.2) are

0=—-X"\"—d0g— 9
0= -DC'A+y+ Gy — DD'p.

Eliminate ¢ and rearrange to get the feedback rule
p=—K'X+ (GS*G' + DD') ' (y — Giy), (4.5.3)

where

K = (CD' + AS*G') (DD’ + G*G') .

(4.5.4)
The matrix K is the Kalman gain. When (4.5.4) is evaluated at the station-
ary solution ¥ = ¥* of the Riccati equation implied by the Bellman equation
(4.5.1), (4.5.3) solves the infinite-history, time-invariant filtering problem. We
now indicate how (4.5.1) implies a Riccati equation mapping ¥* into X.

Use (4.5.2) and (4.5.3) to express \* as
N =(A—KG) A+ G (GS*G' + DD') " (y — Giy) . (4.5.5)

Using (4.5.3) and (4.5.5) to evaluate the quadratic forms in Ag on the first line
of the right side of (4.5.1) shows

A 1cc oD’ A
TEEN 4+ =NEX+t i -G
{/\ A { ] { cr ,} [ ]} N'EX + terms in (y — Gig)

where
Y=(A-KG)Y(A- KG)' +(C—-KD)(C—-KD) . (4.5.6)

Formula (4.5.6) in conjunction with formula (4.5.4) is one form of the Riccati
equation for the conditional covariance matrix 3 for the hidden state next
period.
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For the next step of the argument, we temporarily ignore the term in y—Gxg
appearing in (4.5.3). Then, using (4.5.5) and p = —K’\, we can calculate that

Wy —XN2g=—-N(AZo + K (y — GZp)) = —N& (4.5.7)

where
&= Azo + K (y — Gio) (4.5.8)

is the estimator of the state for next period. Formulas (4.5.8) and (4.5.4),
evaluated at the fixed point of (4.5.6) are the standard time-invariant Kalman
filtering formulas.

Finally, we have to complete and collect the terms coming from (GX*G’ +
DD")71(y — G#p) in (4.5.3). Tedious algebra verifies that they contribute the
term

L= (y — Gio) (GS*G’' + DD') " (y — Gio)
that appears on the left side of (4.5.1). The matrix GX*G’ + DD’ is the

covariance matrix of the innovations y — G2 .

4.6. Recursive version of Kalman filtering problem

For some of our future work, it is convenient to study a recursive version of
the filtering problem using the dual variables again but to embrace a somewhat
different perspective.

We return to the original problem. In a recursive spirit, we formulate a one-
period filtering problem and seek a recursion in an optimized value function. The
state-space system is

x = Axg + Ce (4.6.1a)
y = Gxo + De (4.6.1d)
o = .fo + €0, (4610)

where € is a Gaussian random vector with mean zero and identity covariance
matrix and ey is a Gaussian random vector distributed independently of e with
mean 0 and covariance matrix Xg. The joint density of (z,y) is

f(z,y) o< exp (=D)
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where ]
D= 3 (6620_160 +€e). (4.6.2)

Given y, T, we want to choose (€,x) to maximize the log likelihood, or equiv-
alently, to minimize discrepancy D subject to (4.6.1). We will show that the
optimized value of the discrepancy (4.6.2) takes the form

1 _ 1
56’121 tey + 5! (4.6.3)
where ey = & — 1, &1 = AZo + K(y — GZo), K is the Kalman gain, ¥, is
related to ¥y by a matrix Riccati difference equation, and ¢, defined in our
discussion of (4.5.1), is the contribution to the log-likelihood function (entropy)
that cannot be influenced by the filter. Thus, we have the Bellman equation

1 1
56/121_161 +5e= min {.5e4 Xy eo + €e} (4.6.4)

where the minimization is subject to (4.6.1). Further, the quadratic form
e'lEflel on the left equals the quadratic form A\|X;\; that appears on the
left side of the Bellman equation for the dual problem (4.5.1).

To solve the filtering problem for an additional period, we would use ¥,
to update the criterion (4.6.2) to be % (e/¥7"e1 + €’¢) and continue as before
with next period’s observation on y and e; = x — 21 .

It is useful to solve the recursive version of the filtering problem using
Lagrangian methods. Form the Lagrangian

J == (ehSq eo + €'e) + N (w0 — Z0 — eo)

1
2
+ N (x — Azg — Ce) + p (y — Gzg — De) .
The first-order conditions for minimizing J with respect to (e, eg) imply
e=C'\+D'u (4.6.5a)
ey = EO (A/)\ + G//L) N (4651))

where we are using the first-order condition A\g = A’A + G’ to get (4.6.5b).
The equality eg = xg — &9 and (4.6.1) imply

x — Ay = Ce + Aeg (4.6.6a)
y — Gy = De + Gey. (4.6.60)
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Substitute (4.6.5) into (4.6.6) and rearrange to get

y — Gy @
—A 46,
e (167)
where GYoG + DD’ DO + G A/
N Dt N i Al (46.8)
OD' + ASoG! ASA’ + CC
Then

H _ A71 Yy — GQ:TO ]
A x — Ao
For reasons to be explained in chapter 14, we call the optimized value of
e+ eh¥o e the conditional entropy of (y,x) and denote it ent(y,z). It is the

maximized value of the log likelihood function. Using (4.6.5), we can evaluate
ent(y,z) to be

!/
ent (y, ) = €'e + efXg teg = {M] A {,u]

A A
o (4.6.9)
_ y— Go A-L y— G2y
T — Aj?o T — A.fo ’
Let I o
L =
-« 1
where
K = Ay AL} = (A%G' + CD') (DD’ + GG (4.6.10)
We recognize K to be the Kalman gain. It can be verified that
A11 0
LAL = _ , 4.6.11
0 Aoy — Ap Ay Ay ( :
where
A1 = GXoG' + DD’ (4.6.12)
and

21 = A22 — AQlAfllA/Ql

= CC' + ANy A" — (ASG' + CD') (DD’ + G20G') ™' (AS,G +CD'Y' .
(4.6.13)
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It turns out that Aj; is the covariance matrix of the innovations y — GZy and
Aoo — AglAl_llA'21 is the covariance matrix of « — 27 where 27 is the estimator
of the state z. In particular, notice that

I y—Gii?O N y—G.f() - y—GjTO
.I—Ajfo N {E—AJA?()—K(y—GCE()) B x—i:l

where
Here 2; is the estimate of the state next period, based on the observed value of
y. Thus, returning to (4.6.9), we have

y— Gio

,T—Aii'o LL‘—A,@O

- y—GiO ! A11 0 -t y—Gi‘O
B Tr — i‘l 0 A22 — AglAl_llA/21 xr — il
1

= (y = Gio) Ay (y = Gio) + (z — 1) (A2 — A A AYy) (2 — 1)
(

]IL’ (LAL) 'L {y_ G“%O]

ent (y, z) = {

(4.6.15)

Formula (4.6.15) inspires the updating formula (4.6.13) for the covariance

matrix of £ —Z;. The entropy-minimizing choice of z is evidently #;; the value

of y is observed, and the value g is given, so the first term on the last line of
(4.6.15) cannot be influenced by the filter. It contributes ¢ in (4.6.3).

4.7. Concluding remarks

In the filtering and control problems of this chapter, the decision maker as-
sumes that his state-space model is correctly specified. Later chapters extend
the duality between filtering and control to filtering problems in which the de-
cision maker fears that the model (4.2.6) is misspecified. Chapters 6 and 7
formulate and solve a robust control problem. Chapter 13 then exploits duality
to discover a corresponding robust filtering problem. FEffectively, that chapter
works backwards from a robust version of the optimal linear regulator problem
(4.2.12),(4.2.14) to get a corresponding filtering problem. Not surprisingly in
view of the time-reversal between the dual and original problems, the objective
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function of the decision maker in the dual problem is backward-looking. While
interesting, that is not always the most natural formulation for economic prob-
lems. Therefore, in chapter 14 we alter the objective function of the decision
maker to be forward-looking. That leads us to another robust filtering problem.
We cast that forward-looking robust filtering problem as a model-approximation
problem using entropy to measure model misspecification. This forward-looking
robust filtering problem has the same mathematical structure as the one studied
in section 4.6. In chapters 6 and 7, we shall also use duality theory extensively
to formulate our basic robust dynamic decision problem.
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Chapter 5
Static multiplier and constraint games

5.1. Introduction

By considering static examples, this chapter takes a detour from the main con-
cern in this book, which is devising decision rules that are robust to misspecified
dynamics. To simplify some of the analytical issues, this chapter strips off all
dynamics and focuses on two types of interrelated static zero-sum two-player
games whose equilibria induce robust decisions for the maximizing player within
a one-period setting. We call them a multiplier game and a constraint game.
We take up dynamic versions of both of these games in subsequent chapters.
We begin with a simple static Phillips curve example in section 5.2. Subse-
quent sections then focus on another simple example with the aim of exposing
the role of technical assumptions that reconcile outcomes from alternative games.
We consider two classes of possible misspecifications to a static Gaussian
approximating model that might concern the decision maker. The more re-
stricted setting allows misspecifications only in the mean of a Gaussian random
variable. The more generous setting allows misspecifications in the form of ar-
bitrary alternative distributions that are absolutely continuous with respect to
the approximating model. For a Gaussian approximating model, the worse case
model from this class remains Gaussian, but it has distortions to both the mean

and the variance.

1 Chapter 2 described two related such classes of distortions for dynamic models.

- 119 —
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5.2. Phillips curve example

To illustrate basic ideas, this section adapts Kydland and Prescott’s (1977)
model of a policy maker who sets inflation in view of an expectational Phillips
curve. We modify of Kydland and Prescott’s model? by assuming that the policy
maker views his model as an approximation. The policy maker solves a multiplier
game as a way to compute a decision that is robust to model misspecification.
Let U, 7w, m be the unemployment rate, the inflation rate, and the public’s
expected rate of inflation, respectively. The government’s approximating model
is

U=U*"—~(r—me)+¢ (5.2.1)

where v > 0 and € is A/(0,1). Here U* is the natural rate of unemployment, the
unemployment rate that on average prevails when 7 = 7.2 The government
sets 7, the public sets 7., and nature draws é. The government views (5.2.1)
as an approximation in the sense that it suspects that U might actually be
governed by

U=U"—v(r—m)+ (e+w), (5.2.2)

where € is another random variable that is distributed A(0,1) and w is an un-
known distortion to the mean e¢. Thus, the government suspects that the natural
unemployment rate might be U* 4+ w for some unknown w. The government
does know that

w? <. (5.2.3)

The parameter 1 bounds the square of the government’s specification error w?.

2 We are building on Sargent’s (1999) rendition of Kydland and Prescott’s model in the
style of Stokey (1989XX).

3 To bring the setup closer to that used in dynamic settings in chapters 2 and 6, we could
have added a parameter ¢ and expressed (5.2.2) as U = U* — (7 — me) + c(e + w), where ¢
is used to scale the volatility of the noise e. We have set ¢ = 1 to simplify some formulas in
this chapter.
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5.2.1. The government’s problem

The government values outcomes (U, 7) according to the utility function as-
signed by Kydland and Prescott, namely,

—E (U?+7?) (5.2.4)

where E denotes the mathematical expectation. Because it does not trust the
approximating model, the government cares about the mathematical expecta-
tion over multiple models indexed by w’s that satisfy (5.2.3).

We proceed in the spirit of Stokey’s (1989) analysis of credible government
policies. We derive the government’s robust best response to the private sector’s
setting of m.. The appendix then uses that robust best response function to
formulate a rational expectations equilibrium. The government’s best response
function takes m. as fixed. Given 7., the government wants to set m so that
it attains satisfactory outcomes for all w? < 5. The government therefore sets
7w equal to the equilibrium m-component of the following two-player zero-sum
multiplier game

max min —F {U? + 7} + 6w (5.2.5)

where both the minimization and maximization are subject to (5.2.2) and 6 > 1
is a fixed penalty parameter. We shall soon explain how the penalty parameter
0 relates to n in (5.2.3) and why we impose 6 > 1. We shall also discuss
conditions that let us exchange the order of maximization and minimization
in (5.2.5). The first order conditions for 7 and w, respectively, for problem
(5.2.5) are

(14+9?) 7 =7 =7 (U +w) =0 (5.2.6a)
U'—yr+yme+w(l—60)=0. (5.2.6b)

Solving these equations jointly for m,w as functions of 7. gives:

T (9) = (ﬁ) (U* + ’Y']Te) (527)

w(0) = (ﬁ) (U* +yme) . (5.2.8)

Here 7(0) gives the government’s (robust) best response function for setting =
as a function of 7., while w(6) determines the worst case model, given 7. and
the government’s setting w(9).
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Note that when 6 = +00 so that there is no concern for model misspecifi-
cation,

7 (00) = ( 772> (U* + yre) (5.2.9)
w (00) = 0. (5.2.10)

Note also that (5.2.6a) says that () satisfies

m(6) = <1 372> [(U* +w (0) +me].

This equation defines a function
7w (0) = B (7e;0), (5.2.11)

which is the government’s robust best response function to the state of expecta-
tions 7¢. Evidently the robust rule can be obtained by replacing the estimate of
the natural unemployment rate U* under the approximating model in (5.2.9)
with the worst case estimate of the natural rate U* 4+ w(#). Thus, one way to
achieve robustness is to distort estimates of exogenous variables in a pessimistic
way relative to the approximating model, then to proceed with ordinary deci-
sion making procedures.? A related characterization of robust decision making
procedures will prevail in the dynamic settings to be studied in subsequent chap-
ters. However, because the models there are dynamic, the distortions become
more interesting and involve misspecifications in how state vectors feed back on
their own histories.

It is useful to compute the limiting decision 7(¢) and worst case distortion
w(f) as 6\, 1:°

(1) =y U* + 7 (5.2.12)
w(l) =72 (U* +m.). (5.2.13)

In the appendix to this chapter we show how the unit slope of the government’s
best response to . in (5.2.12) will cause a rational expectations equilibrium

4 See the citation attributed to Fellner on page 32.

5 The value @ = 1 is the breakdown point to be discussed later. In the generalization of

the model where c(e + w) replaces (e + w), the breakdown point is 6 = ¢2.
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inflation rate to approach +oo as 6 \, 1. That rational expectations inflation
rate satisfies m = 7, as well as having 7 be a robust best government response
to me.

Given 7., we can now tell how the penalty parameter 6 is related to the
constraint 7. The multiplier game is in effect the Lagrangian associated with a
closely related constraint game:

sup inf —F (U2 + 7T2) ,
T |w|§\/7_7

where 6 will turn out to be the Lagrange multiplier on the constraint w? < 7.
The associated Lagrangian is

supsupinf —F (U2 + 71'2) + 60 (w2 — 77) .
T >0 W

If & > 1, for the inner minimization part of this problem it is evidently optimal
to set w so that the constraint w? < n holds with equality. Then set w = /1
and solve (5.2.8) for 6:

U* =~ (r—m)|
7 .

Equation (5.2.14) shows how to map 7 into an associated 6. As described by

h=1+

(5.2.14)

equation (5.2.14), the parameter 6 thus measures the set of alternative models
over which the decision maker seeks a satisfactory outcome. We shall discuss the
connection between the constraint game and the multiplier game further in the
following sections. Before that, we briefly describe the sense in which (5.2.7)
gives a decision for m that is robust to model misspecification.
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5.2.2. Robustness of robust decisions

For convenience, we define ¢ = —0~'; o is the risk-sensitivity parameter of

Jacobson (1973) and Whittle (1990). Fig. 5.2.1 illustrates the sense in which
a robust decision for 7 is robust. Let J(o1,02) be the value of —E(U? + 72)
associated with setting # = 7(01) when w = w(o2). Assuming v =1,U* =5,
for three settings of inflation m(oq), Fig. 5.2.1 plots J(o1,-) as a function of
o2, where the worst case w = w(oz) varies along the ordinate axis. Notice
how the three payoff functions J(o1,-) cross. The 0 = o1 = 0 rule gives the
highest value for the government’s objective when there is no specification error
(i.e., o9 = 0 implies that w = 0), but its performance deteriorates more quickly
than the robust (07 = —.25,01 = —.5) rules as w increases along the o9 axis.
The robust rules sacrifice performance when the approximating model is correct.
However, they experience lower rates of deterioration in the objective J as the

specification error increases.

26 L L
-05 -0.45 -0.4 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 0

Figure 5.2.1: Values of J(01,02) = —E(U? + 72) for three
decision rules m(oy) for o1 = 0,—.25,—.5 for the worst-case
w(oq) for values of o2 on the ordinate axis. The o1 = 0 rule
works best when w = 0, but its performance deteriorates
more rapidly as |w| increases than do the robust rules.
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Because our principal focus in this chapter is single-agent robust control
theory, we have taken 7. as given. To complete the analysis of the Kydland-
Prescott model, we should describe how 7, is set. Appendix A applies the notion
of a rational expectations equilibrium to make 7. equal to the 7(c) chosen by
the robust monetary authority. We postpone that material to the appendix
because it involves issues that would interrupt our main line of argument. We

now turn to important technical details about our single agent decision model.

5.3. Basic setup with a correct model

This section uses a very simple static model to describe in more detail the
relationship between a static constraint game and a static multiplier game. Let
x be an endogenous variable and u a scalar control variable. The variables u
and x are linked by the approximating model

r=u+é (5.3.1)

where € is a random variable with mean zero and variance 1. Letting F denote
the mathematical expectation and b be a scalar, a decision maker wants (u,x)

to maximize

u?

1 2
or

___ Ww=9 _ 2 (5.3.3)

The maximizing choice is u = % .

We want to think about the situation where the decision maker treats the
model (5.3.1) not as true but as an approximation. To represent specification
error, the decision maker replaces the approximating model (5.3.1) with the
distorted model

r=u+(e+w), (5.3.4)

where ¢ is another random variable with mean zero and variance 1. The dis-
torted model thus has a random term with unknown mean w and known vari-

ance 1, rather than known mean 0 and variance 1 as under the approximating
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model (5.3.1). The decision maker formulates the idea that his model is a good
approximation by assuming that |w| </ where 1 > 0. Substituting (5.3.4)
into (5.3.2), the criterion function becomes

___ Wwrw=4 _ 2 (5.3.5)

The decision maker seeks a u that works well for any |w| < /5. Since the
variance 1 is constant, we can replace (5.3.5) with

u? u+w—b2
—7—(%. (5.3.6)

Within this simple setting, we consider two types of zero-sum two-person
games that can be used to choose a v that is robust to misspecifications that take
the form of alternative values of w. The two games are: (1) a ‘constraint game’
that constrains the choices of u,v in (5.3.6) by |w| < /7; and (2) a ‘multiplier
game’ that appends to the right side of (5.3.6) a penalty term £(w?—n). For an
appropriate choice of 6, these two formulations are equivalent under conditions
identified by the Lagrange multiplier theorem (see Luenberger (1969), pp. 216-
221). However, that equivalence breaks down when /77 >|b|. As a vehicle for
exploring conditions for the equivalence between the two approaches, we start by
analyzing the pathological b = 0 case. Later parts of this chapter shed further
light on the pathological case by allowing a larger class of misspecifications.

5.4. The constraint game with =0

This section considers a pathological case in which variations in the decision
maker’s concern about robustness, as measured by the penalty parameter 6,

have no effect on his decision w. To generate the pathology, we temporarily set

b=0. To induce a robust decision u we formulate a ‘constraint game’:®

2 2
max min —— — M (5.4.1)

o jwl<ym o 2 2

6 We thank Dirk Bergemann for suggesting this example and its consequences.
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Notice that the objective is concave and not convex in w (this is also true when
b # 0). Also notice the timing protocol implicit in the order of maximization
and minimization in (5.4.1): the maximizing player chooses first, the minimizing
player second.

The equilibrium of this zero-sum two-person game can be computed by
considering three possible sets of values for u. If u = 0, w = £,/n solves
the inner minimization problem, with a minimized value of —2. If u > 0, the
solution of the inner problem is to set w = /7, which makes the objective
smaller than —3. Similarly, if u < 0, the solution of the inner problem is to
set w = —,/7n, and the objective (5.4.1) is again smaller than —3. Thus the
‘robust’ decision is to set u to zero; this decision is supported by the maximizing
player’s expectation that w will respond to u by the rule w = ﬁ\/ﬁ for u#0
and w = £,/ when u is zero.

A strange feature of (5.4.1) is that a preference for robustness to model
misspecification has no effect on the decision u. The equilibrium outcome for
u is 0, independently of the value of 7.

For various reasons to be explained below, we would like to be able to
exchange the order of minimization and maximization in (5.4.1). However, an-
other peculiarity of (5.4.1) is that we cannot exchange orders of the minimization
and maximization operations; neither v = 0,w = /5 nor u=0,w = —./n is a
Nash equilibrium of the game with the order of maximization and minimization
exchanged. In fact, there is no pure strategy Nash equilibrium. We will compute
mixed strategy equilibria later.

5.5. Multiplier game with b =0

We want to understand the connection between the constraint game (5.4.1)
and an associated ‘multiplier game’. To do so, in this section we study a La-
grangian formulation of the constraint game. This will eventually lead us to a
multiplier game. We reformulate the constraint in (5.4.1) as w? < n and form
a Lagrangian:

. u? u+w 2 9
rnélX%fz;[O)—? — % + B (w2 - 772)
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or

Cou? (utw)?
maxsup inf —-— — ———
uw g0 w2 2

+g@ﬁ—nﬂ. (5.5.1)
The standard sufficient conditions for the Lagrange Multiplier Theorem do not
hold here. While the constraint set for w is convex, the objective is also convex
in w. As we will see in chapter 6, with appropriate qualifications, a modified
version of the Lagrange Multiplier Theorem does apply.

Consider the inner minimization problem of (5.5.1), holding fixed 6 and
u. Suppose 6 < 1. Then the objective is convex in w (it is affine for § = 1),
and the infimum over w is —oo. Therefore, we need consider only 6 > 1. For
0 > 1, the first-order conditions for w are:

O@—-1)w—-u=0,

or
u

To—1

Consider next the second inner-most maximization problem in (5.5.1). Pro-

w

vided that u # 0, the supremum over 6 is attained by setting 6 so that the
constraint is satisfied. Thus ]
U
0=14+—
i

and

u
w=—+/1.
Jul

At these values of #,v, the objective for the outer maximization problem in
(5.5.1) becomes

2w |u 2 u? u 2
PR (UE;) R S UL,

- <.
2 2 |

By making w arbitrarily close to zero, we find that the right side of the above
inequality is a least upper bound. In fact, if u =0, then w =0 and
W (u+w)?

supinf —— —
w2 2

0 1

This gives the correct value of the objective of the constraint game (5.4.1), and
u = 0 is the correct robust action for that game. Since the solution is not
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attained at 6 = 1, the solution of (5.5.1) must be computed as a limit of the
solution as 6 \, 1. The value 6 = 1 corresponds to what we shall refer to in
chapter 6 as a ‘breakdown point’ for 6.

Games (5.4.1) and (5.5.1) are pathological because neither n in the con-
straint game nor # in the multiplier game affects the equilibrium decision w.
We show below how this pathology occurs because |b| < /7.

5.6. The model with b #0

By setting b # 0, we can repair the pathological outcome that variations in
the multiplier 6 in (5.5.1) do not change the action u. We alter (5.4.1) to be:

: u? (u4w—0b)’
max min —— — ———.

ox min_ —= 5 (5.6.1)

The Lagrangian is:

2 _ b 2 0 2
max infsup — v (utw="b) + (w 77)

or

2 —b 2 9 2 _
maxsupinf—u— — (utw=b) + (w 77).
U g>0 W 2 2 2

It is again true that for § < 1, the inner-most minimization problem has a
criterion equal to —oo for any u. Thus € = 1 remains a ‘breakdown point’.
Variations of 8 for § > 1 will now affect the decision u, thereby capturing how
a concern for robustness affects the decision.

For 6 > 1, consider the multiplier game:

2 _b2 9 2 _
maxmin—u— — (u+w ) + (w 77)'

TR 2 2 (562)

The objective is concave in u and convex in w. It can be verified directly
that the order of maximization and minimization does not matter, and that the
Nash equilibrium of the game defined by (5.6.2) can be obtained by stacking
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and solving first-order conditions for the minimizing and maximizing players.”

The first-order conditions are:
u+(u+w—>0)=0
(u+w—">)— 0w =0.

The equilibrium outcomes are:
(5.6.3)

We have thus established:

Theorem 5.6.1. For /7 in the interval (0, |b]) we can find a value of 0 > 1
for which the solution to the multiplier game (5.6.2) is the same as that of the
constraint game (5.6.1) and conversely. This mapping breaks down when 6 = 1

and /n > |b].
Proof. From (5.6.3), as 0 ranges from +oco to one, the solution for w ranges
from zero to —b. |}

Notice that v = g for the limiting 6§ = +o00 case, and that u converges to b as
0 declines to one.

5.6.1. Analysis of pathology

Consider now the constraint game when 1/ >|b|. Form two quadratic functions:

2 w— J7—b)?
pf(u):_%_#
u?  (u —b)?
p+(u):_7_w,

The robust choice of u solves:
maxmin{p- (1) p+ (1)}

Notice that p_(b) = p4(b). Moreover, dp_(0)/du = b+ /7 and dp(0)/du =
b—/n. Because /i > [b|, these derivatives have opposite signs, implying that
u = b remains the robust solution for large enough values of /7.

7 This is a version of von Neumann’s Minimax Theorem. For example, see Dantzig (1998,
pp. 286-287).
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Figure 5.6.1: The functions p_(u), p4 (u), min{p_ (u), p4+(uw)}
for \/n =.3,b=0. The maximum of min{p_(u),p4(u)} oc-
curs at u = b =0, a kink point of the function.

e<|b]
T

p+,p=,minp+,p=
&
&
-
-

5 \ N
/ \ N
-06f \\ N
\\ \
\
-07 / \ .
/ N
-08F / \ <
/ \
/ \
—09l/ \
o . . . . . . . .
-0.4 -0.2 0 02 04 06 08 1 12

u

Figure 5.6.2: The functions p_(u), p4 (u), min{p_ (), p4+ ()}

for \/n = .3,b=.5. The maximum of min{p_(u), p; (u)} oc-

byT
2

curs at u = = .4, where the function is differentiable.

131
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Figures 5.6.1 and 5.6.2 help reveal what is going on in the two cases /7 > |b]
and /n < |b]. Fig. 5.6.1 plots the function min{p_(u), p4(u)} for /1= .3,b=
0 while Fig. 5.6.2 plots it for \/f = .3,b=.5. In Fig. 5.6.1, which corresponds
to a pathological case in which /7 > [b[, min{p_(u),p4(u)} has a maximum at
u = b = 0, a nondifferentiable point formed by the intersection of the p_(u) and
p4(w). In Fig. 5.6.2, for which \/f < [b|, the maximum of min{p_(u), p;(u)}
occurs at u = @ = 4, a point where the function is differentiable. Here
u depends on 7, reflecting a concern for robustness that was absent in the

pathological /1 > |b| case.

5.7. Probabilistic formulation (»=0)

We now alter game (5.4.1) by enlarging the class of allowable perturbations
to include more than just mean shifts. In particular, we now allow random

perturbations to the approximating model. The approximating model is now
r=u-+e¢

where € ~ f,(¢) and f, is the standard normal density. The distorted models
have € ~ f(e) for some density f # f,. Corresponding to the b = 0 case above,
we now let the objective in our zero-sum two-player games be

u? [ (u+ €)° f (¢) de
-5 - : . (5.7.1)

To measure model misspecification we use relative entropy, which is defined to

be the expected log likelihood ratio, where the expectation is evaluated at the
distorted model:

7(£) = [ logf (0 ~ o fo (0) £ (0)de. (572)
This entropy measure is convex in f. We study the game:
2 2 d
max min _u__f(u—l—e) 40) E.
vorzn<e =1 2 2

The objective in (5.7.3) is linear in the density f and the constraint set is

(5.7.3)

convex. Therefore, Lagrangian methods apply.
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5.7.1. Gaussian perturbations

Before relating game (5.7.3) to game (5.4.1), we calculate the entropy measure
(5.7.2) where f is a normal density with mean w and variance o?. Then®

w?  0?2—-1 logo?
IN=5+—F "5 (5.7.4)

Thus entropy decomposes into a part %2 due to a mean distortion and a part
o2—1 logo?

T2 T T2
function, the variance distortion is nonnegative:

due to a variance distortion. Because the logarithm is a concave

0°—1 logo? -
2 2 -
To understand how game (5.7.3) relates to game (5.4.1), consider a per-

turbed density f that is normal with mean w and unit variance o2 = 1 so
that the distortion consists solely of a mean shift. Then Z(f) = w?/2 and the
objective (5.7.1) becomes

w? (u+w)’+1
2 2
which matches (5.3.5) when b = 0. With the Gaussian f(e), we can view (5.7.3)
as extending (5.4.1) to a larger set of perturbations. In effect, (5.4.1) admits
only perturbations that are equivalent to mean shifts in a standard normal
distribution. The 7 in (5.4.1) relates to the parameter £ in (5.7.3) through the
formula:
§

In shifting the distortions from numbers w to densities f, we have made the
objective function linear in the distortion. The family of normal distributions
with a unit variance and mean w is not convex, however. An approach that we
might have but did not take is to mix w actions by allowing finite mixtures of
normal distributions. Rather than doing that, we entertain more than just finite
normal mixtures by allowing arbitrary densities; but we constrain their relative
entropy, which effectively restricts those densities to be absolutely continuous
with respect to the approximating model.

8 Simple calculations show that Z(f) is the expectation of log(c—1) — (202) (e —w)2 +
(2)~1€2 evaluated with respect to f(e).
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5.7.2. Letting the minimizing agent make random perturbations
when b =0

By appropriately choosing f, which is now the counterpart to w in (5.4.1), the
minimizing player can in effect implement a mixed strategy. This changes the
solution to the problem in a substantial way.

The Lagrange saddle-point problem is:

W[ (uto*f () de

mgxfjpifn:lzg%)—g— 5 +0[Z(f)—¢
or 5
2
maxmax inf — o L@ Ede pp g (5.7.6)

u  6>0 flfle 2 2

The first-order conditions for the inner-most minimization problem of (5.7.6)

are

2
Ollog f(e) —log fo(e) + 1]+ K = C _; 2 (5.7.7)

where & is a constant introduced by the constraint [ f = 1. The solution to

this problem is:

(uto)
20

fo (€) o< exp fo(€) (5.7.8)

where the constant of proportionality is chosen so that fy(e) integrates to unity.
Such a constant will exist only when

/ exp

The integral is finite provided that 6 > 1. When 6 > 1, the density fo defined
by (5.7.8) is normal since it is the product of exponentials with quadratic terms

(u+e)?
20

fo(€) de < o0.

in €. It is easy to verify that the density fy is proportional to the exponential
of the following term:

(u+e)? € (9—1)62+ue+u2
20 2 20 0 20
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where ¢ does not depend on ¢ and where

IS

Mo =

>
[

0

of =

>
—_

Thus fp is normal with mean pg and variance o3 . Notice that the variance o3
becomes arbitrarily large as 6 approaches unity. As a consequence, the relative
entropy associated with a 6 that approaches unity becomes arbitrarily large.
For instance, when u =0 (5.7.4) implies

05 -1 logog

Z(fo) = 5 >

There is a multiplier 6 associated with each positive £ = 2n defined in (5.7.5).
The optimized choice of u remains zero in this example, and the worst case
distribution f has an increased variance (relative to the standard normal distri-
bution) that depends on &. Thus, in contrast to the deterministic game, values
of 8 > 1 correspond to specific values of & = 2n. Moreover, every value of
¢ is associated with a multiplier 6 that is greater than one. Finally, we can
exchange the order of the min and max, which implies that v = 0, f = fp is
a Nash equilibrium as well, where 6 is chosen to satisfy the entropy constraint
for a given value of &.

Thus, by expanding the set of admissible perturbations from mean shifts
to arbitrary (absolutely continuous) density shifts, we have been able to avoid
some of the complications of game (5.4.1). But we continue to be led to study
limiting decision rules as € decreases to some critical value, namely 6 = 1 in
this example. The breakdown point for  will no longer be associated with a
finite value of £. The limiting solution as 6 \, 1 corresponds to the H., control
in chapter 7.

Introducing a translation term b into the objective as in

u? B f(u—b+e)2f(e)de
2 2

will cause the worst-case distribution to have a nonzero mean, but there will
still be a variance enhancement. The quadratic objective makes the worst-case
distribution remain normal. The enhanced variance will not alter the decision

for w. Thus the multiplier solution for w in (5.5.1) also solves the stochastic
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game (5.7.3). However, the implied variance enhancement is needed to match
multipliers and constraints for the stochastic game.

5.8. Concluding remarks

This chapter has displayed two types of zero-sum two-player games that
induces decisions that are robust to model misspecification. Each game has
a malevolent nature choose a model misspecification to frustrate the decision
maker. The ‘constraint game’ directly constrains the distortions to the approxi-
mating model that the malevolent agent can make. The ‘multiplier game’ penal-
izes those distortions. The two games are equivalent under conditions that allow
us to invoke the Lagrange multiplier theorem. For our simple static example,
we displayed conditions under which the two games are equivalent, and explored
conditions under which they capture concern for model misspecification.

We have considered two classes of misspecifications, one that allows distor-
tions only in the mean of a Gaussian random variable, the other than allows
arbitrary alternative density functions that satisfy a constraint on entropy. In
the static setting of this chapter, for the first class of mean misspecifications
only, misspecification is confined to not knowing the mean of a random shock or
a constant term in a linear equation. Subsequent chapters take up models where
the decision maker fears misspecified dynamics, which he expresses by allowing
a distortion w to be the conditional mean of a shock vector. By allowing that
conditional mean to feed back on the history of the state, a variety of misspeci-
fications can be modelled. Thus, the following two chapters return to our main
theme of dynamic games that can be used to design robust decision rules. The
conceptual issues connecting the constraint game and the multiplier game will
carry over to the richer setting of chapters 6 and 7.
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A. Rational expectations equilibrium

The Phillips curve example of section 5.2 took me as given. This appendix constructs a
rational expectations version of the model and shows how to compute a time-consistent
or Nash equilibrium rate of inflation. We proceed by adapting some concepts of Stokey
(1989) to this example. Thus, we define a Nash equilibrium (with robustness) for the
model as follows:

Definition 5.A.1. Given multiplier § > 1, a Nash equilibrium is a pair (m,me) such
that (a) m = B(me;0), and (b) m = me. Here B is the government’s best response
map (5.2.11).

Condition (a) says that given me, the government is choosing a robust rule asso-
ciated with multiplier #. Condition (b) imposes rational expectations. It is easy to
compute a rational expectations equilibrium by solving (5.2.7) and m = me for me:

me (0) = ——U™. (5.A.1)

Notice that m¢() < 0, limg ~oo me(f) = U™y, and limgs j me(f) = +oo. If the
approximating model is true, so that the government’s concern about misspecification
is misplaced, the government’s ignorance of the model causes it to set inflation higher
than if it knew the model for sure.

Notice that Definition 5.A.1 imputes a concern for model misspecification to the
government, but not to the private forecasters, who are assumed to know the 7 chosen
by the government. In chapter 16 we shall return to discuss an alternative version
of rational expectations that imposes more symmetry between the government and
private agents.



Chapter 6

Time domain games for robustness

6.1. Several games have identical outcomes

This chapter studies two-player zero-sum dynamic games in which a minimiz-
ing player helps a maximizing player design a decision rule that is robust to
misspecification of a dynamic approximating model that links controls today
to state variables tomorrow. We represent misspecification by allowing shocks
to feed back on the history of the state in ways that an approximating model
excludes. We generalize the static constraint and multiplier games of chapter 5
to this dynamic setting. The constraint and multiplier games differ in how they
parameterize a set of alternative specifications that surround an approximating
model. The constraint games require that the entropy of each alternative model
relative to the approximating model not exceed a nonnegative parameter 7.
The multiplier games restrict relative entropy implicitly via a penalty parame-
ter 6. If the parameters n and 6 are appropriately related, the constraint and

multiplier games have equivalent outcomes.

We begin the chapter by studying three multiplier games that have identical
players, payoffs, and actions but different timing protocols. Games with different
timing protocols usually have different outcomes, but because the two players’
preferences are perfectly misaligned, our games have identical outcomes. We
devote much of this chapter to verifying the equivalence of outcomes and equi-
librium representations of multiplier games for our three timing protocols. After
that, we show how the equilibrium of a multiplier game provides an equilibrium
of a constraint game.

The equivalence of outcomes of multiplier games across different timing
protocols is of substantial importance. We shall exploit it frequently in the eco-
nomic applications in subsequent chapters, for example, in the equilibrium in
a model with a Ramsey planner that we propose in chapter 16. While some
of the proofs in this chapter involve complicated arguments, they justify simple

- 138 -
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algorithms and appealing ways of interpreting robust decision rules. We sum-
marize these compactly in section 6.2.2. The reader interested only in results
can extract practical procedures from this section.

6.2. The setting

A decision maker has a unique explicitly specified approximating model but
concedes that the data might actually be generated by a member of a set of
models that surround the approximating model. One parameter, either 6 or
7, measures a set of perturbations to the approximating model. Three models
within the set are especially important: the decision maker’s approximating
model; an unknown true model that generates the data; and a worst case model
that emerges as a by-product of a robust decision making procedure. Each
model specifies that an n x 1 state vector evolves according to

Ti41 = A.It + BUt + thJrl (621)

where x¢ is given, u; is a vector of controls, and w1 is a vector of specification
errors. The approximating model assumes that w, = 0 V¢ > 1. The other
models have w; # 0 for some ¢t > 1.1 We assume that the matrix A has all of its
eigenvalues inside the circle I' in the complex plane, where I' = {{ : [(] = ﬁ} 2

Under this restriction on the eigenvalues of A,

(I-¢A) =) A
j=0

I'm chapter 8, we will consider stochastic models formed by replacing w;41 by the sum
of an i.i.d. Gaussian vector €1 with mean zero and identity covariance matrix I and a
distortion w;41 that is measurable with respect to the history of z;. The presence of €;41
obscures the model misspecification with noise. This setting lets us use model detection error
probabilities to calibrate the value of 6.

2 A more general but still workable assumption is that the pair (\/EA, B) is stabilizable,

where 3 € (0,1] is a discount factor. The pair (\/EA7 B) is said to be stabilizable if there
exists a matrix F for which A — BF has all of its eigenvalues inside T'. (See chapter 3,
page 61 for more about stabilizability.) Under this condition, we can rewrite the system
Tyy1 = Awg+ Bug as x4y1 = (A— Bl*:’):ct + Biiy , where uy = —Fxy + Gy, and then proceed
to view 44 as the control.
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is a convergent power series for ( inside the circle T".
Define a target vector

The decision maker wants to maximize the objective function
o0
= B2z (6.2.3)
t=0
We use the following measure of model misspecification:
o0
R(w) = Z Bt w, weyy . (6.2.4)

t=0

Hansen, Sargent, Turmuhambetova, and Williams (2005XXX) refer to R(w) as
entropy.

The decision maker believes that the data are generated by a model that
satisfies R(w) < n but is otherwise ignorant about {w;41}. The decision maker
wants a decision rule that works well for any model satisfying R(w) < 7.

6.2.1. Constraint and multiplier problems

Let u denote the sequence {u;};2, and w the sequence {wyy1}52,. Two types
of games induce robust decisions. First, for n € T = {n: 0 < n <7}, we have:

Definition 6.2.1. The constraint robust control problem is
o0
sup inf — b2z 6.2.5
up I ;5 L4t ( )

subject to (6.2.1) and R(w) < 7.

Second, for € belonging to a set © = {0:0< 8 < 6§ < +oo}, we define
Definition 6.2.2. The multiplier robust control problem is

sup inf — [Z B2z — OR (w)

t=0

(6.2.6)
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subject to (6.2.1).

The Lagrange multiplier theorem (see Luenberger (1969), pp. 216-221) connects
the solutions of these two problems, as we shall discuss in detail in chapter 7. In
equation (6.2.9) below, we shall describe how to determine the lower bound 6.
The upper bound 77 is connected to 8 in a way that we describe in section 6.8.
If 6 and n are appropriately related, the multiplier and constraint problems are
equivalent.

We begin by focusing on three versions of the multiplier problem (6.2.6).
Section 6.8 discusses the relation between the constraint and multiplier problems
and shows how the same pair of decision rules solves both problems.® Section 6.9
formulates a recursive version of the constraint problem and links the derivative
of its value function to the multiplier 6.

6.2.2. Operators and decision rules

It is convenient to summarize some operators that will occur frequently in this
chapter and the next. There exists a lower bound or breakdown value 6 that
describes the largest set of perturbed models against which it is possible to
acquire robustness. After we have introduced several operators, we display
condition (6.2.9), which provides a check for whether 6§ > §.* For a given
0 > 0, we can compute robust linear decision rules u; = —F*xy, wip1 = Ky
by using the following operators:

T(P)=HH-HJ(J'J) " JH+p [A’ — 1) B’}

P—BPB(J'J + 3B PB)"" B'P} [A — B! J’H} (6.2.74)

or
T(P)=H'H + BA'PA— (BB'PA+ H'J)

x (J'J + BB'PB) " (BB'PA+ J'H) (6.2.7b)
D(P) =P+ PC (0] —C'PC)"' C'P (6.2.7¢)
F(P)=(J'J+ BB PB) ' (3B'PA+ J'H). (6.2.7d)

3 Hansen, Sargent, Turmuhambetova, and Williams (2001) connect these problems in the
context of an approximating model that is a continuous time diffusion.

4 Chapter 7 discusses 8 and the associated upper bound 77 that assure that the problems
multiplier and constraint problems have finite values.
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K (P)= (01 — C'PC)~' C'P(A— BF (D (P))) (6.2.7¢)
S(P)= HpHp + BA.D(P) Ar, (6.2.7f)

where Ap = A—BF and Hrp = H—JF'. Define the fixed points of the following
two algebraic Riccati equations:

P=T(P) (6.2.8a)

P*=ToD(P"). (6.2.8b)

The decision rule without a concern about robustness is u; = F(P)z;, while for

a given 6 satisfying § < 6 < 400, the decision rule with a concern for robustness

is uy = —F(D(P*))z:. The worst case shock process associated with the robust
decision rule is w1 = K(P*)x;.

If we take a fixed point P* = T o D(P*), we can verify that 6 > 6 by

checking that
logdet (01 — C'P*C) > —c0 (6.2.9)

or equivalently that the eigenvalues of (§I — C'P*C) are all positive.® This
follows from Theorem 7.5.4. Of course, this check requires that we can compute
a fixed point of T o D, which might not be possible for # < . An alternative
and in a sense more practical way to assure that 6 > 6 is to check the condition

logdet (81 — C'P;C) > —o0 (6.2.10)

for each iterate P;,j > 1, where P; is computed as Pjy1 =T o D(P;) starting
from P, =0.
The T o D operator can be calculated in one step as:

ToD(P)=H'H—HJ(JJ) \JH+p[A ~HIJJT) B

J'J + BP'BP BB'PC )‘1 (B’) »

% BC'PB —BOI + BC'PC c’

P—BP(B C)(

[A—B(J'J) ' JH].
(6.2.11)
For a given 6, a policy improvement algorithm for computing a robust decision
rule iterates on the operators S and F':

5 Chapter 7 calls the object on the left side of (6.2.9) ‘entropy’ and interprets it is a crite-
rion that inspires a decision player to choose a decision rule that is robust to misspecification.
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1. For a fixed decision rule F', define the associated operator S, and compute
the fixed point P = S(P).

2. Compute a new decision rule F' = F(P).
3. Iterate to convergence on steps 1 and 2.

Step 1 computes a value function attained by using a fixed decision rule F
forever, where the ‘distortion operator’ D evaluates future utilities. Step 2 finds
an F' that solves a two-period optimum problem, with D(P) being used to form
the continuation value function. This is an efficient algorithm for computing a
robust rule.®

By providing simple algorithms for computing a robust decision rule, for-
mulas (6.2.7) and (6.2.8) completely summarize the practical content of this
chapter. We will use these operators in subsequent sections to justify the equiv-
alence of outcomes from distinct two-player zero-sum dynamic games. We shall
say more about the S operator in chapter 7.

6.3. Timing protocols in three versions of a multiplier
game

Timing protocols for three versions of the zero-sum two-player multiplier game
(6.2.6) translate into differences in the spaces to which the maximizing player’s
choice of the sequence for u and the minimizing player’s choice of the sequence
for w are confined. We restrict u and w to one of the following spaces:

W ={w: Zﬁtwgwt < 400}

t=1

U={u: Zﬁtu;ut < 400}

t=0
Wi ={w: w1 =Ky}
Up ={u:us=—Fua;}.

By choosing from among these sets, we create three versions of problem (6.2.6):

6 Other efficient algorithms use a doubling algorithm to compute the fixed point of T oD.
See chapter 3.
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Game 1 (SEQ): a static multiplier game where both players choose se-
quences: v e U,we W.

Game 2 (STACK): a Stackelberg multiplier game where the minimizing
player chooses a sequence but the maximizing player chooses a rule that
feeds back on the state: v € Up,w € W.

Game 3 (MARKOV): a Markov perfect multiplier game where both players
choose rules that feed back on the state: v € Up,w € Wi .

We apply the same standard equilibrium concept to each game.

Definition 6.3.1. A Nash equilibrium is a pair w*,u* such that, given u*,

* *

w* is optimal for the w-choosing player and, given w*, u* is optimal for the

u-choosing player.

6.4. Score card: timing and uses of three multiplier
games

For future reference, it is useful to present Table 6.5.1. Within equilibria of
each of our three multiplier games, Table 6.5.1 summarizes the different as-
sumptions about what the w-choosing player and the w-choosing player re-
gard as exogenous. Along an equilibrium path, choices can be represented as
uy = —F*xy, w1 = K*x; with the same (F*, K*) in all three of our games.
In game 1, neither player takes the feedback rule of the other player into ac-
count and instead regards the other player’s sequence of choices as given. But
in games 2 and 3, either one or both of the players takes the other player’s
feedback rule into account. A player that recognizes the other player’s feedback
rule can influence the parts of the other player’s future decisions that feed back
on future states.

The right column of Table 6.5.1 reveals much about the structure of players’
optimum problems in the three games. That game 1 confronts each player with
an arbitrary sequence of actions requires that we formulate each player’s problem
in the space of sequences, obtain Euler equations for both players, then compute
an equilibrium by solving the system formed by stacking the two players’ Euler
equations. In game 1, neither player’s problem is recursive in the state vector
x¢. In game 2, the w-player’s problem is recursive in the state vector x;, while
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in game 3, both players’ problems are recursive in z;. These recursive problems
are evidently dynamic programming problems, while both players’ problems in
game 1 are not dynamic programming problems in the physical state vector x;.
However, there does exist a recursive representation of both players’ problems
in an equilibrium of game 1: it entails augmenting the physical state vector in
a way that captures the limited power that both players have to influence the
other player’s sequence of choices in game 1.

Each of our three multiplier games has special uses: either for justifying a
particular interpretation of a robust rule, or for bringing to light a particular
aspect of the structure of a robust control problem, or for computing a robust
decision rule.

1. Because it makes both players choose best responses to sequences, game
1 justifies characterizing the equilibrium decisions of the maximizing and
minimizing players by stacking their Euler equations. We take advantage
of this structure in chapter 16 when we pose and solve robust versions of
Ramsey or Stackelberg problems. In these problems, a robust Stackelberg
leader once and for all commits himself to a sequence of decisions taking into
account the robust response of a group of followers, each of whom chooses
sequentially. Off the equilibrium path of game 1, the decision problem of
neither the maximizing nor the minimizing players in game 1 is recursive.
However, by expanding the state space to include variables that allow a re-
cursive representation of the equilibrium sequence chosen by the minimizing
player, we can give a recursive representation for the problem of the maxi-
mizing player in game 1. This representation has two important uses. First,
it justifies a ‘Bayesian’ interpretation of a robust control problem. That is,
it displays a law of motion for forcing variables that is distorted relative to
the approximating model and for which the robust decision rule is actually
an optimal (non robust) decision rule. Second, this recursive representation
of the maximizing player’s problem reveals a certainty equivalence principle
that applies to the maximizing player’s decision.

2. By making the minimizing player a Stackelberg leader who chooses a se-
quence once and for all, game 2 becomes the natural setting for studying
frequency domain representations of a robust control problem. We develop
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Table 6.5.1: Players’ constraints in three multiplier games

Game Player Exogenous Constraint
1 i {wi ) Ty = Azy + Bug + Cwfy
w {ur} Tpy1 = Axy + Buf + Cwigq
2 u {wy 1} Tip1 = Azy + Buy + Cwjyy
w wp = —F*xy 241 = (A — BF*)xy + Cwipr
3 i wyr1 = K*xy 41 = (A+ K*C)xy + Buy
w wp = —F*xy 241 = (A — BF*)xy + Cwipa

H, and so-called minimum entropy representations of robust control prob-

lems in chapter 7, both of which are cast in the frequency domain and rest

directly on game 2.

3. The Markov perfect game 3 justifies a very useful algorithm that computes

a robust decision rule and the matrix P in the quadratic form for the

associated value function by iterating to convergence of T o D. Here the

T operator summarizes the maximizing player’s choice and the D operator

summarizes the minimizing player’s choice in their ‘two-period’ problems.

6.5. Game 1: The multiplier game in sequences

In game 1 (SEQ), the objective of the two players can be written:

C=> B (—ziz + BOw), i), (6.5.1)
t=0

subject to the state-evolution equation (6.2.1) and the target vector relation

(6.2.2). The initial state vector zy is given. A maximizing player chooses

u € U and a minimizing player chooses w € W.

Definition 6.5.1. An equilibrium of the multiplier game in sequences (SEQ)

is a pair of sequences u* € U,w* € W that solve both players’ problems.

To make the minimization problem well posed, we must restrict the value

of §. The penalty term fw; jw;41 is convex in wy41 by construction, but



Game 1: The multiplier game in sequences 147

the objective function contains an additional contribution from w.y; because
w41 alters subsequent targets and the objective is concave in these targets.
For a sufficiently large penalty parameter 6, the first term dominates and this
assures the convexity of the entire intertemporal objective in w. A condition
that assures convexity is that 6 is sufficiently large that 01 — G'G is positive
definite on T' = {¢ : [{| = ﬁ}, where G = H(I — (A)~*C. We will motivate
this restriction on 6 further in chapter 7.

To find an equilibrium of game SEQ, we begin by substituting from (6.2.2)
for z; in the objective function and then form a Lagrangian for each player.
The zero-sum objective function implies that these two Lagrangians have first-
order conditions that impart identical laws of motion to the two players’ co-state
variables; the initial values of the costate variables must also be equal because
of the common value function. These features allow us to analyze the game by
forming a single Lagrangian:

oo

L=-— Zﬁt{(xgH’th +upJ Jug + 2upJ Hay)
=0 (6.5.2)
2011y 1 (Axy + Buy + Cwypr — 2441) — fOw; |y wipr }.

We proceed by using the first-order conditions from this single Lagrangian to
obtain a candidate equilibrium, then verify that this candidate equilibrium is
indeed the outcome of the two constrained optimization problems that appear
in Definition 6.5.1.

To generate a candidate equilibrium, notice that first-order conditions for
the Lagrangian with respect to w¢, wyi1, xey1, respectively, are:

JIJ’LLt + J/H!Et + ﬁB/Mt+1 =0
— 9wt+1 + C”utﬂ =0
ﬁAlﬂt—i-l + H/H!Et + HIJ’LLt — MUt = 0. (653)

Assume that J'J is nonsingular and solve for u; and wyy;:

w=—(JJ) T Hry — B(JT) " B s (6.5.4)
1
Wi41 = EC’utH. (655)

Substitute these expressions for u; and w4 into the state equation to get

241 = |A=B(J'J)"" J’H} T — [ﬁB (J') "B - %CC’ [ttt
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Substituting the same expressions into (6.5.3) gives
3 [A’ —H I B’} L1 + [H’H —H ) J’H} o — iy = 0.

Write the system as

L [wt“} =N {xt] (6.5.6)

M1 Mt
where
- <I [ﬁB (J’J)_lB’—éCC’}>
o ﬁ[A’—H’J(J’J)‘lB'}
and

[A B! J’H} 0
N = .
- {H'H —H () J’H} I
It can be verified that the matrix pencil (ﬁL — N) is symplectic.” It follows

that the generalized eigenvalues of (L, N) come in /@-symmetric pairs: for

every eigenvalue )\;, there is another eigenvalue A_; such that A _; = 871,
To assure existence of a candidate equilibrium, we rule out generalized

eigenvalues of (L, N) on the circle T' = {¢ : |[¢] = ﬁ} so that half of the

generalized eigenvalues are inside the circle I' and the other half are outside
this circle. The generalized eigenvectors associated with the eigenvalues inside
' generate the (/f3)-stable deflating subspace. The dimension of this subspace
equals the number of entries in the state vector z;. We assume that there exists
a positive semidefinite matrix P* such that the stable deflating subspace can be

1
represented as (P* ) x. Under these restrictions, we can construct a candidate

equilibrium with p; = P*z; and a state vector sequence that satisfies

L <]f> e = N (;) . (6.5.7)

That the candidate equilibrium is indeed an equilibrium can be verified under

conditions that we summarize in:
Theorem 6.5.1. Suppose that
(i) (A, B) is stabilizable.

7 See chapter 3 for the definition and properties of symplectic pencils.
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(ii) (H, A) is detectable® and J'J is nonsingular.

(iii) 01 — G'G is positive definite on T" where G = H(I — (A)~1C.
iv) (L, as no generalized eigenvalues on T'.

iv) (L,N) h lized ej 1 r

(v) an element of the (\/) stable deflating subspace of (L, N) can be repre-

1
sented as P x for some vector x and a given matrix P*.

Then there exist K* and F* for which an equilibrium of game SEQ is u; =
—F*A*xg and wyyq = K*A*'xqg, where A* = A— BF*+CK* has eigenvalues
that are inside I'. The matrix P* is necessarily symmetric and the date zero
value of the game is —x¢' P*xg. Also, F* = (J'J)"Y(J'H + BB'P*A*),K* =
%C’ P*A*.

Proof. We have already computed a candidate equilibrium by stacking the state-
costate equations of the two players to get the linear difference equation system
(6.5.7). The candidate equilibrium is a /8 stable sequence of state vectors
that satisfies (6.5.7). Given conditions (iv) and (v), from the first partition of
(6.5.7), we see that

<I+ [ﬁB (J'J) "B - %CC’] P*) Tig1 = [A —B(J'J) " JH|z. (6.5.8)

It follows from Theorem 21.7 of Zhou, Doyle and Glover (1996) that P* is
symmetric and that the matrix on the left side of (6.5.8) is nonsingular. Hence
we have the state evolution:

Ter1 = Ay

where
1 -1
A* = (I—i— [53 J') B - 500’} P*) [A BN oH].

Using the same reasoning that led to equation (3.3.9), it can be shown that
1 -1

(1+ {63 (J') ' B - 500’} P*>
J'J + BB'P*B BB'P*C ) -t (B’P* )

=1-08(B C)( BC'P*B —BOI + BC'P*C C' p*

8 Or equivalently (A’, H') is stabilizable.
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Therefore,
A*=A—-BF"+CK"*

where F* and K* satisfy

F* = (J'J)"" (J'H + BB'P*A*)
1 (6.5.9)
K*=2C'PTA".

By (v), A* has eigenvalues that are inside the circle I'. Moreover, the first-order
conditions from the Lagrangian (6.5.2) imply

w1 = K*x
ah ' (6.5.10)
Uy = —F*.’Iit.

More will have to be added here.

AAAAA Tom: we now reference all of the Assumptions, but I
am not sure how we use the symmetry of P. I also need to check the
Glover, Doyle, Zhou reference.

Conditions (i) and (ii) occur in the standard control theory summarized in chap-
ter 3 and assure the existence of an optimal control that stabilizes the state in
the absence of concerns about misspecification. In particular, they guarantee
that the objective of the maximizing decision maker is strictly concave in the u
sequence. Condition (iii) guarantees that the objective is strictly convex in the
w sequence.

6.5.1. Recursive formulation of maximizing player’s problem

In game 1, each player chooses a sequence, taking as given the sequence chosen
by the other player. Because an arbitrary sequence chosen by the other player
does not have a recursive representation, out of equilibrium the problem of
a player who must choose a best response to such an arbitrary sequence will
not have a recursive representation. Nevertheless, Theorem 6.5.1 indicates that
in equilibrium each player’s sequence does have a recursive representation, the
time t decision of each being a linear function of the state x; as in (6.5.10).
But (6.5.10) fails to embody the assumption that player i’s decisions do not
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influence the sequence chosen by player —i, where —i means not ¢. For example,
to represent the problem of the maximizing player in game 1, it won’t work just
to confront that player with w1 = K*z; coupled with the law of motion
i1 = Axy 4+ Bug + Cwiqq, because that would contradict the assumption that
w is taken as an exogenous sequence by the maximizing (u-choosing) player.

The way around this problem is to introduce an additional state vector z;
that satisfies the requirements that (1) & cannot be controlled by the maximizing
player and (2) it permits a recursive representation of the equilibrium choice of
w. This can be accomplished by positing that

(ﬁt+1 = A*Z@t (6511@)
Wi41 = K*Zi?t (6511b)

where, as in Theorem 6.5.1, the matrix A* = A — BF* + CK*. If we impose
Zo = xo, then (6.5.11) recursively generates the equilibrium w € W given by
(6.5.10). Expressing w in terms of the uncontrollable state &; preserves the
game 1 assumption that w € W is taken as given by the maximizing player; it
also gives w a recursive representation and thereby allows us to apply dynamic
programming to the maximizing player’s problem.

We thus use representation (6.5.11) to pose a recursive version of the max-
imizing player’s problem within the game 1 equilibrium. In particular, he max-
imizes (6.5.1) by choice of {u;} subject to the state evolution:

Ti41 = A$t + But + CK*.’IA'It
Fpp1 = A*dy (6.5.12)

N
Wi+1 = K*%y.

Notice that u; influences subsequent positions of zs but not of 4 and therefore
not subsequent values of wy11. Equation (6.5.12) thereby captures the idea that
the maximizing player takes the w sequence as given.

The optimizer of problem (6.5.12) is a decision rule u; = — [F F] {th}
Tt

where F* = F + F. Theorem 6.5.2 below verifies this and also that if we set
ZTo = xg, then the outcome for this problem satisfies ; = z; for all ¢ > 1.

The problem of maximizing (6.5.1) subject to (6.5.12) is obviously not
useful for computing the F* component of an equilibrium of game 1: to pose
the problem, we must already know the equilibrium (K*, F*) that emerge in
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an equilibrium of game 1. However, the problem is useful as a tool for inter-
preting and decomposing the F* component of game 1. Soon we shall discuss a
‘Bayesian interpretation’ of a robust decision rule that is based on the recursive
version of the maximizing player’s problem in an equilibrium of game 1. We
shall use that interpretation extensively in our analysis of asset pricing in chap-
ters 11 and 12. Before we discuss the Bayesian interpretation of this problem,
we state a theorem about the value function and decision rule that solve that
problem.

This theorem exploits the insight that the problem of maximizing (6.5.1)
subject to (6.5.12) takes the form of what Anderson et. al. (1996) and chapter 3
call an augmented requlator problem. This allows us to break it into subproblems,
the first of which is simply the non-robust (6 = +o0) version of the u-player’s
decision problem with u; = —Fz; being the decision rule and —z Pz being the
value function for the ordinary control problem. These objects are constituents
of the following:

Theorem 6.5.2. Consider an ordinary (non-robust) optimal linear regulator
with current period objective

(Hzy + Jug) (Hzy + Jug) — 80 (Kiy) - (Kiy) (6.5.13)
subject to the law of motion
Ti41 A A Tt B

= 6.5.14
En)=( )G+ (G)m omm
where A = CK* and A* = A — BF* + CK*. Then the optimal value function

is .

_ i) ! P P ZTo
Fo P P)\i /)"

P=p—p

P=P-P"

where

and where P is the stabilizing solution to the Riccati equation for the ordinary
(non-robust) control problem and P* is the stabilizing solution to the Riccati
equation for the robust control problem. The optimal control law is

ut:—F{Et—F.’i't
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where ~ - . -
F= (J’J + ﬁB’PB)_ (ﬁB’PA + J’H)
F=(JJ+8BPB)" (5B’PA n ﬂB’P*A*) .
Moreover, u; = —Fx, is the control law for the ordinary (non-robust) problem
and F' + F = F* where uy = —F*x; is the control law for the robust control
problem.

Proof. The matrices P and P* are fixed points for the Riccati equations for
the ordinary and robust linear regulators, respectively, so that P = T'(P) and
P* =T oD(P*). The proof proceeds by solving the augmented linear regulator
defined by the problem (6.5.13), (6.5.14), which leads us to compute P, P, P
recursively; and then by verifying that these matrices solve the following equa-
tions P=T(P), P+ P=ToD(P+P), P—P=ToD(P - P),

Because the optimization problem (6.5.13), (6.5.14) is an augmented linear
regulator problem (see chapter 3), we can solve it in three steps. In the first
step, we set £y = 0. This makes the sequence Z; disappear from the problem.
Let P denote the matrix that stabilizes the corresponding deflating subspace
so that P solves the algebraic Riccati equation P = T(P) or

3 [A’ —H' () B’} [P — BPB(J'J + 3B PB)™" B’P] [A — B! J’H}
+HH-HJJJ) " JH=P

Let F' denote the control law for the ordinary (non-robust) control problem
given by:
F=(J'J+pBBPB)" (BB PA—JH).

Define A = A — BF. The matrix P also solves the Sylvester equation:
P=(H—-JF) (H-JF) + BA'PA.

In the second step, we activate the uncontrollable state #; and compute
P. The optimal control law is

Uy = —F(Et — F.’i’t
and P = P solves the Sylvester equation:

8(A-BF) (PA+pa) =P
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Equivalently, P = P solves

3 [A’ —H I B’} [P — BPB(J'J + BB PB)” B’P] A

+B A= H'J () B[P~ 8PB(J'T+8BPB)” BP| A =P
The matrix P that solves this Sylvester equation equals P = P* — P where P*

solves the Riccati equation P* =T o D(P*) that is associated with the robust
control problem, which from (6.2.11) or (6.B.15) is

—1
’ ’ N ) * * J'J+ BB P*B BB'P*C
B[A —HI(I) B] lp ~AP(B C)< pC'P*B  —B0I + BC'P*C
[A —BJ(J'7)" J’H} +H'H-H'J(J]) JH =P

In appendix C, we verify that P=P*—P. The portion of the control law that
feeds back onto Z is

F=(J'J+BBPB)" (BB’PA + BB’PA*) :
In the third step, we compute P, which solves the Sylvester equation:

P = —0K*'K* + BA*PA* + BA’ [13 — BPB(J'J + BB'PB)”" B'P] A

BI
Cl

)]

+ A [P~ pPB (77 + 6B'PB) " B'P| A+ pA' [P~ PB(J'7 + 0B'PB) " B'P| A
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6.5.2. ‘Bayesian’ interpretation of robust control

In Theorem 6.5.2, the maximizing player’s decision problem takes the form of
an ordinary (non-robust) control problem in which the law of motion for the
state z is distorted by adding CK*Z; to the right side of the law of motion
for x;41 in the approximating model. In stochastic versions of this decision
problem, the existence of such a representation for the robust decision maker’s
decision problem assures us that there is a ‘Bayesian’ interpretation of a robust
decision rule in the sense that there exists some law of motion for the augmented
state (¢, 2¢) for which the robust decision rule would be optimal. This estab-
lishes that the robust decision rule is ‘undominated’ and so can be said to be

‘admissible’ in the Bayesian sense.®

6.5.3. Recursive version of minimizing player’s problem

We could proceed in a symmetric way to pose a recursive version of the mini-
mizing player’s problem in game 1. In particular, that player would minimize
(6.5.1) by choice of {w:41} subject to the state evolution:

Tip1 = Axy + th+1 — BF*#y
Bop1 = A, (6.5.15)

Uy = —F*.’i't.

This problem also takes the form of an augmented regulator problem. The min-

. . - Z S
imizer is a decision rule wy41 = [K K| { )\ } .
Lt

8 Appendix B of chapter 13 gives a related Bayesian interpretation of a robust Kalman
gain for a filtering problem.
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6.6. Game 2: the Stackelberg multiplier game

We now turn to game 2 (STACK), which relative to game 1 has a timing pro-
tocol that gives the minimizing player more power to influence the choice of the
maximizing player. We continue to withhold from the maximizing player any
power to influence subsequent values of the minimizing player’s decision.?

Section 6.5.3 posed a recursive version of the problem of the minimizing
player within an equilibrium of game 1 (SEQ). As emphasized in section 6.5.1,
what mattered for attaining a recursive representation of player i’s problem
in equilibrium is having a recursive representation of player not-i’s decision
sequence. In an equilibrium of game 2, the constraints facing the minimizing
player have a recursive representation but differ substantially from (6.5.15). In
game 2 (STACK), the maximizing player chooses sequentially and in equilibrium
chooses a decision rule u; = —F*x; that feeds back on the state. Given the
maximizing player’s choice of feedback rule, the minimizing player chooses a
sequence w € W. Therefore, in equilibrium, the minimizing player faces the
law of motion

Ti41 = AIt + O’LUtJrl - BF*It, (661)

which should be compared with the law of motion (6.5.15) that the minimizing
player faces in the recursive version of game 1. Under (6.5.15), the w player
regards the u sequence as fixed. But under (6.6.1), the w-setting player rec-
ognizes that he can influence future u’s because u; = —F*z;. Despite their
different timing protocols, identical objects (K*, F*) characterize the equilibria
of both games 2 (STACK) and 1 (SEQ).

Theorem 6.6.1. Let Ap = A— BF, Hp = H — JF, and
K (F)= (I - C'PC)" ' C'P(A - BF), (6.6.2)
where P is the positive semidefinite solution to the Riccati equation
P =HpHp + BARPAg + BAPC (0] — C'PC) ' C'PAp (6.6.3)

for which Ap + CK has eigenvalues that are inside the circle T'. Suppose

(i) J'J is nonsingular and J + H((I — CA)™'B has full column rank on T';

9 The maximizing player has to wait until game 3 to acquire such power.
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(ii) The matrix pencil defined by (L, N) in (6.5.6 ) has no generalized eigenvalues
onI';

(iii) Any element of the (\/3) deflating subspace of (L, N) can be represented

as p x for some vector x where P is a symmetric, positive semidefinite
matrix;

(iv) 01 — C'PC is positive definite.

Then there exists an equilibrium of the Stackelberg multiplier game in which
F = F* and K = K(F*); consequently w;1(F*) = K*(A*)'zq, where F*,
K* and A* are the same matrices that represent the equilibrium of game SEQ.

Conditions (ii) and (iii) are assured when 3B(J'J)~'B’ — $CC’ is positive
semidefinite. However, this positive semidefiniteness condition is much stronger
than what is actually needed for many applications.

Proof. In the Stackelberg multiplier game, the maximizing player submits a
decision rule u; = —Fxz;. The minimizing player chooses a sequence {w;1(F)}
to minimize (6.5.1). For some F’s, the infimum may not be attained. We can
form the criterion C(F,xg), noting that it may be —oo for some choices of F'.
We wish to show that

C(F*,20) > C(F,z0)

for any F € F.

To verify this inequality, we first show that {w:41(F*)} coincides with
{wjy 1} of the equilibrium of game SEQ. Thus, we study the problem of mini-
mizing (6.5.1) by choice of w € W subject to

Tip1 = (A — BF*) Tt + th+1. (664)

This differs from the optimum problem of the malevolent agent (over w) within
a game 1 SEQ equilibrium because now the malevolent agent does not regard
the control sequence u as an exogenous element of W but instead knows that
u; feeds back on the state via u; = —F*x;, a description that is embedded in
(6.6.4), and therefore does not carry along Z; as a separate component of the
state vector as he did in (6.5.12) for game STACK. Here the malevolent agent
knows that z; = ; when solving his optimization problem.

To show that the minimizing {w;y1(F™)} coincides with {wy,,} from the
SEQ equilibrium, we form the discrete-time Hamiltonian system for choosing
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{w41} as a function of F*, as required in the Stackelberg multiplier equilib-
rium. Recalling that Hr = H — JF, from (6.5.3) the first-order conditions for
w41 collapse to:
—Owip1 + C' g1 =0

BA, pes1 + He Hpxy — py = 0.
check the above for Hp versus H. Next impose that u; = —F*z;and
le¢ Hfr = H — JF* and A% = A — BF*. Then from (6.5.4) BF*z, =
—B(J'J)"YJ'H*xy — BB(J'J) 1 B'py11. The state equation becomes ;11 =
Arwe +071(C'C) e 41 . Note also from (6.5.4) that

—F* J' Juy = F*' J'Hpxy + BF*' B y41.

The modified co-state equation becomes SAY p+1 + Hi Hyxy — p1p = 0, so that

I —loc (1 AL 0N [ 6.6.5)
o pay J\p)" " \—mwmz 1)\pP)™ .

It follows that P satisfies Riccati equation

1 —1
BAY <] - 500/1)) AW —P+HPHp=0 (6.6.6)

and therefore also satisfies?
P = HYH: + BALPAL + BAYPC (I — C'PC) ' C'PA.

This value of P gives the unique solution in (6.6.5) that implies that the state
vector sequence is /3 stable. From the proof of Theorem 6.5.1 it follows that
K = K* and the positive definiteness of I — G'G follows from the restriction
that 01 —C'PC is positive definite. From this result, we can compute C'(F*, x¢)
by simply evaluating the objective in game SEQ.

Now evaluate C(F,zo) for some other choice of F' in F. We can bound
this criterion as follows. First, recursively generate the game 1 SEQ equilibrium
{w; 1} sequence as

Ter1 = A2

* . * A
wy = K2y

10 This is verified in the proof of Theorem 7.5.4.
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where &g = x¢. Then form the state equation
Ti41 = (A — BF) T + CK*.’i't

Zt:(H—JF)ZZ?t

Do we want K or K* in the first equation? Using these recursions to
evaluate (6.5.1), we obtain an upper bound C(F,z) on C(F,x).

A convenient feature of this upper bound is that we can dominate C' (F, xo)
by solving the following augmented regulator problem: maximize (6.5.1) by
choice of a stabilizing control sequence {u;} for the state evolution

Ti41 = A(Et + But + CK*.’i't
:ftJrl = A*«fit

with wy,; = K*Z;. But this is just the problem of the player who sets wu; in
game SEQ. As in chapter 3, we solve this problem by stacking a state-costate
system with the composite state (z;,#;) and the costate corresponding to x.
The costate for Z; can be omitted because Z; is an uncontrollable state vector.
Thus we form a system

Tt41 Tt
LU peg1 | =N | e
j:tJrl j:t
where: 1
I BB(J'J) ' B 0
°=1o B[A’—H’J(J’J)_lB’} 0
0 0 I
A—B(J' ) ' JH 0 CK*
No=| [H/H—H/J(J’J)*JH} I 0
0 0 A

To solve the problem we now look for the /3 deflating subspace of (L% N¢)

parameterized as

T I 1
Pu+Pi | =P | (x—2)+ (P2 + 13) i.
i 0 I
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We can simplify the problem to that of locating two /3 deflating subspaces of
reduced dimension. The first deflating subspace is for the pair (Lg, N3) with

(T BB(J'J) ' B
°T (0 gla —H’J(J'J)lB'})

A-B(JJ) " JH 0
No = (— {H'H —H () JH} I)
This is the subspace associated with the component of z; — &; that must be
set to zero to solve the control problem. Notice that (Lg, N2) defines the state-
costate system for the ordinary (non-robust) control problem. Thus we can
restrict z; — 23 to reside in the /8 stable deflating subspace of (Ls, N3) using
the matrix P for the ordinary control problem.
To study the second subspace, we seek a solution to:

I I
Le (P2 + 15) Fii1 = NO (P2 + 15) 2.
I I

It is more convenient to pose this problem as being (a) to find a matrix P such
that we can represent the /3 deflating subspace of (I:, N ) as parameterized
by:
I
(P+P) |2
I

where 1
i (! BB (J'J) B
- (o 3 [A' —H’J(J'J)‘lB'D
. (A=B(JJ)'JH+CEK* 0
(— [H'H —H () JH} I) ’

and (b) to show that the implied law of motion for ;11 agrees with
g1 = A*iy. (6.6.7)
In constructing the deflating subspace in part (a), we will show that

P+ P=P
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This can be done by imitating the argument that {w;+1(F*)} = {w;,,} but
reversing the roles of {w;y1} and {u:}. So we impose w1 = K*xy. It follows
that P can indeed be used to represent the /3 deflating subspace and that the
implied evolution for {#;y1} is given by (6.6.7) as required by part (b).

Thus we have shown that the /3 deflating subspace can indeed be uncou-
pled. By initializing g = z¢, it follows that &; = x;. Moreover, the optimized
objective coincides with C'(F*,zg). Thus

C(F,xo) Sé(F,xo) < C(F*,,To)
|

Theorem 6.6.1 imposes different assumptions from those in Theorem 6.5.1 in
order to reflect the change in the minimizing player’s view about the maximizing
player when we move from game 1 (SEQ) to the Stackelberg game 2 (STACK).
Nevertheless, formulas (6.5.9) for the equilibrium objects (K*, F*) of game
SEQ describe the equilibrium of the Stackelberg multiplier game, and the same
notion of stability prevails.

6.7. Game 3: Markov perfect multiplier game

Relative to game 1, game 2 increased the minimizing player’s power over the

maximizing player by confronting the minimizing player with the law of motion

Tyl = (A — BF*) T¢ + thJrl (671)
Ut = —F*(Et.

This tells the minimizing player that he can influence future us’s by choice of
wsy1. Meanwhile in game 2, the maximizing player still faces a sequence w that
is exogenous to its choices.

Game 3 continues to confront the minimizing player with (6.7.1) as in game

2, but enhances the power of the maximizing player by confronting him with

Ti4+1 — A—FCK* $t+BUt
( . ) (6.7.2)
Wi41 = K Tt.
This lets the maximizing player influence future w,’s. This timing protocol

leads to what we refer to as a Markov perfect multiplier game (MARKOV).1!

11 As we shall see, this game connects directly to the discounted risk-sensitivity criterion
of Hansen and Sargent (1995) that is described in chapter 7 on page 195.
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Although we have augmented the maximizing player’s power, the equilibrium
outcome of our game 3 matches that of the Stackelberg multiplier game 2.

Definition 6.7.1. An equilibrium of the Markov perfect multiplier game
(MARKOV) is a pair of strategies u; = —F*x;, wyr1 = K*x; such that

(a) Given K*, uy = —F*x; maximizes (6.5.1), subject to

Tip1 = Axy + Buy + th+1. (673)

(b) Given F*, wy11 = —K*z; minimizes (6.5.1) subject to (6.7.3).

Associated with a Markov perfect multiplier game is the following pair of Bell-

man equations
—2'P*z = max [— (Hz + Ju)' (Hz + Ju) + B0w™'w* — By’ P*y](6.7.4a)

y=(A+CK")x + Bu (6.7.4b)
w*=K*z (6.7.4¢)

—2'P*z = min [~ (Hz + Ju*) (Hz + Ju*) + Bow'w — By’ P*y] (6.7.5a)
y=(A—BF")x+Cw (6.7.5b)
u'=—-F'z (6.7.5¢)

3

The (P*, K*, F*) that form an equilibrium of the MARKOV game also solve
the following closely related zero-sum game:

—2'P*z = maxmin [— (Hz + Ju) (Hz + Ju) + Bw'w — By’ P*y]  (6.7.6)
where the maximization is subject to

y = Az + Bu+ Cw.

Equilibrium strategies are

and
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Though it yields the same equilibrium strategies and outcome path z;4; =
(A — BF* + CK*)z;, notice that game (6.7.6) has a slightly different timing
protocol from game (6.7.4)—(6.7.5). In (6.7.6), within each period, the w-player
moves after the u-player, while (6.7.4)-(6.7.5) incorporates simultaneous moves
within periods.

The (P*, K*, F*) associated with the equilibrium of the Stackelberg mul-
tiplier game solves (6.7.4) and (6.7.5), and thereby determines an equilibrium
of the MARKOV game. We summarize the connections between an equilibrium
of game MARKOYV and an equilibrium of game STACK in

Theorem 6.7.1.  The (P*, K*, F*) associated with the equilibrium of the
Stackelberg multiplier game also describe the equilibrium of the Markov perfect
multiplier game (MARKOYV).

Proof. The required marginal conditions match.  |j

The functional equation (6.7.6) leads directly to computing the equilibrium
by iterating to convergence on Hansen and Sargent’s (1995) composite operator
ToD. The T operator represents the maximization over u and the D operator
the minimization over w in (6.7.6).

6.8. Relation between multiplier and constraint problems

Our three multiplier games have identical outcomes and equilibrium represen-
tations. The following two propositions link the multiplier game to a constraint

formulation.

Theorem 6.8.1. Suppose that there exists a solution u*,w* to the robust
multiplier problem in Definition 6.2.2. Then u* also solves the constraint robust
control problem with n = n* = R(w*), where R(w) is defined by (6.2.4).

Theorem 6.8.2. Suppose that u*,w* solve the constraint robust control
problem in Definition 6.2.1 for n = n*. Then there exists a 6* such that the
robust multiplier and constraint problems have the same solution.

The propositions follow from the Lagrange multiplier theorem (Luenberger
(1969), pp. 216-221). Chapter 7 develops this connection in more detail in
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the context of a frequency domain specification of Stackelberg multiplier and
constraint games. 2

Theorem 6.8.1 shows how to construct the specification error n associated
with a given multiplier 8. In the next section, we use this finding to describe a

sense in which the constraint problem is recursive.

6.9. Recursivity of the constraint game

The Bellman equation (6.7.6) indicates directly that the solution of the mul-
tiplier problem is time consistent. It requires more of an argument to verify a
sense in which the solution of the constraint problem is time consistent because
we must identify an additional state variable and describe its law of motion.
This section describes a recursive formulation of the constraint problem stated
in Definition 6.2.1.13 We define a time ¢ version of continuation entropy (6.2.4)
as an additional state variable:

oo
Rt (w) = Z ﬁTw,’erTwHT.
T=1

Evidently, R:(w) satisfies the recursion

R (w) = Bwi, w1 + PR (w).

Let V(z,n) be the value function for the constraint problem (6.2.5) starting

from initial state x = x¢ and initial value of entropy 7. For the constraint
problem, the counterpart to Bellman equation (6.7.6) is!*

V (z,m) = supinf [—2"z + BV (Z,7)] (6.9.2)

u WN

12 Also see Hansen, Sargent, Turmuhambetova, and Williams (2001).

13 See Hansen, Sargent, Turmuhambetova, and Williams (2001) for an extended discussion
of the subject of this section.

14 If a random vector e is present in the transition law, the Bellman equation becomes

V (z,n) = sup ir}(f ) [—z/z + BEV (&, 17)] (6.9.1)

u w,n(e€
where the extremization is subject to

Z=Ax + Bu+ C (e +w)
n = pw'w + Bi(e),
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where (7) denotes next period’s value and the extremization is subject to

z=Hz+ Ju
¥ = Ax+ Bu+ Cw (6.9.3)
n = Bw'w + 3.

The last equation of (6.9.3) is a ‘promise keeping’ constraint on the allocation
of entropy 1 between today’s model distortion w’w and the distortion from
tomorrow on 7). The minimizing agent can allocate n over time, but must
respect constraint (6.9.3).

The first order necessary condition with respect to 7 and the envelope
condition for n imply that

Vi (,m) = Vi (&,7). (6.9.4)

Further, V;(x,n) equals minus 6, interpreted as the Lagrange multiplier on the
last constraint in (6.9.3). Equation (6.9.4) implies that there is a time-invariant
relationship between x and 77, which in turn implies that the extremizing choices
(u,w) for the right side of (6.9.3) can be expressed as functions of x alone.
These equal the functions u = —F*z and w = K*z that we computed for the
multiplier games for 6 being set equal to V; (z, 7).

6.10. Summary and concluding remarks

A robust decision maker fears that his approximating model is misspecified and
assumes that misspecification takes the form of nonzero shocks {w;y1}. To
attain a robust decision rule, the decision maker modifies the usual Bellman
equation by adding another player (‘nature’) who, by choosing a nearby model
to hurt the decision maker, assists the decision maker to find a robust decision
rule. Thus, the decision maker devises a robust decision rule by finding a value
function v(x) that solves:

v (z) = maxmin {— (Hz + Ju) (Hz + Ju) + B0w'w + Bv (y) } (6.10.1)

u w

where E is the mathematical expectation with respect to the distribution of € and continua-
tion entropy 7j(€) is now a function of e.



166 Time domain games for robustness

where

y= A,z + Bu+ Cw (6.10.2)

and 6 satisfies 0 < 8 < 6 < oo, where a formula for the ‘breakdown point’
6 is reported on page 184. When 6 = oo, the decision maker has no concern
about model misspecification and we are back with the ordinary control problem.
When 6 < +o0, the decision maker wants a robust rule. The optimum value
function is v(z) = —2’P*z and is attained by a pair of decision rules u =
—F*z, w1 = K*z, where P* solves an adjusted Riccati equation P* = T o
D(P*) and F* and K* depend on P*.

The robust rule F* is as easy to compute as a rule without robustness
because the Bellman equation (6.10.1) is so simple.

The Bellman equation (6.10.1) embeds the timing protocol of the Markov
perfect game, one of three two-player zero-sum games with identical payoffs but
differing timing protocols. A remarkable outcome is that all three games have
identical equilibrium outcomes and identical recursive equilibrium representa-
tions uy = —F*xy, w1 = K*zy, and x441 = (A — BF* + CK*)x;. The
zero-sum feature of the games is the essential element in giving all three games
the same equilibrium outcomes and representations. The different games justify
alternative algorithms for computing F* and K*.

Subsequent chapters make ample use of the identity of outcomes from the
three multiplier games with different timing protocols. For example, chapter
7 will focus exclusively on a Stackelberg multiplier game in order to deduce
some frequency domain characterizations of robust decision rules. That those
frequency domain characterizations apply to our other timing protocols rests on
the results of this chapter. By appealing to a version of the Stackelberg problem,
chapter 9 characterizes the distortion in the endowment process that allows a
permanent income consumer to attain a robust decision rule by engaging in a
form of precautionary saving. As another example, chapter 16 will formulate a
Ramsey problem by using the freedom that the results in this chapter give us to
use stacked system of Euler equations formed from the first-order conditions of
game 1 (SEQ) to characterize the best response of the robust decision makers
who compose the competitive private sector. The validity of that approach
depends on the identity of outcomes across our three timing protocols.

Chapter 7 analyzes a multiplier game in the frequency domain under a
Stackelberg timing protocol. Working in the frequency domain is equivalent
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with working in a space of sequences, so in chapter 7 we are compelled to adopt
the Stackelberg formulation.

A. Certainty equivalence

A certainty equivalence result that we shall use extensively, especially in chapter 9,
has a very similar structure to Theorem 6.5.2. A wide class of decision problems in
macroeconomics automatically take the form of a discounted augmented linear regu-
lator where the objective function is

I [ele] I
1t Py Pro| | z1e t T1¢ Ri1 Rio| |71¢
— —p=FE — —uQu
[50215:| [le P22] [1321:] P ;ﬁ { [1321:} |:R21 R22] {1321:] @ t}
(6.4.1)
and the transition law is

Tit41 A1r A | | T 0
= 6.A.2
[13215-‘:-1] [ 0 A22] [1321:] + [C’J €t+1 ( )

where €;41 is an i.i.d. random vector with mean zero and identity covariance matrix.
The optimal (non robust) decision rule is

ut = —lelt - FQIZ?Qt (6A3)

where F} can and Fy can be computed recursively as in the augmented linear regulator
in chapter 3; F} is the feedback part and F» is the feedforward part.
For a given 6 € (0, c0), we can solve a robust linear regulator and obtain another
decision rule ~ ~
ur = —Fx — Foxoy (6.A.4)

of the form (6.A.3) where now Fy, and F, depend on 6 and Co. Let Wiyl =
[f{l f(g] |:z1t:| be the associated worst case shock. We can apply the method used
2t

in Theorem 6.5.2 to construct a law of motion that is distorted relative to the approx-
imating model (6.4.2) and for which an ordinary (non robust) decision rule matches
the robust rule (6.A.4) for a given 6. Form the law of motion for the synthetic variable

(6.A.5)

Titt1 | _ | A —BiFt A — BiFy | | 21y
Lot

Tat41 CaKy Ago + Co Ko
Now alter the law of motion for z; in problem (6.4.1)-(6.A4.2) to be

2141 = A1171¢ + A1282 + Brug (6.A.6)
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and use #9; to replace xo; in the objective (6.A4.1). Solve the ordinary control problem
with (6.A4.5), (6.A.6) replacing (6.A4.2). This again is a discounted augmented linear
regulator problem. The decision rule is

ur = —Fxye — Fglfllt — Fzg:@zt. (6.A.7)

Equating Z; to %+, we obtain

ur = — (Fl + le) Tt — Fzgxzt. (6.A.8)
Then ~ o R
F1 = Fy 4 Fa1, Fo = Foo. (6.4.9)

Notice the presence of role of the feedback component F} from the ordinary control
problem. Robustness appears because of the distortion of the law of motion for the
x9; component, which enters through the Fy;,i = 1,2 terms.

B. Useful formulas

This appendix uses game (6.10.1) to provide two sets of convenient formulas for com-
puting the robust decision rule. For the purpose of displaying these formulas, notice
that the one-period loss function in (6.10.1) can be represented as

r(@,u) = [Hﬁg% (H; ﬁ) ]
[0 R

where Q = H'h,W = H'J,R = J'J. As in chapter 3, we transform the problem to
one that eliminates cross-products between states and controls. Define

Q=Q-WR'w’
A=A—-BR'W (6.B.1)
ur = ur + R_1W’xt.

Then ~
Try1 = Az + Biig + Cwiy (6.B.2)

F (2,i1) = 7 (2, u) = [5] [cg Jg} [ﬂ (6.B.3)

and
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The Bellman equation (6.10.1) is equivalent with

—z' P = max min {—f (z, ) + fOw'w — ﬂy/Py} (6.B.4)

u w

where ~
y = Ax + Bu+ Cw. (6.B.5)

In the problem on the right of (6.8.4), the minimizing agent moves second, taking
as given the feedback rule & = —Fz chosen by the maximizing agent. By working
backwards, we break the problem on the right of (6.B.4) into these two parts:

1. The problem for the minimizing agent reduces to

J = min [0w/w - y/Py} (6.B.6)
w
subject to )
y=Ax + Cw (6.B.7)

where A = A — BF and F is to be chosen in the problem in part 2. The
minimizing w is
w=0""(I-07'C'PC) ™" C'PAa. (6.B.8)
Let .
D(P)=P+PC(0I-C'PC) " C'P. (6.B.9)

The minimized value of the problem can be expressed as
J =—a'A'D(P) Az
or as
J=—yD(P)y (6.B.10)

where in (6.B.10), y is to be evaluated under the approximating model y = Az,
not under the distorted model (6.B8.7). Under the approximating model, (6.B.10)
is a conservative continuation value for the problem of the maximizing agent. 15

2. Part 2 of the problem hands this conservative valuation function and the approx-
imating model to the maximizing agent. Working backwards, the problem of the
maximizing agent can be expressed as

max [—lem — @' R — By'D (P) y} (6.B.11)

subject to R
y = Ax + Bu. (6.B.12)

15 1 chapter 7, the operator D is used again to characterize risk-sensitive preferences. See
page 195.
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Notice that (6.8.12) is the approximating model and that allowance for distor-
tions occurs only through the presence of D(P) on the right side of (6.B.11).
The solution to this problem is found by taking one step on the usual Riccati
equation, with D(P) as the terminal value function. Thus, define the operators

F(Q) =8 [R+8B'QB] " B'OA (6.8.13)
T(P)=Q+pA (P — BPB(R+BB'PB) " B’P) A (6.B.14)

Substituting in the definitions of @ and R, T can also be expressed as
_ _ !/
T(P)=H'H-HJ(JI) JH+8 (A -B(J)" J'H)

x (P ~BPB(J'J+BB'PB)” B’P) (A -B(J)" J'H) .
(6.8.15)
Then the solution of problem (6.B.11) is @ = —Fz where F = F o D(P). The
maximizing value of (6.B.11) is —2'T oD(P)z. Notice that u; = iy — R ' Wa; =
—(F+(J' )" YT H)ay.

We can iterate on these two sub problems to find the solution to (6.B.4). 16 et
P be the fixed point of iterations on T o D:

P=ToD(P). (6.B.16)

Then the solution of (6.B.4), (6.B.5) is

i=—Fz (6.B.17)
w= Kz, (6.B.18)

where
F=FoD(P) (6.B.19)
K=0"'(1-07'c'PC) " C'P[A- BF]. (6.3.20)

Here T is the usual operator associated with taking one-step on the Bellman equation
without a preference for robustness; it represents optimization with respect to u. The
operator D reflects minimization with respect to w. When 6 = 400, D(P) = P,
and we get the usual optimal rule for a linear-quadratic dynamic program. When
0 <0 < oo, we get a robust decision rule, where 6 is a lower bound on admissible
parameters 0. We shall give a formula for @ in formula (7.3.13) on page 184.

16 1 chapter 7 we show how the two operators are related to the discounted risk-sensitivity
criterion of Hansen and Sargent (1995).
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6.B.1. A single Riccati equation

A robust decision rule can also be computed simply by solving an optimal linear
regulator problem. 7 This can be established in the following way.

By writing iterations P41 = T o D(Py) and rearranging, the matrix P in the
value function —z’ Pz can be expressed as the fixed point of iterations on the Riccati
equation18

Poy1=A (BP) ' +BR'B 077 cC’) A+ Q. (6.B.21)

This equation can also be represented as
. o =1 ~
P =Q+AY (P +J) A%, (6.B.22)

where J = B*R™'B* —9~1CC’, B* = 3°B,A* = 3:5A. Equation (6.B.22) is in a
form to which the doubling algorithm described in chapter 3 applies.19 Notice that
(6.B.21) is the Riccati equation associated with an ordinary optimal linear regulator

problem with controls [ZL}] and penalty matrix on those controls appearing in the

criterion function of |:]§ _39 I] . Therefore, the robust rules for u; and the asso-
ciated worst case shock can be computed directly from the associated ordinary linear
regulator problem. It can be checked that the right side of (6.8.21) implements one
step on T oD. The Riccati equation (6.B.21) is the one associated with the modified
linear regulator used in chapter 2 on page 37 to compute a robust rule and the worst
case shock.

6.B.2. Robustness bound

The inner problem (6.B.6) inspires a robustness bound for continuation values. Thus,
(6.B.6) implies

—2' A'D (P) Az = min [Owlw — y/Py} < Ouw'w —y'Py (6.B.23)
w

where y is evaluated under the distorted model y = Az + Cw. Inequalities (6.B.23)
imply
—y' Py > -2’ A'D (P) Az — 6w w. (6.B.24)

The left side is evaluated under a distorted model y = Az + Cw while the quadratic
form in = on the right is a conservative estimate of the continuation value of the state

17 See chapter 2, page 37.
18 See Hansen and Sargent (2004, Recursive models).
19 The Matlab program doublex9.m computes the solution using the doubling algorithm.
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y under the approximating model y = Az 20 Inequality (6.B.24) says that the con-
tinuation value is at least as great as a conservative estimate of the continuation value
under the approximating (w = 0) model, minus 6 times the measure of model mis-
specification w'w. The parameter 6 influences the conservative-adjustment operator
D and also determines the rate at which the bound deteriorates with misspecification.
Lowering 6 lowers the rate at which the bound deteriorates with misspecification.
Thus, (6.B.24) provides a sense in which lower values of 6 provide more conservative
and also more robust estimates of continuation utility.

6.B.3. Special case: a pure forecasting problem

Here is an example of a pure forecasting problem in which the absence of a control
eliminates the maximization part of (6.B.4). The following state space system governs
consumption and bliss consumption:
i1 = Az + Cwyg
ct = Hexy (6.B.25)
bt = HbSCt
where c¢; is an exogenous scalar consumption process, b is a bliss level of consumption,

and w41 is a specification error sequence. To attain a conservative way of evaluating
— Z?io gt (ct — 1715)27 we compute

o0
—z(Pro = min — E ik [x;H/th —ﬂ9w£+1wt+1} (6.8.26)
{weea} 15

subject to (6.B.25), where H = H. — Hp. For this special case, the absence of a
control causes the operator T defined in (6.B.14) to simplify to
T (P)=H'H + BA'PA. (6.B.27)

The matrix P in (6.B.26) is the fixed point of iterations on 7o D. The minimizer of
(6.B.26) is given by (6.B.8), or w = Kz, where K is defined implicitly by (6.B.8).
It follows from our earlier characterizations of K and P =T o D(P) that

o0
—:C6P:c0 = — Z ﬂtxng/H:ct
t=0
where the right side is computed using the distorted law of motion

Tyl = (A-I-KC) Tt.

20 That is, when w =0, —y’D(P)y understates the continuation value.
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C. Details of a proof of Theorem 6.5.2

This appendix verifies a key assertion made in the proof of Theorem 6.5.2.21 To verlfy
that P = P* — P, we make use of the following identities that characterize P pP*,
and P:

1. The matrix P solves:
g(a—m( ')(P BPB (1 +BB'PB) B'P) A
B

+8(a - HJ(JJ) ) (P~ 5PB (s +5B'PB) " BP) A" = P

where:
A= (1+[pB (19) " B - 50C] P*)_l [A-B (1) 1]
A= éCC'P*A*

Therefore, the matrix P solves:

3 (A’ "' ()" B’) [P%CC’P* — BPB(J'J+BB'PB)”" B’P%OC”P*

+ P—BPB(J'J+8B'PB)”" B’P] A =P
which yields:
(4 -1 (s0) )

(PGCC'P* = pPB (1 +9B'PB) " B'PLCC'P* + P~ P (17 + 0B'PB) " B'P|

71 R
x (1+[oB (1) B - g0 | P [a-B ()T aH| =P
(6.C.1)
2. The matrix P* solves:

-1 -1

gla =y ()" B P 1+ [pB (10) 7 B - soc| P) - [A-B ()" 7]

+H'H—HJ () JH=P"
(6.C.2)
where:

(r+[oB ()" B - 5ec] p*)fl -

-1
JJ +3B'P*B BB'P*C B’ y
[f—ﬁ([B C])([ 3C'P*B —591+50’P*CD ({C'DP

21 We are very grateful to Tomasz Piskorski for his help in verifying these equalities.
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3. The matrix P solves:
(4 =1 (1) B) (P-sPB (s +5B'PB) " B'P)

’ B ] (6.C.3)
x(A=B (1) IH) s HH -1 () T H=P.

We weave together these three facts to compose the following

Proof. Subtracting (6.C.3) from (6.C.2) yields:

la -5 ()" B (P* (r+ 8B (1) B - écc’} P*)_l
- (15 —BPB(J'J+8B'PB)”" B’P)) [A B J'H} =P _P
which is equivalent to:
gla -y ()" B
x (P* - (P —BPB(J'J+BB'PB)”" B’P) (I + [BB (J') B - éco’} p*))
x (14 [sB (1) B - %CC’} P*)fl [A-B(s) o] =P - P
or

3 [A’ —H ()" B’} Y

) (6.C.4)
x (I+ {f}B (B - %CC’} P*) [A -B(J) J’H} —p P
where:
Y =pr_ (15 —BPB(J'J + BB'PB)" B’P) (I + [ﬂB (/') B - écc’} P*) .

Note that:

v =p'—(P-pPB(s+58'PB) " BP) (1+ B (10) " B - soc'| )

— (P*=P)—PBB(J'J)  BP + PéCC’P* +BPB(J'J+BB'PB)” B'P
+BPB(J'J+BB'PB) " B'PBB(J'J) " B'P*—3PB(JJ+ 3B PB)” B'P%CC'P*
= PéC’O’P* —BPB(J'J+BB'PB)”" B’PéOC”P* +(P* - P)
+BPB(J'J+BB'PB)" B'P+8PB(J'J+3BPB) B'PEB(JJ) B
—pBB(J')" B'P*
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So we have
Y = P%CC’P* —BPB(J'J+ 8B PB)”" B’P%OO’P* +(P"=P)+2Z (6.C5)
where:
Z=BPB(J'J+BB'PB)” B'P+8PB(JJ+8BPB)  BPEB(J]) B
—pPBB(J) " B'P*
Now note
Z=BPB(J'J+pB'PB)" B'P+BPB(JJ+BBPB) " BPAB(JJ) B
— PBB(J'J)" B'P* = —BPB (J'J +8B'PB) ' B' (P* - P)
+8PB(J'J+BB'PB)” B'P*+8PB(J'J+8B'PB)” B'P3B(JJ) " BP*

— PBB(J'J)" B'P* = —BPB(J'J +B8B'PB)"' B' (P* - P)

+ [3PB (17 +8B'PB)”" (I +BB'PB (J’J)_l) - 6PB (J'J)_l} B'P*.

) (6.C.6)
Using the fact that I + SB'PB(J'J)~! = (J'J + BB'PB)(J'J)~ ! gives us that:

8PB ('3 + 88 PB) " (14 88'PB (10)" )~ sPB (4'0) | B'P" =

B8PB (17 + 6B PB) " (/' + 8B PB) (117) "~ pPB (1) | B'P* =

1

(ﬂPB (/7)) - pPB (J’J)’l) P*=o0.

(6.C.7)
Substituting (6.C.7) back to (6.C.6) yields:

Z=—-BPB(J'J+ BB PB)"' B (P* - P). (6.C.8)
Substituting (6.C.8) into (6.C.5) yields:
YP%CC’P* ~BPB(J'J+BB'PB)”" B’P%CC’P* +(P* - P) 6.09
6.C.9
~ BPB(J'J+BB'PB)" B (P* - P).
Finally substituting (6.C.9) into (6.C.4) yields:
la—u'y(r) " B
X [PéC’C”P* —BPB(J'J+BB'PB)”" B’P%CO’P* +(P*-P)
~6PB(J'1+8B'PB)” B (P* )|

< (148 (79) " B - 5o P*)_l (A=) o] =P P
(6.C.10)

But this is just Riccati equation (6.C.1) with P = P* — P, therefore (P* — P) solves
the Riccati equation for P, so P=P* - P. ||






Chapter 7

Frequency domain games and criteria for robust-
ness

7.1. Three frequency domain criteria indexed by (x¢,7)

In the two-player zero-sum games of chapter 6, the minimizing player helps the
maximizing player analyze the fragility of his decision rule u; = —Fz;. In this
chapter, we take the fruitful point of view that an indirect utility function of the
minimizing player forms an intertemporal valuation function that when used by
the maximizing player produces a robust decision rule. We use frequency do-
main decompositions to express two such alterations of the maximizing player’s
objective function. Frequency domain decompositions of variances and other in-
ner products are widely used in the analysis of covariance-stationary time series.
Frequency domain decompositions of objective functions like those in this chap-
ter have been used creatively in dynamic macroeconomic models by Whiteman
(1985a, 198XXX) and Otrok (2001bXX).

In the interests of evaluating ‘steady state’ performance of a maximizing
player’s rule, we require the maximizing player to choose a time-invariant policy
rule uy = —Fxz;. However, our frequency domain calculations allow the mini-
mizing player to choose a sequence of shocks w € W, putting us into the setting
of our Stackelberg game of chapter 6.

By minimizing over W for alternative settings of the initial condition z¢
and the magnitude of the constraint 7 measuring the size of the specification
error, we obtain three different frequency domain criteria that the maximizing
agent can use to evaluate alternative time-invariant F’s. The first criterion
eschews robustness by setting n = 0, and leads to a discounted version of the
so-called Hy criterion, the maximization of which leads to an algebraic Riccati
equation associated with the steady state of a time-invariant, infinite horizon
optimal linear regulator problem. Other assumptions about xzg and n lead to
discounted versions of what are known as the H., criterion and an ‘entropy’
criterion. Each of these promotes robust decision rules. The entropy criterion
has the same multiplier parameter 6 that played such a key role in chapter 6.

=177 -
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Indeed, for the same fixed admissible #, maximizing the entropy criterion leads
to the same decision rule F' associated with the robust version of the linear
regulator that we obtained in chapter 6.

The frequency domain provides an interesting perspective on fear of model
misspecification. By analyzing the entropy criterion, we can show that activating
a concern about misspecification of the approximating model yields what looks
like ‘risk-aversion across frequencies’ that manifests a preference for smoothness
across frequencies. The H., criterion can be viewed as a limiting version of
the entropy criterion approached when the multiplier 6 approaches the critical
‘breakdown’ value 6 that we mentioned in chapter 6. The H,, criterion is
expressed in terms of the largest eigenvalue across frequencies of that same
frequency-domain decomposition of discounted utility and embodies an extreme
preference for smoothness across frequencies.

Undiscounted versions of both the H., and the entropy criteria exist in
the control literature. Our analysis of discounting is an innovative part of this
chapter. Accommodating discounting requires that, relative to arguments in the
control literature, we must pay special attention to initial conditions.

Key findings of this chapter are these: (1) the Hy criterion gives rise to
the optimal linear regulator without robustness; (2) for a given § > 0, the
entropy criterion leads to an infinite-horizon time-invariant discounted robust
linear regulator with a value function matrix P associated with the limit of
iterations on the composite operator T o D described in chapter 6; (3) the
break-down value € equals the squared value of the H, criterion.

1 Our derivation of the entropy criterion will also provide a link to the discounted risk-
sensitivity criterion of Hansen and Sargent (1995).
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7.2. The Stackelberg game in the time domain

Throughout this chapter we adopt a timing protocol associated with the Stack-
elberg robust multiplier problem from chapter 6. After recalling this game in
the time domain, we shall describe a frequency domain version.

The game requires the maximizing player to choose a time-invariant decision
rule of the form u; = —Fz;. To attain representations that build in u; = —Fzy,
we substitute this decision rule into (6.2.1) to get the closed-loop law of motion
for the state:

Ti41 = AFZZ?t + Owt+17 (721)
where
Arp = A — BF. (7.2.2)
Under u; = —Fx;, the target becomes
Zt = HF,Tt

where Hr = H — JF'. From chapter 6, recall the spaces

o0

W ={w: Zﬁtwgwt < 400}
=1

1
F ={F:A— BF has eigenvalues with moduli strictly less than—}.

VB

Definition 7.2.1. The Stackelberg robust constraint problem is to find (F, {w:}2;)
that attain

oo

Ilpgg_gwlggv —gﬁtzézt (7.2.3)
subject to (7.2.1) and
Z Brwywy < 0+ whwo (7.2.4a)
=0
Tro = C’wo. (724())

We use maxs as a shorthand for maxper, and so on. This game is indexed by

two parameters (wp, 7).
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Three versions of the Stackelberg robust constraint problem correspond to
different settings of 7, wg:

1. The Hs problem: set n = 0, with arbitrary wy.
2. The Hy problem: set wg = 0, but let n > 0 be arbitrary.
3. The entropy problem: set arbitrary wy # 0 and arbitrary n > 0.

The first version makes the inf part trivial, turns the game into a standard
single-person linear-quadratic optimum problem, and leads to the so-called Ho
criterion in the frequency domain. The second and third versions induce robust
decision rules.

To justify an analysis in the frequency domain, (7.2.4b) restricts the initial
condition. The solution of the game under this restriction can be represented
recursively as a pair of feedback rules wy1 = Kzy, up = —Fz, .2

7.3. Stackelberg game in frequency domain

7.3.1. Fourier transforms

To formulate the game in the frequency domain, define one-sided Fourier trans-
forms:

X (C) = thctu
t=0

W) =Y wd, (7.3.1)
t=0

Z (C) = Z Zt<t7
t=0

where ( is a complex variable. Then (7.2.1) and (7.3.1) imply that (~1[X (¢) —
zo] = ApX () + (1C [W(¢) — wp]. Using (7.2.4b) and solving for X (¢) gives

2 As can be verified by inspecting the formulas for K, F' that we derive later, the solution
also solves the multiplier games from chapter 6. The time domain representation of the solution
of this multiplier game is therefore valid for an arbitrary initial zg.
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X(¢)=(I—-C¢Ar)"'CW((), and hence

Z(¢) =Gr(QW(C) (7.3.2)

where

GF (C) = HF (I—CAF)_lC

is the transfer function from shocks to targets.
Applying Parseval’s equality to (7.3.2) gives the following representation:

S fun= [ WO GO GrOW QM. (733
t=0

where the operation ’ denotes both matrix transposition and complex conjuga-
tion, where the measure A has a density given by

1
= ———d(,
i /AC
and where the region of integration is the following circle in the complex plane

D={¢:[l=Vn}

The region I' can be parameterized conveniently in terms of ¢ = v/ exp(iw)

A (C)

for w in the interval (—m, 7]. Here the measure A\ satisfies
A () = —d
= —dw.
2T
Thus the contour integral on the right side of (7.3.3) can be expressed as:

[ W0 6r @ Gr W ©are)
= % /: w (\/Bexp (iw))/ {GF {\/Bexp (iw)}/GF [\/Bexp (iw)} } W (\/Bexp (iw)) dw.

(7.3.4)

We use the contour integral on the left of (7.3.4) to simplify notation.
Parseval’s equality also implies

> luiuw = [ WO W QaA©). (7.3.5)
t=0 r
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7.8.2. Hy criterion

When =0 in (7.2.4a), W(¢) = wy and

_;ﬁzézt = —wy [/F Gr (O Gr () dA ()] wo.

For an arbitrary wg, the Hs problem is to maximize this expression by choosing
a feedback rule F'. The Hy criterion can be expressed as

Hy=— /F trace [Gr ()" Gr (Q)] dX(¢). (7.3.6)

The same F' that maximizes Ho also solves the standard optimal linear regulator
problem. Thus, the Hs criterion gives a frequency domain expression to the
preferences embodied in the optimal linear regulator. We turn next to frequency
domain criteria that express a concern about model misspecification.

7.3.3. The Stackelberg game in the frequency game

To represent the Stackelberg game in the frequency domain, we define the fol-
lowing two sets of admissible W (()’s:

W ={W ({): W ({) is analytic on the interior of T' with coefficients

wy that are vectors of real numbers and W (0) = wp}

W ={W () e W*: Zﬁtwéwt < oo}

t=0

We use (7.3.3) and (7.3.5) to represent the time-domain Stackelberg robust
constraint problem of Definition 7.2.1 as:

Three frequency domain games: Find (F, W ({)) that attain

maxinf — / W () Gr (¢) Gr (O)W (C)dN (Q) (7.3.7)

subject to
[ W QW QA <+ ugun (7.3.8)
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In the frequency domain, our three versions of the Stackelberg multiplier game
are:

1. Hy: set n =0, with W(0) = wp arbitrary.

2. H: set arbitrary n > 0 but W(0) = wo = 0.

3. Entropy: set W(0) = wg # 0 and arbitrary n > 0.

We have observed that version 1 leads to the Hs criterion (7.3.6) and how under
it the best feedback rule F is independent of the initial condition xg = Cwyg.
Version 2 has the side condition that W(0) = 0, but otherwise leaves W(({)
free. Version 3 requires W(0) = wy # 0 and also restricts W({) to keep the
associated {w;} sequence zero for ¢t < 0.

7.8.4. Version 2: the H,, Criterion

Let p(¢) denote the eigenvalues of Gp(¢()'Gr(¢). The following theorem tells
how version 2 of the game leads to the H., criterion defined as:

Hoo = —sup[p(Q)]*?. (7.3.9)
¢er

Theorem 7.3.1. For any F € F,

inf - / W () Gr (¢) Gr (O)W () dA(C) = —H2 (7.3.10)
N

where the infimization is subject to (7.3.8).

Proof. Given Gp((), for each ¢ = /Bexp(iw) solve the following eigenvalue
problem?

Gr(Q) Gr(Qu=p(Q)v

3 1t may be useful to remind the reader of the principal components problem. Let a be

an (n x 1) random vector with covariance matrix V. The first principal component of a is
a scalar b = p’a where p is an (n x 1) vector with unit norm (i.e., p’p = 1), for which the
variance of b is maximal. Thus, the first principal component solves the problem:

max p'Vp
p

subject to
/
pp=1.
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for the largest eigenvalue p(¢). This problem has a well defined solution with
eigenvalue p(w) for each ¢ = \/Bexp(iw). Then

/FW(C)/GF (©)'Gr (OW(Od)\(C)S/P(OW(C)IW(C)d)\(C)
<supp (¢ /W ¢)dA(¢)

¢er
<supp (¢
¢er
The bound on the right side is attained by the limit of a sequence of approxi-
mating {w;} sequences described in appendix A. |}

For technical reasons described in appendix A, the infimum in (7.3.10) is
not necessarily attained by an analytic function W € W.

The square of the optimized H., criterion equals the lower bound on the
set of admissible #’s alluded to in condition (6.2.9) in chapter 6:

g = (ingoo (F))z; (7.3.13)

6 is called the ‘breakdown’ value of 6.4

If version 2 has a maximizer F', that F' maximizes (7.3.9). We can drop
7 from the performance criterion (7.3.9) because it becomes a positive scale
factor that is independent of the control law F'. This feature emerges from our
having imposed the initial condition wy = 0.

Putting a Lagrange multiplier A on the constraint, the first order conditions for this problem
are
(V=X)p=0, (7.3.11)

with the value of the variance of p’b evidently from (7.3.11) being
p'Vp=2xp'p=A. (7.3.12)

Thus (7.3.11) and (7.3.12) indicate that p is the eigenvector of V associated with the largest
eigenvalue; and that the variance of b equals the largest eigenvalue \.
4 Whittle (1990) calls @ the point of ‘utter psychotic despair’.
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7.4. A multiplier game for version 3

The Hj criterion emerged from ignoring concern about model misspecification
by setting 7 = 0. Under discounting, the H,, control problem came from
allowing model misspecification while setting wgy to zero. We now consider an
intermediate case that allows misspecification but also constrains the malevolent
agent to respect the initial condition wg. This intermediate case will lead to
the following ‘entropy criterion’ for the maximizing agent:

/ logdet (01 — G'=GF)dX(C).
r

We shall explain the appellation ‘entropy’ in section 7.7. To analyze this case,
we formulate the multiplier version of the Stackelberg game in the frequency
domain. We let 6§ be a Lagrange multiplier on the constraint and obtain:

Definition 7.4.1. Lagrangian formulation of Stackelberg constraint game:
Find (0, F,W(¢)) that attain

sup sup inf [/ W' (01 — GGr)WdX— 6 (n+ wjwp)| . (7.4.1)
o F W LJr

Here n > 0 and wp # 0.°
In appendix C, we establish the following things about (7.4.1).
i. Let 0* be the optimal multiplier for (7.4.1). It satisfies:
0* > 0. (7.4.2)
If (7.4.2) does not hold, the inner infyyeyy in (7.4.1) is —oo independently
of the control law F'.
ii. When the optimal multiplier 6* satisfies 8* > 8, we are led to study the

inner two-player zero-sum Stackelberg multiplier game:

supinf | W/ ("I — GGr) WdA (7.4.3)
F Wr

This game connects to the single agent decision problem

sup / logdet [0*] — Gr (¢)' GF (€)] dX(C), (7.4.4)
F JT

5 We have alrcady studied the 1 =0 (Hg) and wg =0 (Hoo ) cases.
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because the F'* that attains (7.4.4) is the F' component of the solution of
the two-player multiplier game (7.4.3).

7.5. The multiplier problem and the entropy criterion

To study the infyy part of game (7.4.3), we take 6*, F, and therefore G as
given.® We refer to the resulting optimization problem as the multiplier problem
and state it as:

The multiplier problem:

e (WO TG @ G OIW QM. T5)

W,W(0)=

For this problem to have an optimized value that exceeds —oco, we require that
0*I — G'=GF be positive semidefinite. As a consequence,

0" > [Ho (F)]?,
which is a sharper restriction than”
2
* — |;
0 >0 [151;1{00 (F)} .

In what follows we strengthen the restriction that 6*I — G=-Gp be positive
semidefinite by requiring entropy to be finite:

/1ogdet (0*I — GRGr)d\(¢) > —oc. (7.5.2)
r
It is necessary to check this condition only at

6" = [Hoo (F)],

because for larger values of 6*, (7.5.2) is satisfied automatically. We shall show
that for any value of #* that exceeds the threshold § = [H.(F)]?, the entropy

6 Recall that Gp = Hp(I — ((A— BF))~1C.
7 Itis sharper because of the absence of an inf operator over F.
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measure on the left side of (7.5.2) is closely related to the minimized value of
the multiplier problem.

If condition (7.5.2) holds, we can associate choices of #* with restrictions
on the specification errors. That is, consider the following constrained worst

case minimization problem:

Constrained worst case problem:

mv%}n—/FW’G’FGFWd)\

subject to

/ W'WdA < wywo + 1.
r

Theorem 7.5.1. For any 0* > [Hu(F))?, there exists an 1 such that
the multiplier problem and the constrained worst case problem have the same
solution.

Proof. See Appendix C. |}

If the infimum of the multiplier problem is attained for 6* = [Hu(F)]?,
then there is a finite 7 such that the two problems continue to have the same
solution. If the infimum is not attained, then any finite 7 is associated with
a multiplier §* that exceeds [Huo(F)]?. Thus we can think of the 6*’s in the
multiplier problem as measuring the size of allowable specification errors.

7.5.1. A robustness bound

For a given decision rule F', the multiplier problem yields an inequality that
bounds the rate at which the criterion function deteriorates as specification
errors increase. Let J denote the minimized value of the objective (7.5.1) for
the multiplier problem. Then

—/W’G%GFWd/\ >J -0 / W/'Wd. (7.5.3)
T I8

Inequality (7.5.3) shows that in the absence of specification errors, J under-
states the performance of the policy. It also shows how 6* sets the rate at which
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the objective function — fr W'G'=GrWdA deteriorates with model misspecifi-
cation as measured by [ W/'Wd\. Note how lowering 8* gives more robustness
in the sense of less sensitivity of the objective function to misspecifications W .

In the remainder of this section, we study the existence of a solution to the
multiplier problem and its relation to the entropy criterion. We return to the
Stackelberg multiplier game in the following section.

7.5.2. Entropy is the indirect utility function of the multiplier
problem

For establishing our next result, it is convenient to rewrite the multiplier problem

it [ WO =6 (0 Gr O W OO (T54)
subject to
[ W ©an© = £0. (7.5.5)
and
[w@dano-o, (7.5.6)

for j =1,2,.... Constraint (7.5.5) can be restated as W (0) = wy. Constraint
(7.5.6) states that w; = 0 for j < 0. From the definition of W, the infimum
in (7.5.4) is over W(() that have coefficients such that >_,° _ flwjw; < co.

Theorem 7.5.2. Assume that F and 6* are such that [, logdet(0*I —
G%Grp)d\ > —oo. Then multiplier problem (7.5.1) has an optimized value
function w{D(0)'D(0)wy, where D(0) is nonsingular and independent of wy .
The minimized value is attained if 0*I — G'=Gp is nonsingular on T'.

Proof. The solution to the multiplier problem can be found using techniques
from linear prediction theory.® We must factor a spectral-density-like matrix:

[0°1 - Gr (Q)' Gr (¢)] =D (¢) D(C) (7.5.7)

where D is rational in (, has no poles inside or on the circle T', is invertible
inside I', and the matrix coefficients of its power series expansion inside I' can

8 Appendix B displays a linear prediction problem that leads to the spectral factorization
problem here.
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be chosen to be real. The matrix analytic function D is unique only up to
premultiplication by an orthogonal matrix but can be chosen to be independent
of wg. The existence of this factorization follows from results about the linear
extrapolation of covariance stationary stochastic processes. In particular, it is
known from Theorems 4.2, 6.2 and 6.3 of Rozanov (1967) that the infimum of
the objective is given by:
wyD (0)" D (0) wp. (7.5.8)
When 6*I — G»Gr is nonsingular on I', the infimum is attained. To verify
this, write the first-order conditions for maximizing (7.5.4) subject to (7.5.5)
and (7.5.6) as
[0°1 = Gr (O Gr (O] W () =L(C), (7.5.9)
where £ is the Lagrange multiplier on (7.5.5) and (7.5.6). Then the matrix D
in the factorization (7.5.7) is nonsingular with an inverse that is rational and
well defined on and inside the circle I'. Substituting the factorization (7.5.7)
into (7.5.9) gives
DQ)'DOWI(Q)=L(C), (7.5.10)
where D(¢),W((), being analytic inside I', have expansions in nonnegative
powers of ¢, and D(¢)" and £(¢)' have expansions in nonpositive powers of
¢ in the interior of T'. If D(¢)’ is invertible, then following Whittle (1983, p.
100), W(¢) satisfies

DOWQ =D L],

where [-]4 is the annihilation operator that sets negative powers of ¢ to zero.
Because D(¢)'~! and L£(¢)" are both one-sided in nonpositive powers of (,
[D(O)"~1L(¢) ]+ = D(0)'"~1L(0). Therefore, the solution is

D)W () =D(0) " £(0). (7.5.11)
Then from (7.5.10), £(0)' = D(0)’D(0)W(0). Substituting into (7.5.11) gives
D (Q) W (¢) = D (0) wo. (7.5.12)

In addition, the infimum is attained by?

W*(¢) =D (¢)"" D (0) wo. (7.5.13)

9 The factorization is also the key for calculating the projection of y; on the semi-infinite
history xs,s < t where {y;,x;} is a covariance stationary process (see Whittle (1983, pp.
99-100)). Condition (7.5.10) corresponds to the solution of Whittle’s projection problem
where D(¢)'D(¢) is interpreted as the spectral density of z and £(¢) is interpreted as the
cross-spectral density between y and x.
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Substituting into (7.5.4) confirms that the minimized solution is (7.5.8). |}

As is evident from the proof, the infimum in (7.5.4) may not be attained
when 0*I — GGp is singular somewhere on I'. But this problem can be
remedied by enlarging the space from W to W¢.

Corollary 7.5.1.  Assume that F is such that [ logdet(6I — GGp)d\ >
—00. Then the problem

i /F W) [0°1 = G () G (O] W () dA(<)

has a solution and the minimized value is w(yD(0)' D(0)wy .

Proof. Solution (7.5.13) is in W* even when 6*I — GG is singular somewhere
onT. |

Corollary 7.5.1 shows that a solution exists for the multiplier problem,
provided that the entropy restriction (7.5.2) is satisfied. But unless the matrix
(0*I — G’»GF) is nonsingular at all frequencies, the minimizing shock sequence
may not be stable and may not stabilize the state vector sequence. Problems
occur when W*(¢) = D(¢)"'D(0)wp has a pole on I', or equivalently when
D(¢)~! has a pole on I' that is not annihilated by D(0)wg. Nevertheless,
even these destabilizing solutions for W* can be approximated by a sequence of
W's, each of which is in W and hence each of which stabilizes the state vector
sequence.

The multiplier problem depends on the initial condition W (0) = wy. We
now seek to replace this multiplier problem by an entropy criterion that does
not depend on the initial condition. To accomplish this, we will eventually have
to show that for a given 6*, the control law that solves the multiplier game does
not depend on the choice of initial condition wy and is the same control law
that solves the entropy control problem. We shall do this in section 7.5.4.

The entropy criterion is motivated by the following representation:

Theorem 7.5.3. Assume that 0* and F are such that [ logdet(0*I —
GGp)d\ > —oo. The criterion logdet[D(0)' D(0)] can be represented

logdet [D (0)' D (0)] :/ongdet (0" —Gr(Q) Gr (¢)]dN(C).  (7.5.14)

Proof. D(0)'D(0) can be regarded as a ‘one-step’ prediction error covariance
matrix for a vector process D(L)e;, where L is the lag operator and e; is an
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i.i.d. random process with mean zero and identity contemporaneous covariance
matrix, and D(({) originates in the spectral factorization (7.5.7). We can use
a result from linear prediction theory to verify the representation (7.5.14). See
Theorem 6.2 of Rozanov (1967, page 76). |}

Theorem 7.5.2 and Theorem 7.5.3 both require that [, logdet(6*I—G%Gp)d\ >
—oo but permit §*I — GG to be singular at isolated points in IT".

Evaluating the right-hand side of (7.5.14) requires no spectral factoriza-
tion, just integration over frequencies. The contour integral on the right side of
(7.5.14) is the entropy criterion. In the undiscounted case, it coincides with the
measure of entropy used by Mustafa and Glover (1988).1° When 8 =1, the F'
that maximizes (7.5.14) is often motivated as an approximation of the F' that
maximizes the Ho, criterion, one that maintains analyticity of W'.

Next we show that when W* stabilizes the state vector sequence, w41 can
be represented as a function of the time ¢ state x;.

Theorem 7.5.4. Assume 0* and F are such that 0*I — GG is nonsingular
on I'. Then the solution to the multiplier problem can be represented recursively
as

wer1 = Kay (7.5.15)

where

K = (01— C'PC) " C'PAp, (7.5.16)

and P is the positive semidefinite solution to the Riccati equation
P =HpHp + BARPAg + A PC (61 — C'PC) ' C'PAp (7.5.17)
for which Ap + CK has eigenvalues that are inside the circle I'. Moreover,

/ logdet [0*I — G-Gr]d\ = logdet (6*1 — C'PC). (7.5.18)
r

Proof. We use a recursive formulation and solution of the spectral factorization
problem (7.5.7) to prove the theorem. To compute D in the spectral factor-
ization 16* — G=Gr = D'D, we apply the factorization result given by Zhou,

10 1t coincides with their measure of entropy at sg = co.
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Doyle, and Glover (1996). Recall that Gr = Hpr(I — (Ar)~'C. The spectral
density matrix to be factored is:

01 — GloGp =0T — C' [I — /Bexp (—iw) Aﬂ ~ HpHy [I — /Bexp (iw) AF] e
=61 -’ {exp (iw) I — \/BA}?} B HiHp {exp (—iw) I — \/BAF} B C,

where we have used the parameterization: ¢ = /Bexp(iw). From Theorem
21.26 of Zhou, Doyle, and Glover (1996, pages 557 and 558), we obtain the
factorization:

01" [oxp (i) T — /5 A% M He [exp (—iw) I = v/BAr | o
= <I— o4 [exp(iw)l— \/BAH_l \/BK/) R <I— \/BK [eXp(—iw)I_ \/BAF]_IC)

= (1-¢c - cap " K R(1- K [T - ¢Ar] ™€)

(7.5.19)
where
R=0"1-C'PC, (7.5.20)
K = R 'C'PAy, (7.5.21)
and P > 0 is the stabilizing solution of the Riccati equation
1 -1
BARP <I — 9—*CO’P) Ap — P+ HpHp =0. (7.5.22)

We establish that formula (7.5.22) is equivalent with (7.5.17) by showing that
1 ! - * / =1
I—e—*CCP =I4+CO'I-C'PC) C'P.

We verify this result by post multiplying the matrix I — Q%CC’ P by the matrix
I+CO*I-C'PC)~tC'P:

<1 - ei*cc’P) [1 +C 01— C0Po)t C’P]

=7 9—1*00’13 +C <I - 9—1*0’130) (01 —c'PC) ' C'P
_1-Ytoop+ Leoop
T o+

=1.
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For the stabilizing solution, K from (7.5.21) is such that I — (V/BK[I —
VBCAFR]~1C has zeros outside the unit circle of the complex plane (Zhou, Doyle,
and Glover (1996)). As a consequence, I — (K[I — (AFr|C has zeros outside of
the circle T'. Therefore, (7.5.19) and (7.5.7) imply that

D*(¢) = R'? (I — CK [T - ¢Ap]™ C) (7.5.23)
has zeros outside I', and
0*I — G»Gr = D¥D*.

Furthermore,

D*(0) D* (0) = R=60*I — C'PC.
The entropy criterion (7.4.4) can thus be represented as logdet(6*1 — C'PC).
From formula (7.5.12), the solution for W({) can be represented as
D™ (Q) W (¢) = D™ (0) wo.
Using (7.5.23) gives
CHW Q) = wo] = K (I = CAp) ™ CW ()
and using X (¢) = (I — (Ap)"1CW(() gives the recursive formula

Wi41 = K,Tt.

Theorem 7.5.4 can be extended to allow for isolated singularities. In Ap-
pendix E we show that the entropy formula (7.5.18) of Theorem 7.5.4 continues
to hold if #*I — G'=GF is positive semidefinite and nonsingular at either /3 or
—/B.

Formula (Q@Eq.riccati2@) can also be written P = HpHp+A%RD(P)Ar =
S(P) where the operators D and S are defined in (6.2.7¢) and (6.2.7f) on page
141. Note also that (7.5.16) matches (6.2.7¢).
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7.6. Relation of Stackelberg multiplier game to entropy
criterion

One step remains to show that the Stackelberg multiplier game justifies the
entropy criterion (7.4.4). The extra step is needed because criterion (7.5.8)
depends on wy while (7.4.4) does not. But Theorem 6.6.1 showed that the F
that solves (7.4.3) is independent of wg. Therefore, we will attain the same
decision rule F' by maximizing a criterion defined in terms of D(0)'D(0) alone,
ignoring wo. Thus, let wyD(0)' D(0)wy denote criterion (7.5.8) for another

control law, say F.If
wyD (0)' D (0)wo > wyD (0)' D (0)wo

for all wg, then
D(0)' D(0) = D (0)" D (0)

where ‘>’ is the standard partial ordering of positive semidefinite matrices. As

a consequence,
trace [D (0)' D (0)] > trace [f) (0) D (0)} ,
or alternatively
logdet [D (0)' D (0)] > logdet {f) (0) D (0)} .

Because we want the criterion to apply for all initial conditions wq, we take our
criterion to be
logdet D (0)" D (0).

Theorem 7.5.3 shows that this is the entropy criterion used to define (7.4.4).
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7.7. Etymology of ‘entropy’

The criterion (7.4.4) acquires the name ‘entropy’ via formula (7.5.14), which
links (7.4.4) to the logdet of a one-step ahead prediction error covariance matrix
for a process with moving average representation D(L)e;, where &; is an i.i.d.
process with mean zero and identity covariance matrix. For a filtering problem,
we also applied the term entropy to a closely related criterion that appears in
(4.6.9) and (4.6.15) on pages 113 and 114, respectively. There the connection
to a prediction problem was immediate, but here it is only indirect via the link
revealed in formula (7.5.14) and the arguments in the proof of Theorem 7.5.2.1!

7.8. Risk sensitivity

This section explores the connection between the entropy criterion (7.5.18) and
the discounted risk-sensitive criterion described by Hansen and Sargent (1995).
Hansen and Sargent consider a situation where a decision maker is interested
in evaluating fixed rules u; = —Fx; from the point of view of minimizing a
cost-criterion defined recursively as

C(z) =2'HpHpz + R (C (y) |z) (7.8.1)

R(Y|z) = — <§> log E (exp (L;T) ’x) , (7.8.2)

where Hp = H — JF and

where

y=Apz+ Cw (7.8.3)

where w is now an i.i.d. Gaussian sequence with mean zero and covariance
matrix I. In (7.8.2), o is the ‘risk-sensitivity’ parameter. When o < 0, R
adds an additional aversion to risk beyond that embodied in the cost function

Cy).

Define the operator !2

D(V)=V —oVC(I+eC'VC) ' CV. (7.8.4)

11 Also, the presence of discounting compels us to use the change of measure associated
with A to reveal the connection to the logdet of what looks like a prediction error covariance
matrix.

12 This operator also appears in chapters 2 and 6.
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Drawing on results of Jacobson (1973), Hansen and Sargent (1995) show that

R (Y|z) =2"A%D (Y) Apx (7.8.5)
and that the cost function C(x) that is the fixed point of (7.8.1) has the form
C(x) =2'V*x +c* (7.8.6)
where V* is the fixed point of recursions on the operator
S(V)=HpHp + BARD (V) Ap (7.8.7)
and 51
ct = T 5, logdet (I +cC'V*C). (7.8.8)
The connection between risk-sensitive preferences and a preference for ro-
bustness can be seen by letting ¢ = —6~! and noting that
D(V)=V+0'VC(I-0'c've) ' C'V (7.8.9)

which makes (7.8.7) the same operator that appears on the right of (7.5.17).
Also, ¢* is

« 1 B _ .
*—gl_ﬁlogdet (1—9 Loy C’). (7.8.10)
This can also be written
1
¢ = —5% [-nlogf + logdet (0T — C'V*C)]. (7.8.11)

Consider representation (7.8.6) for the cost function. Here z'V*z is the
part of the cost function contributed by the initial condition, while the logdet
term is contributed by the stochastic steady state. Consider minimizing the cost
function starting from x = 0, so that only the logdet term is relevant. The
logdet(fI — C'VC) term can be interpreted as the log determinant of a one-
step-ahead prediction error covariance matrix and so can be expressed as the
right side of (7.5.14) for some stationary process with a particular associated
spectral density matrix. From (7.5.17) and the definitions of the S(V) and
D(V) operators, it follows that the appropriate spectral density is identical
with that used in defining (7.5.14). In the case that = 0, minimizing cost

amounts to minimizing c¢*. Because 6 > 0, this comes down to maximizing
logdet (1 — C'V*C). (7.8.12)
This is equivalent with maximizing entropy defined by (7.5.14).



Concluding remarks 197

7.9. Risk aversion across frequencies

This section shows how the entropy criterion adjusts the Hs criterion to express

a concern about model misspecification by putting additional concavity into a

utility function. We thereby develop a sense in which the entropy criterion

represents model misspecification by inducing risk aversion across frequencies.
The Hs criterion is

Hy— - / trace [Gr (€)' Gr ()] dA(C).
N

and the entropy criterion is

ent = / logdet [0 — Gr ()" Gr ()] dA(Q).
r

Take a symmetric negative semidefinite matrix V' with eigenvalues —d1,...,—0,.
Let 6 > max; —d;. Then trace(V) =3, —d; and

logdet (I + V) = Zlog (6 —19;).
J

Note that log(f — ¢) is a concave function of —§.

Associated with each ( is a set of eigenvalues of Gr(¢)'Gr(¢) that we
denote 61(¢),...,0,(¢). Let them be ordered according to their magnitude.
Then we can write the Hs criterion as

m=3 [ =5 0an©).

The entropy criterion is formed from Hs be putting a concave transformation
inside the integration:

ent = Z /F log [0 — 6, (€)] dA (C) - (7.9.1)

Thus the entropy criterion puts more curvature into the return function. This
has effects that could also be represented as enhanced risk aversion. Notice that
here the ‘risk aversion’ seems to be across frequencies: in (7.9.1) we average
over eigenvalues and frequencies instead of states of nature. Big eigenvalues
have relatively more weight in the entropy criterion because of the concavity of
the log function.
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7.10. Concluding remarks

The decision maker’s approximating model asserts that the Fourier transform
of a target vector Z(() is

Z () = Gr (Q)wo

where G (C) is the transfer function Gr(¢) = Hp(I—(A—BF)()~'C and F is
the decision maker’s feedback rule. The approximating model sets W (¢) = wy,
but the misspecified models assert that

Z(Q)=Gr(QW ().

Deviations of W (({) from wg represent the approximating model’s misspecifica-
tion of the temporal properties of the shock process. '3

Without fear of model misspecification, the decision maker would choose
F to maximize Hs defined in equation (7.3.6). A preference for robustness to
model misspecification can be expressed by having the decision maker replace
Hs by either H,, or an entropy criterion. The H., criterion induces a robust
decision rule via the following thought process. The decision maker considers
perturbations to the temporal properties of the shocks and wants decisions that
will work well across a broad set of such patterns. To promote robustness, the
decision maker investigates the consequences of his rule under the worst shock
process. But what is worst depends on his decision rule. Given his decision rule,
the worst serial correlation pattern focuses spectral power at the frequency that
attains the highest weight in the frequency domain representation of Z(¢)'Z(¢).
The contribution of that frequency to discounted costs is measured by the max-
imal eigenvalue of Gr(¢)'Gr(¢). The decision maker achieves a robust rule by
optimizing against that worst serial correlation pattern, in particular by selecting
the feedback rule that minimizes the maximum eigenvalue across all frequencies.
Under the entropy criterion the decision maker responds in a similar but less
severe way by flattening the response G (¢) across (’s. We study an example
of such behavior in chapter 9, where we use such insights from the frequency
domain to interpret how a form of precautionary savings is called for by a robust
decision rule for a permanent income model.

13 gGee appendix E for an interpretation of W(¢) in terms of the spectral density matrix of
a random vector of shocks.
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A. Infimization of H.

To verify that we have found the infimum of version 2 of (7.3.7)-(7.3.8) , let w*
be the frequency associated with the maximum value of p and let v(w*) denote the
corresponding eigenvector. This eigenvector can be complex. We can find a W*(¢)
with all real coefficients, with an initial coefficient zero, and that coincides with v(w™)
for ¢ = /Bexp(iw*). We accomplish this while setting all values of w; to zero except
possibly those for w; and we. In particular, that the coefficients of W*(¢) be real
requires symmetry, i.e., W*(y/Bexp(iw)) = W*(v/Bexp(—iw)) T, where | denotes
transposition. This leads to two equations of the form W*(¢*) = wi¢* + wa*?,
W*((*/) = w1 " + wo¢*"?, where here ' denotes the complex conjugate, and ¢* =
v/ Bexp(iw). These two equations determine real valued vectors wy,ws. To form the
infimizing W (({), we shall construct an approximating sequence of ‘distributed lags’
of W*(¢) that converge to it. To get distributed lags of the desired form, create a
sequence of continuous positive scalar functions {gn} such that:

(i) gn(w) = gn(-w);
. 1 T

(ii) 5= fﬁﬂ gn(w)dw = 1;
(iii) {gn(w™*)} diverges;

(iv) {gn} converges uniformly to zero outside any open interval containing w*;

(v) fjﬂ_ log gn(w)dw > 0.

Then associated with each g, is a real scalar (one-sided) sequence with transform
bn(¢) such that by ()*bn(¢) = gn(w) for ¢ = v/Bexp(iw).

Construct Wi (¢) o bn(¢)W*(¢), where the constant of proportionality makes
the resulting W, satisfy constraint (7.3.8). We have designed the sequence {Wp}
to approximate the direction v(w*). The sequence of transforms {gn} converges
to a generalized function, namely a Dirac—delta function with mass concentrated at
frequency w*. It is straightforward to show that:

lim / Wo (Q) G (¢) G (€) Wi (€) dA () = 1 (Hoo)? .
N

n—oo
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B. A dual prediction problem

A prediction problem is dual to maximizing (7.5.4) subject to (7.5.5)—(7.5.6). Let
[0 — Gp(¢)'Gr(¢)] for ¢ = v/Bexp(iw) denote a spectral density matrix for a covari-
ance stationary process {y:}. The purpose is to predict (wg)'y: linearly from past
values of y;. A candidate forecast rule of the form

—Z (wj)/yt_j (731)

j=1

has forecast error
o0

Z (wa‘)lytfj‘

Jj=0

Then criterion (7.5.4) is interpretable as the forecast-error variance associated with
this prediction problem. The constraints (7.5.6) prevent the forecast from depending
on y44  for j > 1.

C. Duality

7.C.1. Evaluating a given control law
For a given control law F' form the corresponding G and define:
0p = H2, (F).

It follows that for all W ()
QF/W’Wd/\E/W’G’FGFWd)\.
r r

Therefore, for all 0 > 6p, fF w’ [01 — G};GF} Wd M is well defined for all 0 > 0p
but not for 6 < 0p.
For fixed F, consider the inf part of Game 2 (7.3.7):

Original (Worst Case) Minimization Problem Lars: let’s double check that we

mean YV and not W% as the set over which we min. See the definitions on
page 182.

Problem 1 min—/W/G}wGFWd/\
wJr
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subject to

/ W'WdA < whwo + 1.
N

This problem minimizes a concave function subject to a convex constraint set, so
standard duality theory does not apply. In the interests of applying duality theory, we
study the following alternative problem:

A Related Constrained Problem:
Problem 2 n;ivn/w’ (0pI — GRGp) WdA
T

subject to:

/ W'WdA < n+ wo wo.
r

This problem is to minimize a convex function subject to a convex constraint set, so
duality theory applies to it. We shall first show that a solution of Problem 2 with
binding constraint also solves Problem 1. Then we shall apply standard duality theory
to problem 2.

Theorem 7.C.1. A solution to problem 2 with binding constraint solves problem 1.

Proof. Let W* solve Problem 2 with the magnitude constraint binding:
/ WHW*dA = 1 4+ wo' wo
r
and

W* (O) = wg-.

Consider any other W such that

/ W'WdA < n+ wo wo.
r

and
W (0) = wo.
Then
/ W' (051 — GpGp) WdA > / W* (051 — GpGp) W*dX,
I I
and

9F/W’Wd,\§9F/W*’W*d,\.
T T
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Therefore
—/W’G’FGFWdAE —/W*/G’FGFW*CD\,
T T

which implies that W™ also solves Problem 1. ]

Thus a way to solve Problem 1 is to solve Problem 2 and verify the solution satisfies
the magnitude constraint with equality.
We now apply duality theory to problem 2 by forming:

Saddle Point Version of Problem 2:

inf sup [/ W' (01 — GpGp) Wdx — (0 — 0p) (n+w6w0)} )
Weoxor [Jr

We interpret 6 — 0 as the Lagrange multiplier for Problem 2 and 6 as the Lagrange
multiplier for Problem 1. Because Problem 2 entails minimizing a convex function
subject to a convex constraint set, standard duality theory applies to it. The conjugate
problem is obtained by switching the order of the inf and sup operations:

sup inf U W' (01 — GpGp) Wdx — (0 — 0p) (n+ wo/wo)} . (7.C.1)
0>6r W LJT

We can use this problem to construct the Lagrange multiplier 6 for each n > 0.

By construction the saddle-point value for the conjugate problem coincides with
the optimized value for Problem 2. When the specification-error constraint is binding
for Problem 2, we can obtain the optimized value for Problem 1 by subtracting the
constant O (n + wwo) from (7.C.1). The resulting conjugate problem is

sup inf [/ W' (01 — GpGp) WdA — 6 (n + wowo) | - (7.C.2)
0=60r W LJT

Thus we have eliminated the influence of Op on the objective of the saddle-point
problem. But 0 still affects the constraint set limiting the choice of 6 (through the
appearance of 6 under the sup operator). This dependence can also be removed by
virtue of the following theorem.

Theorem 7.C.2. If the value of (7.C.2) is finite, then 6 > 0p.

Proof. Suppose that 6 < 6, and consider the inner infimum part of the saddle-point
problem (7.C.2):

inf / W' (01 — GpGp) WdA. (7.C.3)
r
Given the construction of 0, (0] — G>Gr) has negative eigenvalues for some [(*| =

V/B. Parameterize I' by forming ¢ = v/Bexp(iw), and let w* be the frequency asso-
ciated with ¢*. Thus there exists a complex vector v such that

o' (01 — GrGp)v <0
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on a nondegenerate interval of w’s containing w*. Imitating the argument in Appendix
A, we can form a W*(¢) = w1¢ + w2 such that W*(¢*) = v. We can then use the
Appendix A construction to form: Wy (¢) ~ bn()W*(¢). Then it is straightforward
to show that:
lim / Wi (61 = GipGir) WadA = ' [01 - G (¢7) G (¢7) | v <.
n—oo r
By construction W, (0) = 0 and hence fails to satisfy the constraint for problem
(7.C.3). Also problem (7.C.3) does not constrain the magnitude of W. We now form
the sequence:

Wn =nWy + wo,

which by construction satisfies Wn(O) = wp. Given our multiplication of W, by n,
it clearly follows that

n—oo

lim /W,; (01 — GG F) WndX = —cc.
N

Therefore, the optimized value of problem (7.C.3) is —oo whenever 0 < 0p. |}

Given what the theorem establishes about the behavior of the inner infimum
part of saddle-point problem (7.C.2) when 6 < 0, we can state that (7.C.2) equals
(7.C.3) defined as:

Congugate Saddle Point Version of Problem 1
. 7 / !/
sup inf [/ W' (01 — GpGp) WdA — 6 (n+ wowo) | - (7.C.4)
0 r

Whenever this problem has a solution for W that satisfies the specification-error con-
straint with equality, the resulting W also solves Problem 1 and the value of the
conjugate saddle-point problem coincides with that of Problem 1. This conjugate
problem provides the Lagrange multiplier § > 0 associated with Problem 1. Armed
with this multiplier, consider the inner infimum problem, which we call the multiplier
problem:

(Problem 3) %f [ /F W' (61 — GrGp) WdA| .

The solution of Problem 3 coincides with that of the prediction problem described in
Appendix B and analyzed in the text.

Given any 7, we have just shown how to find the multiplier . We now suppose
that the multiplier 0 > 0 is given and want to deduce the corresponding value of 7.
Thus, suppose that we have a solution of the multiplier problem (Problem 3). It is
sufficient for this problem to have a solution with 6 > 0. (Later we shall discuss the
case in which 0 = 0p.) We assume that:

/log det (I — GpGr) d\ > —oo. (7.C.5)

Later we will describe what happens when this condition is violated.
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Theorem 7.C.3. Suppose that 0 > 0 and that W ({) solves the multiplier Problem
3. Then there exists n > 0 such that W (() solves Problem 1.

Proof. From the dual prediction problem of Appendix B, we know that when 6 > 6,
the solution to the multiplier problem is:

W (¢) =D (¢)"" D (0)wo (7.C.6)

where
D'D = (01 — GrGr)

and D is continuous and nonsingular on the region |[¢| < /3. Notice that D de-
pends implicitly on @ The resulting objective function is: w{D(0)' D(0)wp. The n
corresponding to this choice of 6 satisfies:

n= /w{)D (0) (01 — GGr) ' D (0) wod\ — whwo. (7.C.7)

7.C.2. When 6 =6p

Next consider the possibilities when 6 is equal to the lower threshold value . Con-
dition (7.C.5) implies that we can still obtain the factorization:

D'D =0pl — GRGp,

where D is nonsingular on the region || < v/B, but now it is singular at some points
|¢] = v/B. Thus the candidate solution for W given by (7.C.6) may not be well defined,
and the infimum in the multiplier Problem 3 may not be attained. Nevertheless, the
infimum is still given by the quadratic form: w(D(0)D(0)wo and the implied np
satisfies (7.C.7), and will typically be infinite.

When np = oo, we can find a 0 > 0 that yields any positive 7. Sometimes
ng is finite for a small (Lebesgue measure zero) set of initializations wg. When this
happens, we may only find 0 > 0 for values of n < np.
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7.C.3. Failure of entropy condition

Finally, we consider what happens when
/log det (0pI — GFGF) d\ = —oo.

Since G is a rational function of ¢ with no poles in the region |¢| < /8, OFI—G};GF
is singular for all |{| = v/B. Factorizations still exist now take the form:

D'D=0pl - GrGr

where D has fewer rows than columns and has full rank on the region [¢| < /B (see
Rozanov (1967) pages 43-50). This makes it possible to have a variety of solutions to
Problem 2, including solutions for which the specification-error is slack.
To understand better the multiplicity, note that it is now possible to find a w
such that:
DW =0 (7.C.8)

and for which W(O) = 0. Given any solution W* to Problem 2, we may form W* W
for any real number r without altering the objective of Problem 2. The value of r
is restrained by the specification-error constraint, but it possible for this range to be
nondegenerate.

When the specification-error constraint for Problem 2 can be slack at an optimum,
the Lagrange multiplier, § — 0, is zero, or equivalently § = 0. Problem 2 will then
have solutions in which the specification-error constraint is binding (but with a zero
multiplier), and it is only these solutions that also solve Problem 1. As a consequence,
solving the multiplier problem (Problem 3) for choices of 6 greater than 6F may not
correspond to fixing an 7 for Problem 1. We illustrate this possibility in the following
example.

FEzxceptional Example
In this example, we construct a W satisfying (7.C.8) and W > 0V¢ eT'. Suppose
that A — BF =0 and hence Gg = HrpC', which is constant across frequencies. Then
O is the largest eigenvalue of the symmetric matrix C"H]/‘,;HFC'7 and det[fpl —
};GF] =0 for all ( € I'. Let pu be an eigenvector associated with p with norm
one. Solutions W* to Problem 2 are given by:

*k
wp = W

*_
wy = oup

for ¢ > 0 and the real numbers a; chosen so that the magnitude constraint is satisfied.
The resulting objective for Problem 2 is:

wo' (0pI — C'HpHpC) wo.



206 Frequency domain games and criteria for robustness

Provided that n > 0, the magnitude constraint can be made slack (say by letting o
be zero).

A solution to Problem 1 is obtained by setting a: to make the magnitude con-
straint be satisfied with equality. Then the objective for Problem 1 is:

—0pn — wo'C'Hp HpCuwy.

Finally, the Lagrange multiplier obtained from the conjugate problem is given by its
lower threshold 6.
Optimizing the Control Law

We next study what happens when the control law is chosen among a family of
admissible laws. The choice of F' alters the transfer function Gg, and we are led to
study the game:

mjgx'%f— /F W/ GpGpWdA
subject to

/ W'Wdx < n+ wowo.
r

Again it is fruitful to analyze a conjugate formulation. With this in mind, first solve:
CO,F)=inf| | W (0] — GxGr) WdX -0 (n+ w
0, F) % [ /F ( F F) (77 wowo)

for a given (0, F) pair. Then solve the conjugate game:

H]_I_Ejg{C(G,F) = m}@xst;pC(&F) = meaxs;pC’(H,F).

Therefore given a solution F'* to the original game we can find a corresponding 6* such
that (F*,0%) solves the conjugate game. Moreover, if F* is optimal for all nonzero
initializations wq, then F'* solves the entropy criterion associated with this 6*.

We want to show the converse.

TheoremA7.C.4. Fix a 0*. Find the F* that solves the entropy problem for 6*.
Compute § = Hoo(F*)? and verify that the control law F* satisfies:

/ logdet (01 — G G) d\ > —c0 (7.C.9)
T

where G} is the transfer function associated with the control law F*. Then there
exists W* and an n* > 0 such that F*,W* solves Game 2.

Proof. 1f inequality (7.C.9) is satisfied, factor 0*I — GG

0* (I - GFGr) = D" D",
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and construct the W*:

Then find n* that solves

n* = / WX W*dA — wo'wy.
T

D. Proof of theorem 7.5.4

This appendix restates a version of Theorem 7.5.4 under weaker assumptions about
the nonsingularity of [0 — Gr(¢)'Gr(¢)].

Theorem 7.D.1. Suppose that
i Ap has eigenvalues that are inside the circle T';
ii 0 — G»Gp >0 on I';
iii Either 01 — Gp(—/B)' Gp(—+/B) or 0I — Gr(v/B)' Gr(v/B) is nonsingular.

Then the Hentropy(#) criterion can be represented as
logdet D (0)" D (0) = logdet (01 — C"PC)

where P is defined implicitly by equation (7.D.3) below.
Proof. We prove this theorem by referring to results from Zhou, Doyle, and Glover

(1996). We outline the proof in four steps.

Step One: Transform the discrete discounted formulation into continuous undiscounted
formulation. Suppose that 0 — Gr(—+/B) Gr(—+/B) is nonsingular. Define the linear

fractional transformation:
C——\/E(Sfﬁ) (7.D.1)

S

This transformation maps s = —+/B into ¢ =0, s = 0 into /B, s = oo into —+/B.
The transformation maps the imaginary axis into the circle I' and points on the left
side of the complex plane into points inside the circle.

Note also that /B
-1 _ —s+ VB
ﬁC - \/B (—8 _ \/B) .

In the case that 01 — Gr(v/B)' Gr(v/B) is singular, we replace linear fractional
transformation (7.D.1) with:

Czﬁ(jf%) (7.D.2)
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In what follows we will use (7.D.1) but the argument for (7.D.2) is entirely similar.

Step Two: Use parameterization (7.D.1) to write:

1

Gp(g):(s—\/B)HF[(s—\/B)I+(s+\/B) \/BAF]_ c
s=/B) He s (1+/BAr) - /B (1-\/Bar)|
5—\/B>HF(SI—A)_IC'

F(8)

Il I
P

Il
()

where

A= /3 (I+ \/EAF)_1 (I— \/BAF)
¢ = (1+ \/BAF)_l(J

Rewrite G F as

Gp(s)=sHp (sT—A) " ¢ = \/BHp (sI—A) ' €
— Hp (s = A) (sT— A) " C+ HpA (sT— A) " ¢ — \/BHp (sI - A) ' €
— HpC — Hp (s - A)7' €,

where

PIF:HF( ﬁI—A).

Notice that

. -1 .
HpC = Hp (I+ \/BAF) C=Gp(c0) =Gp (—\/B)
Step Three: Write for s imaginary

PPN Iy ~ A —1 -
AL A . A A —1 THFI_{F HFHFC N (SI—A) C
01-CrpGp = (' (—s1 - A") 1) (c’HgHF 01 — C' B HpC
Notice that ,
01 —C'HrHpC =01 — Gp (—\/B) Gr (—\/5)

is nonsingular and in fact positive definite.

Step Four: Apply Corollary 13.20 of Zhou, Glover, and Doyle (1996) to conclude that
there exists a matrix F' such that:

01 — GGy = [I—C" (—sI—A’)*lF’} (61 — ' HpHpC) [I —F (sI—A)*lé} .
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Now inverse transform from s to . The following are useful formulas for carrying out
this transformation. First

R —1
A:\/E(I+\/EAF) (I—\/BAF).
Invert this relation to find that:

(I+ \/EAF)A: V/BI - BAp
VB (A+ /BI) Ap =~ (A= /BI)
AF:% (\/514-14)71 (V51 -4).

or

or

Similarly,

(s=VB) = -Vi(s+ V)

” (c+VA)s= V(e VA)

or _\/_
s:\/ﬁ(g+\/g)

Write:

[—F (sl - A) 10:1—(c+\/E)F[\/E(g—\/E)1—(c+\/ﬁ)Arlc
:I—(<+\/E)F[<( BI—A)—\/E(\/BI+A} ¢
1+ (c+ V) PU-can™ 5 (VBI+4)C
—I+(C;$)F(I cAp)~te
=Gr ()

Note that

I+ (C;—\/\gB)F(I—CAF)_lC:I—k%FC—F%F (I+ \/BAF) (I-cA)lc.

Define P implicitly by:

01 — C'PC = (I + %C”F’) {91 _c (I + \/EA’F) by (I + \/EAF) o c} (I + %FC) .
(7.D.3)
|
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E. Stochastic interpretation of H,

This appendix displays another game that implies Ho where the shocks w; are per-
mitted to be nonzero for ¢ > 0. Recall that w; is m x 1, where m is the number of

shocks. We continue to assume that w; = 0 for all ¢ < 0. We state

Game 1la: Choose (F,{w;}) to attain

o0
max inf — ﬂtzézt
o>
subject to
zg = Cwy
o0
Z 6twtw£ =o?]
t=0
(521015) ( = Wi J> =0Vj#0
t=0
?<

n

Equations (7.E.2b), (7.E.2¢) imply that

W(OW () =01, [¢|=/5,

Further, (7.E.3) implies (7.E.2b), (7.E.2¢c).

Game la has the following counterpart in the frequency domain:

Game 1b: Find (F7 02) that attain

o2

max inf —o? /F trace [GF ) Gp (C)} dX(Q),

subject to
o” <.

(7.E.1)

(7.E.2a)

(7.E.2b)

(7.E.2¢)

(7.E.2d)

(7.E.3)

(7.E.4)

(7.E.5)

We have substituted (7.E.3) into (7.3.7) to obtain (7.E.4). The solution of game
1b sets o2 at its upper bound 7, and sets F' to maximize the Hy criterion (7.3.6).
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7.E.1. Stochastic counterpart

Criterion (7.3.6) emerges when the shock process {w}72 is taken to be a martingale
difference sequence adapted to J;, the sigma algebra generated by xg and the history
of w, where Ewt+1w,§ +1]Jt = I. The martingale difference specification implies

Y () (57w ) = {7007 =0 (1.5.6)

o 0 otherwise.

Equation (7.E.6) is equivalent with EW (O))W (¢)' = ¢%(1 — 8)71 for ¢ € T'. With
this representation, (7.3.6) is proportional to —(1 — )" 'E Z;io Blaz, 14

14 gee Whiteman (1985b).






Chapter 8
Calibrating ¢ with detection probabilities

8.1. The role of randomness

Though we are really interested in random processes, most of our calculations
have been cast in terms of deterministic models. This has been true even when
we studied filtering problems. In omitting explicit mention of randomness, we
have exploited the mathematical structure of models with quadratic objective
functions, linear transition laws, and Gaussian disturbances. Control and fil-
tering of such models involve, after mathematical expectations have been taken
appropriately, deterministic manipulations of moment matrices. Thus, the cer-
tainty equivalence principle stated on page 27 implies that we would derive the
same decision rules had we included i.i.d. Gaussian shocks in the models.

In this chapter we explicitly include randomness in order to characterize
models that are difficult to distinguish from the approximating model using
moderate amounts of data. The presence of randomness in the transition law
conceals the distortion of the alternative model relative to the approximating
model and makes it statistically difficult to detect if the distortion is not too
big.

We use a statistical theory of detection to define a mapping from 6 to a
detection error probability for discriminating between the approximating model
and the endogenous worst case model associated with that 6. We use that
detection error probability to determine a context-specific 6 that is associated
with a set of alternative models against which it is reasonable to want to be
robust. !

1 In the context of continuous time models, Anderson, Hansen, and Sargent (2001) in-
vestigate the connection among detection error probabilities, a preference for robustness, and
alterations of market prices for risk.
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8.1.1. Approzimating and distorting models

For a given decision rule u; = —F'z;, we assume that the approximating model
makes the state evolve according to the stochastic difference equation

Tip1 = A,z + Cét+1, (811)

where now €,11 is an i.i.d. sequence of Gaussian disturbances with mean zero
and identity contemporaneous covariance matrix. We’ll represent a distorted
model as

Ti1 = Aot + C (€441 + Weg1) s

. (8.1.2)
= A.It + OetJrl

where A = A, + Ck(0), wiy1 = k(0)xt, and ey is another i.i.d. Gaussian
vector with mean 0 and identity covariance matrix. The transition densities
associated with models (8.1.1) and (8.1.2) are absolutely continuous with re-
spect to each other, i.e., they put positive probabilities on the same events.?
Models that are not absolutely continuous with respect to each other are easy
to distinguish empirically.

8.2. Detection error probabilities

Detection error probabilities can be calculated using likelihood ratio tests. Thus,
consider two alternative models. Model A is the approximating model (8.1.1),
and model B is the distorted model (8.1.2) associated with the context specific
worst case shock implied by 6. Consider a fixed sample of observations on the
state x¢,t =0,...,T —1. Let L;; be the likelihood of that sample for model j
assuming that model ¢ generates the data. Define the log likelihood ratio

L
Lij ’

where j # ¢ and i = A, B. When model i generates the data, r; should be
positive. Now consider the probabilities of two kinds of mistakes. First, assume

r; = log

that model A generates the data and calculate

pa = Prob (mistake|A) = freq (ra <0).

2 The two models (i.e., the two infinite-horizon stochastic processes) are locally absolutely
continuous in the sense defined in Hansen, Sargent, Turuhambetova, and Williams (2001).
The stochastic processes are not mutually absolutely continuous.
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Thus, pa is the frequency of negative log likelihood ratios r4 when model A
is true. Similarly, pp = Prob(mistake|B) = freq(rp < 0) is the frequency of
negative log likelihood ratios rg when model B is true. Call the probability of
a detection error
p(0) = % (pa +pB).

Here, 6 is the robustness parameter used to generate a particular model B by
taking the associated worst case perturbation of model A in light of a particular
objective function for a decision maker. The following section shows in detail
how to estimate the detection error probability by using simulations. In a given
context, we propose to set p(f) to a reasonable number, then invert p(6) to find
a plausible value of 6.

8.3. Details

We now describe how to compute detection error probabilities in some detail.

8.3.1. Likelihood ratio under the approximating model

A

Define w** as the worst case shock assuming that the underlying data generating

A A A

process is the approximating model, i.e., w” = kx® where =z is generated

under (8.1.1)). Define A = A, + Ck. Then we can express the innovation
under the worst case model as:

€41 = (C/C)_l Cl ($t+1 - Al’t) y

= &1 — Ky, (8.3.1)

- A
= €41 — Wiy

The log likelihood function under the approximating model is

T-1
1 1
logLaa = T E {log v27 + B (€t41 - €r41)}
P
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The log likelihood function for the distorted model, given that the approximating
model (8.1.1) is the data generating process, is

T—1
1 1
log Lap = -7 E {log v2m + 3 (€141 €41)},
=0 (8.3.2)

1= 1
= _T Z{log\/%-i- 5 (ét+1 - ’w?_i_l)l (ét—i-l - wﬁrl)}
t=0

Hence, assuming that the approximating model is the data generating process,
the likelihood ratio r4 is:

TA = logLAA —log Lag,

1, . (8.3.3)
-7 Z{ wﬁrl wt+1 w?ﬂ i1}

The second term can be expected to vanish as T" — oo, so the log likelihood ratio
converges to the average value of the one-step measure of entropy .5w{¥1 wﬁrl .

8.3.2. Likelihood ratio under the distorted model

Now suppose that the data generating process is the distorted model (8.1.2).
The innovations in the approximating model are linked to those in the distorted
model by é41 = €41 + wp |, where w2, = sz and 2P is generated under
(8.1.2).

Assuming that the distorted model generates the data, the log likelihood
function log Lpp for the distorted model is

T-1
1 1
logLpp = ~7 E {log V27 + 3 (€141 - €141)}- (8.3.4)
t=0

The log likelihood function log L g 4 for the approximating model, assuming that
the distorted model (8.1.2) generates the data is,

T-1
1 1
logLpa=—7 > {log vor + 5 (Ee+1 €v)},
=0 (8.3.5)

1 1
=7 Z{log\/%—i— 3 (€r41 + wﬁrl)l (€r41 + w,{il)}.
t=0
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Hence, the likelihood ratio rp, assuming that the distorted model is the data
generating process is

rg =logLpp —logLpa,

T-1

1 1 5 , (8.3.6)
=7 > {gwgﬂ wiiy +wiy el
t=0

As T — o0, this converges to the average value of one-period entropy .5wﬂ’1wﬂ1 .

8.3.3. The detection error probability

Attach equal prior weights to model A and B. Then the detection error prob-
ability is
1
p(0) = 3 (pa +pB), (8.3.7)
where p; = freq(r; <0),i = A, B. To compute p(6), we simulate a large number
of trajectories and calculate the empirical detection error probability.

8.3.4. Ball’s model

We now illustrate the use of detection error probabilities to discipline the choice
of 6 in the context of the simple dynamic model that Ball (1999) designed
to study alternative rules by which a monetary policy authority might set an
interest rate.® Ball’s is a ‘backward looking’ macro model with the structure

Yyt = —Prio1 —der—1 + & (8.3.8)
=1+ ayi—1 — v (er—1 — er—2) + M (8.3.9)
et = 0ry + vy, (8.3.10)

where y is the log of real output, r is the real interest rate, e is the log of the
real exchange rate, m is the inflation rate, and €, 1, v are serially uncorrelated
and mutually orthogonal disturbances. As an objective, Ball assumed that the
monetary authority wants to maximize

C:—E(Wf—l—y?).

3 See Sargent (1999) for further discussion of Ball’s model from the perspective of robust
decision theory.
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The government sets the interest rate r; as a function of the current state at ¢,
which Ball shows can be reduced to w, et .

Ball motivates (8.3.8) as an open-economy IS curve and (8.3.9) as an open-
economy Phillips curve; he uses (8.3.10) to capture effects of the interest rate
on the exchange rate. Ball set the parameters v, 0, 3,6 at the values .2,2,.6,.2.
Following Ball, we set the innovation shock standard deviations equal to 1,1, /2.

To discipline the choice of the parameter expressing a preference for ro-
bustness, we calculated the detection error probabilities for distinguishing Ball’s
model from the worst-case models associated with various values of ¢ = —671.
We calculated these taking Ball’s parameter values as the approximating model
and assuming that T = 142 observations are available, which corresponds to
35.5 years of annual data for Ball’s quarterly model. Fig. 8.3.1 shows these
detection error probabilities p(c) as a function of . Notice that the detection
error probability is .5 for ¢ = 0, as it should be, because then the approximating
model and the worst case model are identical. The detection error probability
falls to .1 for o ~ —.085. If we think that a reasonable preference for robust-
ness is to want rules that work well for alternative models whose detection error
probabilities are .1 or greater, then ¢ = —.085 is a reasonable choice of this
parameter. In the next section, we’ll compute a robust decision rule for Ball’s
model with ¢ = —.085 and compare its performance to the ¢ = 0 rule that
expresses no preference for robustness.

8.3.5. Robustness in a simple macroeconomic model

We briefly illustrate how the detection error probabilities for Ball’s model from
Fig. 8.3.1 can be used to guide plausible the selection of defensible values of 6.
We show a graph that quantifies the robustness attained by different settings of
0.

We use Ball’s model to illustrate the robustness attained by alternative
settings of the parameter 6. For Ball’s model, we present Fig. 8.3.2 to show
that while robust rules do less well when the approximating model actually
generates the data, their performance deteriorates more slowly with departures
of the data generating mechanism from the approximating model.

Fig. 8.3.2 plots the value C' = —E(n? + y?) attained by three rules under
the alternative data generating model associated with the worst case model for
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Coasf g
=

0 L L L
-0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0
<

Figure 8.3.1: Detection error probability (coordinate axis)
as a function of 0 = —0~! for Ball’s model.

the value of ¢ on the ordinate axis.* The rules are those for the three values
o =0,—.04,—.085. Recall how the detection error probabilities computed above
associate a value of # = —0.085 with a detection error probability of about
.1. Notice how the robust rules (those computed with preference parameter
o = —.04 or —.085) have values that deteriorate at a lower rate with model
misspecification (they are flatter). Notice that the rule for ¢ = —.085 does
worse than the 0 = 0 or ¢ = —.04 rules when ¢ = 0, but is more robust in
deteriorating less when the model is misspecified.

4 Following the risk-sensitive control literature, we transform 6 into the risk-sensitivity
parameter o = -1,
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Figure 8.3.2: Value of C = —E(7? + y?) for three decision
rules when the data are generated by the worst-case model
associated with the value of o on the horizontal axis: ¢ =0
rule (solid line), o = —.04 rule (dashed-dotted line), o =
—.085 (dashed) line.



Chapter 9
A permanent income model

9.1. Introduction

Because economists have so much intuition about it, the permanent income
model is a good laboratory for exploring the consequences of fears about model
misspecification. A decision maker who distrusts his specification of his en-
dowment process engages in a kind of precautionary savings that comes from
his worst-case slanting of the probability law for the endowment process.? We
use the Stackelberg multiplier game of chapter 6 to help us interpret how this
probability slanting manifests itself in the permanent income model.

The permanent income model is also a good vehicle for gathering intuitions
from the frequency domain approach of chapter 7. A permanent income con-
sumer is patient enough to smooth high frequency fluctuations in income. But
he is not be patient enough to smooth low frequency (i.e., very persistent) in-
come fluctuations. Recognizing that low frequency income fluctuations cause
the consumer the most trouble, the minimizing agent makes the worst case
shocks persistent, an outcome that informs the consumer that his decision rule
is most fragile with respect to low frequency misspecifications of the income pro-
cess. The robust permanent income consumer responds to those more persistent
worst case shocks by saving more than he would if he had no doubts about his
endowment process. He engages in a form of precautionary savings that pre-
vails even when he has quadratic preferences, which distinguishes it from the
ordinary form of precautionary savings that emerges only with preferences that
have convex marginal utilities.

We apply the label ‘precautionary’ because the effect increases with the
volatility of innovations to endowments under the consumer’s approximating

model and because it also depends on the parameter 6 that indexes his concern

1 This context-specific slanting corresponds to that mentioned by Fellner in the passage
cited on page 32 of chapter 1.
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about robustness. Our model of precautionary savings exhibits the usual symp-
tom that it modifies the certainty equivalence present in the linear-quadratic
permanent income model. However, our model keeps the marginal propensity
to save out of financial wealth equal to that out of human wealth, in contrast
to models like those of Cabellero (XXXX) and BLANK (XXXX), where pre-
cautionary saving makes the marginal propensity to save out of human wealth
exceed that out of financial wealth.?

To explore these issues, this chapter uses an equilibrium version of a per-
manent income model that Hansen, Sargent, and Tallarini (1999) (HST) esti-

mated for U.S. consumption and investment data.?

We restate (and extend
in appendix B) an observational equivalence result of HST, who showed that a
concern about robustness increases saving just as would increasing the discount
factor. Therefore, there exists an appropriate alteration of the discount factor
that can offset the effect on the consumption and investment allocation of a
change in the robustness parameter 6. HST thereby established that consump-
tion and investment data alone are insufficient to identify both the robustness
parameter  and the subjective discount factor 3.# We use the Stackelberg mul-
tiplier game from chapter 6 to shed more light on the observational equivalence
proposition and the impact on decision rules of distortions in the conditional
expectations under the worst case model. We also state another observational
equivalence result for a new baseline model and use it to show that activating
a concern about robustness still equalizes the marginal propensities to save out
of human and nonhuman wealth.

In addition, this chapter illustrates how the detection error probabilities
of chapter 8 can discipline plausible choices of # and provides some numerical
examples of how much robustness can be achieved by rules designed with various
settings of 6. In chapter 11, we describe how to decentralize the allocation
chosen by the planner in the economy of this chapter. Then in chapter 12, we

2 See Neng Wang (XXXX) for a treatment of how precautionary saving without robustness
separates the marginal propensities to consumer out of financial and non-financial wealth.

3 Hall (1978), Campbell (1987), Heaton (1993), and Hansen, Roberds, and Sargent (1991)
have applied versions of this model to aggregate U.S. time series data on consumption and
investment.

4 Despite their failure to affect the consumption allocation, HST showed that such vari-
ations in (o, 3) do affect the relevant stochastic discount factor and therefore the valuation
of risky assets. We shall take up asset pricing implications of the robust permanent income
model in chapter 12.
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use that decentralized economy as a laboratory for studying ways to represent
the effects on asset prices of a concern about robustness.

9.2. A robust permanent income theory

HST’s model features a planner with preferences over consumption streams
{e:1}5°,, intermediated through service streams {s:}{°,.%> Let b be a prefer-
ence shifter in the form of a utility bliss point. The Bellman equation for the
robust planner is

—a2' Pz — p = sup inf{— (s —b)? + B8 (0w'w — Ey Py — p)} (9.2.1)

where the maximization is subject to

s=1+XNc—Ah (9.2.2a)

h* = éph + (1 — 5h) c (9.2.2())
k* = Ok +i (9.2.2¢)
cti=n~k+d (9.2.2d)
{Z] — Uz (9.2.2d)
2" = Agaz 4+ Co (e + w) (9.2.2¢e)
x=[h k =z]. (9.2.2f)

Here * denotes next period’s value, F is the expectation operator, ¢ is consump-
tion, s denotes a scalar service measure, and the law of motion mapping this
period’s state x into next period’s state y will be defined below. As usual, the
penalty parameter 6§ > 0 governs concern about robustness to misspecification
of the endowment process d and the preference shock process b embedded in
(9.2.2d) and (9.2.2e). HST assumed that the eigenvalues of A3y are bounded in
modulus by unity. We transform @ to the risk-sensitivity parameter o = —71.
In (9.2.1), a scalar household service s; is produced by the scalar consumption
¢ via the household technology (9.2.2a) and (9.2.2b), namely,

St = (1 + )\) Ct — Ahtfl (923&)
ht = 6hht_1 + (1 - 5h) Ct (923b)

5 The model fits within the framework described in chapter 10. See page 256 for an
additional stability condition that must be imposed.
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where A > 0 and d;, € (0,1). System (9.2.3) accommodates habit persistence
or durability as in Ryder and Heal (1973), Becker and Murphy (1988), Sundare-
san (1989), Constantinides (1990) and Heaton (1993). By construction, h; is
a geometric weighted average of current and past consumption. Setting A > 0
induces intertemporal complementarities. Consumption services depend posi-
tively on current consumption, but negatively on a weighted average of past
consumption, a reflection of ‘habit persistence’.

There is a linear production technology (9.2.2d) where the capital stock
k* at the end of period ¢ evolves according to (9.2.2¢), where i; is time ¢
gross investment, and {d;} is an exogenously specified endowment process. The
parameter v is the (constant) marginal product of capital, and d; is the de-
preciation factor for capital. HST specified a bivariate (‘two-factor’) stochastic
endowment process: d¢ = uq+d; + dy. They assumed that the two endowment
processes are orthogonal and that both obey second order autoregressions:

(1= 1) (1= 9o L) d; = ca (e +ufl)

(1—a1L) (1 —agl)d = c; (ef + wf)

where the vector €; is i.i.d. Gaussian with mean zero and identity covariance

matrix, and w{ ,w¢ are distortions to the means of €/ ,ef. HST estimated

values of the ¢;’s and «;’s that imply that the df process is more persistent
than the d, process, as we see below.

Solving the capital evolution equation for investment and substituting into
the linear production technology gives

c + kt = Rkt_l + dt (924)
where
R=0r+~

which is the physical gross return on capital, taking into account that capital

depreciates over time.”

6 For two observed time series (ct,it), HST’s econometric specification needed at least
two shock processes to avoid ‘stochastic singularity’.
7 For HST’s decentralized economy, R coincided with the gross return on a risk free asset.

["income4"]
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The state vector can be taken tobe «j = [hy—1 ki—1 dy—1 1 d¢ df df_, ]'

(see Hansen, Sargent, and Wang (2002)). There is a set of state transition equa-
tions indexed by a {ws11} process:

Tip1 = Azxy + Buy + C (wt+1 + 6t+1) (925)

where u; = ¢; and wj; = [wl, wfl;rl ] is the distortion to the conditional
mean of €;41. Let J; be the sigma algebra induced by {zg,€e5,0 < s <t}. We
impose that the components of the solution for {ct, ht,k:} belong to LZ, the
space of stochastic processes {y;} defined as:

Li={y:yiisin J; for t =0,1,... and EZR_t (0)* | Jo < +00}.
=0

Given zg, the planner chooses a process {c, k;} with components in L2 to
solve the Bellman equation (9.2.1) subject to versions of (9.2.3), (9.2.4).% Soon
we’ll discuss HST’s parameter values and some properties of their numerical
solution. But first we show that in terms of its effects on consumption and
investment, more concern about robustness works just like an increase in the
discount factor.?

8 We can convert this problem into a special case of the control problem posed in chapter
6 as follows. Form a composite state vector z+ as described above, and let the control be
given by s; — by. Solve (9.2.3a) for c¢; as a function of sy — b, by and hy_1 and substitute
into equations (9.2.3b) and (9.2.4). Stack the resulting two equations along with the state
evolution equation for z; to form the evolution equation for z;4q.

9 However, in chapter 12, we show that (3, 0) pairs that are observationally equivalent for
consumption and investment nevertheless imply different prices for risky assets.
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9.3. Solution when ¢ =0

We apply results from chapter 6 to show that the robust decision rule for o < 0
also solves a ¢ = 0 version of the model in which the maximizing agent in
(9.2.1) replaces the approximating model with a particular distorted model for
[dy, bi]. We shall eventually use that insight to study the identification of o and
0. To begin, this section solves the o = 0 model.

9.3.1. The ¢ =0 benchmark case

This subsection computes a solution of the planning problem in the o = 0 case.
Though we shall soon focus on the case when SR = 1, we also want the solution
when BR # 1. Thus, for now we allow SR # 1. When o = 0, the decision
maker’s objective reduces to

E025t (s¢ — b)) (9.3.1)

Formulate the planning problem as a Lagrangian by putting random Lagrange
multiplier processes 26%ug on (9.2.3a), 28%up: on (9.2.3b), and 28y on
(9.2.4). First-order necessary conditions are

pst = by — st (9.3.2a
pret = (1+A) prse + (1 — 0n) pane
Hht = 5Et [5h,uht+1 - )\,Mst+1]

et = BREfici1 (9.3.2d

and also (9.2.3), (9.2.4). Equation (9.3.2d) implies that Fipici+1 = (BR) ™ pter -
Then (9.3.2b) and (9.3.2¢) solved forward imply that fus, upe must satisfy
Eipisir1 = (BR) g and Eyppeyr = (BR)  pune. Therefore, ug has the rep-
resentation

st = (BR)_l tst—1 + V'€ (9.3.3)

for some vector v. The endogenous volatility vector v will play an important
role below, and we shall soon tell how to compute it.

Use (9.3.2a) to write s; = b — ust, substitute this into the household
technology (9.2.3), and rearrange to get the system

A
Ct = ——— (bt — ust) + H—Ahtil (934&)
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hy = Sphe_y + (1 - Sh) (be — pist) (9.3.4b)
where &), = 61":)\)‘ . Equation (9.3.4b) can be used to compute
= - R (1-14p)
—J . _(1_p-1 1 h ‘
EtjgoR hitj—1 = (1 R 5h) ht-1+————m< ( 15h EtZR bt+g NstJrj) .
(9.3.5)

For the purpose of solving the first-order conditions (9.3.2), (9.2.3), (9.2.4)
subject to the side condition that {c, k:} € L, treat the technology (9.2.4) as
a difference equation in {k:}, solve forward, and take conditional expectations
on both sides to get

kir =Y RUTVE (e — duy;).
=0

(9.3.6)

Use (9.3.4a) to eliminate {c;y;} from (9.3.6), then use (9.3.3) and (9.3.5).
Solve the resulting system for ps to get

pst = Wikeoy + Woheo1 + W3 Y R™IEbyyj+Vay R Edeyy,

(9.3.7)
j=0 j=0
where
—R-15
Uy=—(1+ANR(1-R2571) 1~ R on _
—R*15h+/\(1—5h)
Uy = A(lf p )~ (9.3.8)
—R15, 4 A (1 — 5h)
Uy =(1-R?p7H)
U, = R~1,.

Equations (9.3.7), (9.3.4), and (9.2.4) represent the solution of the planning
problem when ¢ = 0.19

10" When BR =1, (9.3.7) makes ugt depend on a geometric average of current and future
values of by. Therefore, the optimal consumption service process and optimal consumption
both depend on the difference between b; and a geometric average of current and expected
future values of b. So there is no ‘level effect’ of the preference shock on the optimal decision
rules for consumption and investment. However, the level of b; will affect equilibrium asset

prices.
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To compute v in (9.3.3), it is useful to notice that formula (9.3.7) can be
rewritten as

:uSt = (6R)71 ,Ustfl + (1)3 ZR_‘j (EtbtJrj — Etflbthj)
t=0

+ Py Z R (Eydiyj — Er—1dy )
=0

(9.3.9) ["murepresentation "]

where

fst—1 = Prki—1 + Pohi1 + P3 Z R B _1byj + @4 Z RE_1dy;.
=0 P

The terms ®3 Zfio R (Etbt+j_Et71bt+j) and §y Z:io R (Etdthj_Etfldthj)
are scalars W3 and W, times the innovations at ¢ in the present values of b,

and d;, respectively. Let the moving average representations for b; and d; be
by = G (L) € (9.3.10) ["mab "]
di = Ca (L) e, (9.3.11) ["mad "]

where from (9.2.2¢) (,(L) = Up(I— Ao L) 1Cy and (4(L) = Uy(I— Az L) 1C5.
By applying a formula of Hansen and Sargent (1980XXX), it is easy to show
that the innovations in the present values of b; and d;, respectively, equal
the present values of the moving average coeffients in these moving average
representations. !t Therefore, representation (9.3.9) can be rewritten as

fse = (BR) ™ prse—1 + [UaG (R7Y) + Wala (R7Y)] €. (9.3.12) ["murep2"]
Comparing this with (9.3.3), we see that
v="U3G (R) 4+ Wala (R7). (9.3.13) ["hsoffset1"]

An equivalent way to compute v is to note that formula (9.3.7) for ps can

be represented in matrix notation as

st = Mgxy (9.3.14) ["muslaw "]
Ty = AOZCt_l + CEt (9315) ["xlaw "]

11 The present value of the moving average coefficients plays an important role in linear
quadratic permanent income models. See Flavin (XXX) , Campbell (XXX), and Hansen,
Roberds, and Sargent (xXXX).
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where x; is the state vector ki_1, he—1, 2¢, where 2z, = [dy—1 1 dy df df_, ]'
the matrix M is determined by equations (9.3.7) and the laws of motion for
bs,di, and A,,C tell the law of motion for the entire state under the optimal
rule for ¢;.1? Tt follows that us = MA.xi—1 + MCe,, which must agree with
(9.3.3), so that ps;—1 = MsA,xi—1 and

V' = M,C (9.3.16)

The scalar oo = v/v/'v plays an important role in the argument below. It obeys

o= /M,CC'M!. (9.3.17)

In the widely studied special case that A = §, = 0, so that s; = ¢; and
tst = by — ¢r, (9.3.7), (9.3.8) imply that the marginal propensity to consume
out of “non-human wealth” defined as Rk;_1 and the marginal propensity to
consume out of “human wealth” defined as Z;io R Eidi4; both equal - .
It is a well known feature of the linear-quadratic model that these marginal
propensities to consume are equal. Notice that human wealth is formed by
discounting expected future endowments at the risk-free rate.

9.3.2. Observational equivalence (for quantities) of o =0 and o # 0

In the o0 = 0 case, HST followed Hall (1978) and imposed that SR = 1. HST
then showed that for fixed values of all other parameters, there is a set of (3, 0)
pairs that leave the consumption-investment plan unaltered. In particular, if as
we vary o we also vary 3 according to'3

A 1 oo

plo)= g+ 57 (9.3.18)

2 = Vv, where

then we leave unaltered the decision rules for (c,i;). Here «
v as defined in (9.3.13) is a vector in the following martingale representation
for the marginal utility of services ug; that prevails as a special case of (9.3.3)
when ¢ =0 and R = 1:

!
st = Ust—1 + V €.

12 Here C is the matrix that appears in (9.2.5) above. See Hansen and Sargent (20XX)
for fast ways to compute Ao, Ms,C for a class of models that includes that of this chapter.
3 See footnote 22.
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(Also see equation (9.3.12)). This section explains how HST constructed the
locus identified by (9.3.18).

9.3.3. Observational equivalence: intuition

Here is the basic idea underlying the observational equivalence proposition. A
single factor us effectively summarizes all of the endogenous state variables in
the model. When SR =1 and o = 0, it has the law of motion

fhst = Pst—1 + V'€
which can also be represented as
Pst = [hst—1 + Q€ (9.3.19)

where €; is a scalar i.i.d. process with zero mean and unit variance and «
verifies aé; = '¢;. We generate our observational equivalence result by reverse
engineering. We activate a concern about robustness by setting o < 0, but
insist that (9.3.19) continue to be the approximating model for pg . In this
way, we freeze the (c¢;,4;) allocation. For o < 0, the worst-case model for pg;
is evidently then

tst = Mst—1 + (€ + Wy) (9.3.20)

or
pst = (L+ aK (0)) pst—1 + oy (9.3.21)

where wy = K(o)ust—1. Now with a concern about robustness, the decision
maker’s choices conform to the Euler equation E’msHl = (BAR)’1 lst Where E’t
is evaluated with respect to the distorted model (9.3.21) and £ is a new value
for 5. We want this distorted model to be associated with the approximating
model (9.3.19). But according to (9.3.21), if the approximating model is to be
(9.3.19), then Eyjig1 = (14 K(0)a) s . Thus, we want to find a replacement
3 for 3 that enables us to verify (3R)~™' = (14 aK(0)), where K (o) solves
the minimization problem that gives rise to the worst case shock. In effect, we
want to solve (3R)™! =1+ aK (o) for § as a function of o. The formal proof
of observational equivalence shows that a B that satisfies (9.3.18) does the job.
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9.3.4. Observational equivalence: formal argument

Following HST, we begin by assuming that SR =1 when o = 0. We state

Theorem 9.3.1. (Observational Equivalence, I)  Fix all parameters, includ-
ing R, except (8,0). Suppose SR =1 when o = 0. There exists a ¢ < 0 such
that for any o € (g,0), the optimal consumption-investment plan for ((3,0) is

also chosen by a robust decision maker when parameter values are (3(o), o) and
where (3(c) < (3 satisfies (9.3.18).

Proof. The proof of the proposition is constructive. Begin with a solution
{3, @, k¢, hi} for a benchmark o = 0, 3R = 1 economy, then form a comparison
economy with a o € [g, 0], where ¢ is the lowest value for which the solution of
(9.3.25) reported below is real. The comparison economy fixes all parameters
except (o,0) at their values for the benchmark economy. We then construct
a discount factor 3 < 3 for which {34, @, k¢, he} is also the allocation for the
o < 0 economy.
When SR =1, (9.3.3) becomes

Mst = Mst—1 + V/Et. (9322)

The optimality of the allocation under the original (0,3) implies that (9.3.22)
is satisfied, which in turn implies that Fipicer1 = per and (9.3.7) are satisfied
where E; is the expectation operator under the approximating model. We seek
a new value ¢ < 0 and an associated value 3(c) for which: (1) (9.3.22) remains
satisfied under the approximating model; (2) the robust decision maker chooses
the (7) allocation, which requires that BREijucir1 = fier,"* where E is the
expectation with respect to the worst case model associated with (o, B) when
the approximating model obeys (9.3.22). However, when the approximating
model satisfies (9.3.22), the worst case model associated with (o, 3) implies that
E’mctH = f (B)uct, where f > 1 can be found by solving the pure forecasting
problem % associated with law of motion (9.3.22), one-period return function
—pu2, = —(by — 5¢)?, and discount factor 3. If the o-robust decision maker is to
choose a decision rule that sustains (9.3.22) under the approximating model, so
that (1) and (2) both prevail, § must verify

BR¢ (ﬁ) =1 (9.3.23)

14 This is the robust decision maker’s Euler equation for capital.
15 See page 172 for the definition of a pure forecasting problem.
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To complete the argument, we compute é (B) by solving a pure forecasting
problem to find the distorted expectation operator E,. We use the recipe
given in formulas (6.B.9) on page 169 and (6.B.25) and (6.B.26) on page
172. Taking (9.3.22) as given under the approximating model and noting that
p2, = (by—s¢)?, the evil agent in the pure forecasting problem seeks to minimize
= > B3 + B%wfﬂ) under the distorted law g = psi—1 + qwy, where
a = Vv (see (9.3.22)). Taking us as the state, the evil agent’s Bellman
equation (6.B.26) is1®

1
—Pp? = —p2 + fmin (——w2 — P(us+ aw)Q) . (9.3.24)
w o

The scalar P that solves (9.3.24) is

ﬂ—1+aa2+\/(ﬂ—1+aa2)2+4aa2

—2002

—P ()= (9.3.25)
Let CA = A+ CK =1+ aK, where w = Kpus is the formula for the worst case
shock and A+ CK is the state transition matrix for the distorted law of motion
in chapter 6. Applying formula (6.B.20) for K in chapter 6 to the current
problem gives
EtMst—i—l = Cﬂst (9326)

where 2p (5)

PO ca’P 1

¢=¢) + 1—0a?P(B) 1—0a?P(PB)
Hansen, Sargent, and Wang (2002) solve (9.3.23), (9.3.25), and (9.3.27) to
obtain

(9.3.27)

A 1 oo’

plo)=g+5—7 (9.3.28)

For o € [o,0], equation (9.3.28) defines a locus of (o, 3)’s, each point of which
is observationally equivalent to (0, 3) for observations on (ct, k) because each
supports the benchmark (o = 0) allocation. |

This proposition means that with the appropriate adjustments in 8 given by
8 (o), the robust decision maker chooses precisely the same quantities {c;, ki } as

16 we exploit certainty equivalence and ignore the stochastic parts of the Bellman equation
and the law of motion for ps.
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a decision maker without a concern for robustness. Thus, as far as these quantity
observations are concerned, the robust (o < 0) version of the permanent income

model is observationally equivalent to the benchmark (o = 0) version.!”

9.3.5. Precautionary savings interpretation

The consumer’s concern about model misspecification activates a particular kind
of precautionary savings motive that underlies our observational equivalence
proposition. A concern about robustness inspires the consumer to save more.
Decreasing his discount factor induces the consumer to save less. The obser-
vational equivalence proposition asserts that these two effects can be forced to
offset each other.

The following experiment highlights the precautionary motive for savings.
Take the base model with ¢ = 0 used in our proof of Theorem 9.3.1. Then
activate a concern about robustness by setting ¢ < 0, but offset its effect on
consumption by setting 8 equal to B(o). Notice that B(o) depends on the
volatility parameter o. Consider a (o,3(c)) pair corresponding to a given
a > 0. The innovation volatility associated with a positive o means that fu-
ture endowments are forecast with error. If future endowments and preference
shifters could be forecast perfectly, then at the value g = B(U), the consumer
would choose to make his capital stock, and therefore also his consumption, drift
downward because discounting is large relative to the marginal productivity of
capital. Investment would be sufficiently unattractive that the optimal linear

17 The asset pricing theory developed by HST which is encoded in (9.3.23) implies that the
price of a sure claim on consumption one period ahead is R~ for all ¢ and for all (o, ,3) in the
locus (9.3.18). Therefore, these different parameter pairs are also observationally equivalent
with respect to the risk-free rate. In this model, the technology (9.2.4) ties down the risk-free
rate. For a version of the model with quadratic costs of adjusting capital, the risk-free rate
comes to depend on o, even though the observations on quantities are nearly independent of
0. See Hansen and Sargent (1996).
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rule would eventually send both consumption and capital below zero.® ' How-
ever, when randomness is activated (i.e., the innovation variances are positive),
this downward drift is arrested or even completely offset, as it is in our obser-
vation equivalence proposition. Thus our robust control interpretation of the

permanent income decision rule delivers a form of precautionary savings.

The precautionary savings coming from a concern about robustness differs
in structure from another, perhaps more familiar, kind of precautionary savings
that has attracted much attention in the macroeconomics literature and that
emerges when a positive variance of the innovations to the endowment process
interacts with a convex derivative of the marginal utility of consumption.?°
In contrast, the precautionary savings induced by a concern about robustness
emerges because the consumer wants to protect himself against mistakes in
specifying conditional means of shocks to the endowment. Thus, a concern for
robustness inspires precautionary savings because of the way fears of misspec-
ification are expressed in conditional first moments of shocks. This type of
precautionary saving does not require that the marginal utility of consumption
be convex and occurs even in models with quadratic preferences.

A concern about robustness affects consumption by slanting probabilities
in the way described by Fellner in the passage cited on page 32 of this book.
The household saves more for a given 3 because it makes pessimistic forecasts
of future endowments. Precisely how pessimism manifests itself depends on the
detailed structure of the permanent income model and the temporal properties
of the endowment process, as we shall discuss in the next section.

18 Introducing nonnegativity constraints in capital and/or consumption would induce non-
linearities into the consumption and savings rules, especially near zero capital. But investment
would remain unattractive in the presence of those constraints for experiments like the one we
are describing here. See Deaton (1991) for a survey and quantitative assessment of consump-
tion models with binding borrowing constraints.

19 As emphasized by Carroll (1992), even when the discount factor is small relative to the
interest rate, precautionary savings can emerge when there is a severe utility cost for zero
consumption. Such a utility cost is absent in our formulation.

20 Take the Euler equation EiBRu'(ct41) = u/(ct) and assume that SR = 1 so that
Eyu!(cpq1) = uw/(c). If v/ is a convex function, then applying Jensen’s inequality implies
Eici41 > ct, so that consumption is expected to grow when the conditional distribution of
c¢+1 1s not concentrated at a point. Such consumption growth reflects precautionary savings.
See Ljungqvist and Sargent (2004XXXX, chapter 16) for an analysis of these precautionary
savings models.
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9.4. Observational equivalence and distorted expecta-
tions

In this section, we use insights from the Stackelberg multiplier game on page
155 to interpret Theorem 9.3.1. In the Stackelberg multiplier game, decisions
for the maximizing player can be computed by solving his Euler equations using
a particular distorted law of motion to form conditional expectations of the
shocks. 2!

In the benchmark ¢ = 0,8R = 1 case that is contemplated in Theo-
rem 9.3.1, the solution of the planning problem is determined by equations
(9.3.4), (9.2.4), and (9.3.7) where the U,’s satisfy (9.3.8) with SR = 1. For
a o € [o,0) and a 3 = (0), the decision rule for the robust planner is char-
acterized by equations (9.3.4), (9.2.4), and the following modified version of
(9.3.7):

Hst = \illktfl + \ifght,1 + \113 Z R_jEtbt+j + \114 Z R_jEtdt+j, (941)
j=0 Jj=0

where W; are determined by (9.3.8) with 3 = B(0); and E; is the conditional
expectation operator with respect to the distorted law of motion for the state z;.
The observational equivalence Theorem 9.3.1 implies that (9.4.1) and (9.3.7)
are identical solutions for pg . By eliminating the terms in expected future
values, the solutions (9.3.7) and (9.4.1) can also be expressed as pss = Myxy
and ps = Msxt. Observational equivalence requires that M, = Ms. This
requires that the \i/j 's and F mutually adjust to keep M, fixed.??

To expand on this point, consider the special case that A = §, = 0, so that
we need not retain h;_1 as a state variable. Also, assume for simplicity that
b; = b, so that the preference shock is constant. Shutting down the volatility
of b prevents distortions in it from affecting the robust decision rule. Then

21 While the timing protocol for the Stackelberg multiplier game differs from the Markov
perfect timing embedded in game (9.2.1), chapter 6 showed that identical equilibrium out-
comes and recursive representations of equilibria prevail under the two timing protocols.

22 Note from formula (QEq.hsoffset2@) that Ms determines «, a key parameter defining
the observational equivalence locus (9.3.18). Thus, because M remains fixed, so does a so
long as (3, 0) respect (9.3.18).
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equating the right sides of (9.3.7) and (9.4.1) gives

0= (Wa—0a) Ry + (W= 05) (1= R7) '

> . R . (9.4.2)
+ Uy Y R7Edry;— sy R By
=0 =0

where U; without hats denotes values of ¥; that satisfy (9.3.8) and those with
hats satisfy (9.3.8) evaluated at 3 = 3(¢). Equation (9.4.2) shows how the
observational equivalence result asserts offsetting alterations in the coefficients
¥, and the distorted expectations operator E, used to form the expected sum
of discounted future endowments that defines human wealth. 23

The distorted expectations operator is to be interpreted in terms of the
recursive formulation of the maximizing player’s problem in game 1 of chapter
6, the multiplier game game in sequences. (see section 6.5.1, pages 150-155).
The Euler equation approach used to derive (9.3.7) or (9.4.1) presumes the fol-
lowing timing protocol. After the minimizing player has committed to an entire
path for the w41 process, the maximizing agent faces the following recursive
representation of the motion for the endowment and preference shocks:

Xt+1 = (A — BF (0’) + CK (0’)) Xt + C€t+1 (943@)
{Z‘j = S5X, (9.4.3b)

where €41 is an i.i.d. shock identical in distribution to that of €;41 .24 Because
the minimizing player has committed himself to a stochastic process for {ws41}
that implies the recursive representation (9.4.3) of the endowment and prefer-
ence shock processes, the maximizing player takes the X; process as exogenous
and uses the forecasting rule £;X;,; = (A— BF(0) +CK(c)) X; to form fore-
casts of (byyj,dit;) in (9.4.1). These forecasts, together with (9.4.1), (9.3.4),
Ty

X
After computing the decision rule as a function of x;, X;, we equate x; = X;;

and (9.2.4) can be solved as in chapter 6 for a decision rule ¢, = —F

that gives the maximizing agent’s decision rule in the form ¢, = —Fx;.%°

23 XXXXX We confirmed this in the program hst4.m in the subdirectory hst.

24 19 (9.4.3), X; is used to attain a recursive representation of the distorted endowment
and preference shock process and to keep it exogenous to the maximizer’s decisions.

25 The procedure of first optimizing, then setting x; = X to eliminate X; is a common
way of formulating rational expectations equilibria in macroeconomics, where it is sometimes
called the ‘Big K, little k’ method.
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9.4.1. Distorted endowment process

Fig. 9.4.1 and Fig. 9.4.2, illustrate the probability slanting that leads to pre-
cautionary savings. The figures assume HST’s parameter values (see Appendix
A)26 and record impulse response functions for the total endowment d; under
the approximating model and a worst-case model associated with ¢ = —.0001,
where (3 is adjusted according to (9.3.18) as required under our observational
equivalence proposition to preserve the same decision rule F(o) for different
0’s. 27

For the approximating and the worst case model for ¢ = —.0001, the
figures report the response of the total endowment d; to innovations e; and
€; in the relatively permanent and transitory components of the endowment,
d;, cit, respectively. Under the distorted model, the impulse response functions
diverge and the eigenvalue of A— BF(c)+ CK (o) that has maximum modulus
increases from its value of unity under the approximating model to 1.0016.

The distorted endowment processes respond to innovations with more per-
sistence than they do under the approximating model. With a fixed 3, the
increased persistence makes the agent save more than under the approximating
model, which the observational equivalence proposition offsets by decreasing the
household’s patience via (9.3.18).

Fig. 9.5.1 and Fig. 9.5.2 record impulse response functions for the total en-
dowment d; under the approximating model and a worst case model associated
with ¢ = —.0001, where B is held fixed at HST’s benchmark value. Because
these figures do not adjust the discount factor according to (9.3.18) as was done
for Fig. 9.4.1 and Fig. 9.4.2, the distorted impulse response functions deviate
from those of the approximating model even more than those of these earlier
figures. The reduction in S from (9.3.18) works through two channels to make
the o < 0 decision rule equal to that for a o = 0 rule: (1) it brings the distorted
impulse response functions closer to those of the approximating model, and (2)
more impatience combats the precautionary savings motive.

26 XXX These figures are computed by hst4.m.
27 The observational equivalence proposition makes the decision rules equivalent under the
approximating model.
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response to first shock
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Figure 9.4.1: Response of total endowment d; to innovation
in ‘permanent’ component d; under the approximating model
(dotted line) and the distorted model associated with the
worst case shock (dashed line) for the o = —.0001, 8 = ((0)

model.

9.5. Another view of precautionary savings

As an aid to interpret the precautionary savings motive inherent in our model,
appendix B asserts another observational equivalence proposition. Theorem 9.B.1
takes a baseline case where SR = 1 and shows that in its effects on (¢, i), ac-
tivating a concern for robustness operates just like an increase in the discount
factor. This result is useful because the SR = 1 case forms a benchmark in
the permanent income literature (for example, see Hall (1978)). Theorem 9.B.1
shows that the effects of raising a concern for robustness by putting ¢ < 0 are
replicated by simply raising 8 so that SR > 1.

To use this result to shed more light on how the precautionary motive
manifests itself in the decision rule for consumption, we consider the important
special case that § =\ = 5 =0. Then st = pet = b — ¢ and the consumption
Euler equation (9.3.2d) without a concern about robustness becomes

b—ct = E¢[(BR) (b— c41)].-
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response to second shock
T T T

0.1

Figure 9.4.2: Response of total endowment d; to innovation
in ‘transitory’ component d; under the approximating model
(solid line) and the distorted model associated with the worst
case shock (dotted line) for the o = —.0001, 5 = (o) model.

If SR > 1, this equation implies that b — ¢; > Ey(b— ¢441) or

c < Eyepqq, (9.5.1) ["nengtrick "]

so that the optimal policy is to make consumption grow on average.

Theorem 9.B.1 shows that when SR =1, a concern about robustness (o <
0) has the same effect on ¢, i as setting o = 0 and setting a particular 8 for
which SR > 1. Therefore, when R = 1, the precautionary saving that occurs
when o < 0 is follows from (9.5.1). Activating a concern about robustness
imparts an upward drift to the expected consumption profile.

We can also use Theorem 9.B.1 to say some things about the decision rule
for consumption in our special case that A = § = 6 = 0. The solution (9.3.8)
for ¢ = 0 implies the consumption rule

N RA) ' -1
¢ = (1 — R_Qﬁ_l) Rk, + Ey ZR_]dtJ,_j + <(§{)f1> b. (9.5.2) ["consfunction "]
j=0
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Notice that the marginal propensity to consume out financial wealth Rk;_q
equals that out of human wealth F; Z;io R diyj .28 Further, an increase in
0 decreases the constant + ((R%)%) b and increases the marginal propensity
to consume 1 — R723. Relative to the baseline SR = 1 case, raising § raises
the marginal propensity to consume out of wealth by R~!(1 — (R3)~!). This
increase in the marginal propensity to consume still allows wealth to have an
upward trajectory because of the reduction in the second term (R%)%b.
Tom: expand this transition

The following section views the precautionary savings motive from the fre-

quency domain.

response to first shock
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Figure 9.5.1: Response of total endowment d; to innovation
in ‘permanent’ component d;f under the approximating model
(solid line) and the distorted model associated with the worst
case shock (dotted line) for 0 = —.0001, with 3 at benchmark

value.

28 This implication of precautionary savings coming from robustness differs from that com-
ing from convex marginal utility functions, where precautionary savings reduces the marginal
propensity to consume out of endowment income relative to that from financial wealth. See
Wang (2002XXX).
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response to second shock
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Figure 9.5.2: Response of total endowment d; to innovation
in ‘permanent’ component df under the approximating model
(solid line) and the distorted model associated with the worst

case shock (dotted line) for o = —.0001 with § at benchmark
value.

9.6. Frequency domain representation

This section uses HST’s estimated permanent income model to illustrate features
of the frequency domain decompositions of the consumer’s objective function
and of the worst case shocks for different values of o.

To imnport some notation from chapter 7, denote the transfer function from
shocks €; to the ‘target’ s; — by as G({). For the baseline model with habit
persistence, recall formula (7.3.6) for the frequency decomposition of Hs

H, = —% /: trace [G (\/Bexp (iw))/G (\/Bexp (zw))} dw

A reinterpretation of formula (7.3.5) also gives us the frequency domain repre-
sentation

s

= 1
EZﬁtwgwt = —/
= 2w

—T

w (\/Bexp (iw))/ w (\/Bexp (zw)) dw.
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For the baseline (o = 0) line, > Fig. 12.5.1 shows G(v/Bexp(iw)) G (v/B exp(iw))
as a function of frequency w; G’G is larger at lower frequencies. Remember
that G(¢) = (I — (A, — BF)¢)~1C embodies the consumer’s optimal decision
rule F'. The noise process e; upon which G({) operates is i.i.d. under the ap-
proximating model, so that the spectral density matrix of €; is constant across
frequencies. But seeing that the consumer’s policy makes him most vulnerable
to the low frequency components of €;, the minimizing player makes the con-
ditional mean of the worst-case shock w;1 highly serially correlated. For two
values of o, Fig. 12.5.2 shows frequency decompositions of trace W ({)'W(¢)
for ¢ = v/Bexp(iw). Notice how most of the power is at the lowest frequencies.
As we varied o from zero to the two values in Fig. 12.5.2, we adjusted [ = B
according to (9.3.18), which keeps the robust ¢ < 0 decision rule for consump-
tion equal that to that for the baseline no robustness (o = 0) model. Notice
that [trace W (¢)'W ({)] varies directly with the absolute value of o.

35

Figure 9.6.1: Frequency decomposition of criterion func-
tion; G(¢)'G(¢) plotted as a function of w where ¢ = /B exp(iw).

29 XXXX These figures were computed by hst3.m in the hst directory.
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Figure 9.6.2: Frequency decomposition of volatility of worst
case shocks for —~! = ¢ = —.0001 (solid line) and o =
—.00005 (dotted line); trace[W ()W (¢)] plotted as a func-
tion of w where ¢ = /Bexp(iw).
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9.7. Detection error probabilities

For HST’s parameter values, Fig. 9.6.3 reports detection error probabilities as-
sociated with various values of o, adjusting 3 according to (9.3.18) to keep
the decision rule fixed. These detection error probabilities were calculated by
the method of chapter 8 for a sample of the same length that HST used to
estimate their model and for HST’s initial condition. To calculate the detection
error probabilities, all other parameter values were frozen at the values in Ta-
ble 9.A.1. Then the formula for the worst-case distortions w1 = K(o)z; was
used to compute an alternative law of motion for the endowment process.

For different values of o, Fig. 9.6.3 records the detection error probabilities
for distinguishing an approximating model from a worst-case model associated

with that value of o. The approximating model is
2t11 = (A— BF(0)) a2t + Ceryq
while the distorted model associated with o is
2441 = (A—BF (0) + CK (0)) x; + Cé 41

where both €; and €; arei.i.d. processes with mean zero and identity covariance
matrix, and where F'(0) = F(0) by the observational equivalence proposition.
The detection error probability equals .5 for ¢ = 0 because then the models
are identical and so cannot be distinguished. The detection error probability
falls with o because the two models spread from one another. In the following
section, we use Fig. 9.6.3 to guide a choice of o as measuring the size of a set
of models against which it is plausible for the consumer to want to be robust.
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9.8. Robustness of decision rules

For 0 = —0~!, express the equilibrium decision rules of game (9.2.1) as
ct = —F (o) x (9.8.1a)
Wi41 = K (0’) Tt (981())

and express s; —b as H(o)z;. For possibly different values o1, 09, consider the
law of motion of the state under the consumption plan F(o3)z; and the worst
case shock process K(o1)x::

Ti4+1 — (A — BF (0'2) + CK (0’1)) Ty + OEtJrl. (982)

For zy given, we evaluate the expected payoff

oo

7 (01;02) = —Ep 0, Zﬁt;v;H (00) H (02) x4 (9.8.3)
t=0

under the law of motion (9.8.2). That is, we want to evaluate the performance
of the rule designed by setting oo when the data are generated by the distorted
model associated with oy . For three values of o5, Fig. 9.6.3 plots m(071;02) as a
function of the parameter o; that indexes the magnitude of the distortion in the
model generating the data. By construction, the g2 = 0 does better than the
other rules when o7 = 0. But its performance deteriorates faster with decreases
in o1 below zero than do the more robust o1 = —.00004, 01 = —.00008 rules.
From Fig. 9.6.3, 0 = —.00004 is associated with a detection error probabil-
ity of over .3, and ¢ = —.00008 with a detection error probability about .2. It is
plausible for the consumer to want decisions that are robust against alternative
models as close as the worst case models associated with those values of o.

["solnl;a "]

["solnl;b "]

["soln2 "]

["soln3 "]



246 A permanent income model

I -
P -
,
;
4t /
/
/
/ — 02=-0.0E-4
-5 / — - 02=-0.4E-4 )
/ — 02=-0.8E-4

-8 | 4

o | 4

_10 . . . . .
-8 -7 -6 -5 -4 -3 -2 -1 0

x107°

Figure 9.8.1: m(01;02) = —FEo,0, Y00 B'a,H(02)' H(02)zs
as a function of o7 on the ordinate axis for decision rules

F(o3) associated with three values of o5.

9.9. Concluding remarks

Different observationally equivalent (o, 3) pairs identified by Theorem 9.3.1 bear
different implications about (i) pricing risky assets; (ii) the amounts required
to compensate the planner for confronting different amounts of risk; (iii) the
amount of model misspecification used to justify the planner’s decisions if risk
sensitivity is reinterpreted as reflecting concerns about model misspecification.
Hansen, Sargent, and Tallarini (1999) and Hansen, Sargent, and Wang (2002)
have extracted some asset pricing implications of the model in this chapter. They
show that although movements along the observational equivalence locus laid out
by (9.3.18) don’t affect consumption and investment, they put an adjustment for
fear of model misspecification into asset prices and boost measured market prices
of risk. In chapter 12, we shall describe how standard asset pricing formulas are
altered when a representative agent is concerned about robustness. There we
shall describe an asset pricing theory under a concern about robustness in the
context of a class of general equilibrium models of which the model of this

chapter can be viewed as a special case.
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Table 9.A.1: HST’s parameter estimates

object habit no habit
Persistence Persistence
risk free rate .025 .025
1] .997 .997
op, .682
A 2.443 0
ai .813 .900
a2 .189 241
b1 .998 .995
b2 .704 .450
a 13.710 13.594
cg .155 173
Cq~ .108 .098
2 x LogLikel 779.05 762.55

A. Parameter values

HST calibrated a o = 0 version of their permanent income model by maximizing
a likelihood function conditioned only on U.S. post-war quarterly consumption and
investment data. They used U.S. quarterly data on consumption and investment for
the period 19701-1996111. They measured consumption by nondurables plus services
and investment by the sum of durable consumption and gross private investment. 30
They estimated the model from data on (ct,it), setting ¢ = 0, then deduced pairs
(o,8) that are observationally equivalent, using formula (9.3.18).

The forcing processes are governed by seven free parameters: (aq, ag,c 701,

@2, cqx, tq) - The parameter u;, set a bliss point. While y;, alters the marginal utilities,
it does not influence the decision rules for consumption and investment. HST fixed
at an arbitrary number, namely 32, for estimation.

Four parameters govern the endogenous dynamics: (v,dy,8,A). HST set 0 =
975, and imposed the permanent income restriction, SR = 1. The restrictions that
BR = 1,6, = .975 pin down ~ once [ is estimated. HST imposed 8 = .9971, which
after adjustment for the effects of the geometric growth factor of 1.0033 implies an
annual real interest rate of 2.5%.

Table 9.A.1 reports HST’s estimates for the parameters governing the endogenous
and exogenous dynamics. Fig. 9.A.1 and Fig. 9.A.2 report impulse response functions
for consumption and investment to innovations in both components of the endowment
process. For comparison, Table 9.A.1 reports estimates from a no habit persistence
(A =0) model.

30 They estimated the model from data that had been scaled through multiplication by
1.00337¢.
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Figure 9.A.2: Impulse response of investment (circles) and con-
sumption (line) to innovation in persistent shock (d*), at maxi-
mum likelihood estimate of habit persistence.
Notice that the persistent endowment shock process contributes much more to
consumption and investment fluctuations than does the transitory endowment shock
process.
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Figure 9.A.1: Impulse response of investment (circles) and con-
sumption (line) to innovation in transitory endowment process (d),
at maximum likelihood estimate of habit persistence.
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B. Another observational equivalence result

To shed more light on the form of precautionary savings, we state another observational
equivalence result that takes as its benchmark an initial allocation associated with
parameter settings SR =1 and o < 0. Then we find another value of § that implies
the same decisions for c¢, i+ as the base model when o = 0, so that the decision
maker fears model misspecification. This entails working backwards from the worst
case model that is reflected in the o < 0 decision rule to the associated approximating
model.

Theorem 9.B.1. (Observational Equivalence, II)  Fix all parameters except (3, 0).
Consider a consumption-investment allocation for (B, &) where [3’ satisfies ﬁR =1 and
& <0 and & < &. Then there exists a 3 > (3 such that the (B,c}) allocation also
solves the (f3,0) problem.

Proof. We suppose that & < 0, so that the worst case model differs from the approx-
imating model. We want to find the approximating model and a value B of 3 for
which a ¢ = 0 decision maker would choose the ﬂ&& allocation. Under the model
with 6 < 0, where E; denotes a conditional expectation under the worst case model,

we have

Etﬂc,t+l = Myt (9.B.1)
because ﬁR =1. Let A R
Eips i1 =§ (ﬂ) Hs,t- (9.B.2)
Equation (9.B.1) implies that we want
1=¢(B) (9.B.3)

where the projection coefficient £(3) emerges from the multiplier problem for the evil
agent for 6 < 0, which can be cast as

oo
. str 2 Al 9
min —E ﬂt{ust+ﬂgwt+1}
t=0

{wit1}
subject to the law of motion

Hst =0 (B) s t—1 + 0wy (9.B.4)

where §(8) = L and o is given by (9.3.17), (9.3.14), (9.3.15) under the [;',6'
BR

model. (Remember that the decision rule for ¢; and therefore the law for ug: will be
the same under our two observationally equivalent 3, o pairs, so we can use the bench-
mark case to compute «.) We freeze all parameters except (,0. The approximating
model would be pst = 6p1st—1 + e, so that (9.B.4) adds a perturbation aw; to the
law of motion of us; under a deterministic version of the approximating model. The
Bellman equation for the minimizing agent is evidently

2

. 1
—Pp? = —p2 + Bmin [—gw — P (6ps + aw)?] . (9.B.5)
w

["nobseq3 "]
["nobseq4 "]
["nobseqbs "]
["nobseq6 "]

["bellmanneng "]
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Notice the presence of both 8 and 57 via 0 and «. The first-order condition is
w = K/ls,

where 6P
ado

K=—-————.

1+a26P

Notice that R
E(B)=A+KC=56+Ka=1

which implies that
é

Therefore,
§=1+46a’P < 1. (9.B.6)

Equation (9.B.5) implies that
—P=——148 [—%KQ - P(6+Ka)2} .

Simplifying the above identity leaves

p= 1ig {1 + g (1%5)1 . (9.B.7)

Equations (9.B.6) and (9.B.7) together imply that
~ ~\\ 2 ~ ~ ~\2
0=3(1-6(8)" +(1-5)(1-6(3))+a(f) 5.
A solution of this equation determines 3. The solution of this quadratic equation is
~(1-5) i\/(l—ﬁ)2—4ﬁaa2
23 ’
If 0 =0, this equation implies 6 = 1. When o < 0, the appropriate root is

=By -5) —ahew
_ 25 |

0=1-

Using BR =1, this is equivalent to

T 2[? (1+5) 514+ o0a? (9.5.8)

B (o) 1T oa2) 1+ 1_45(1+B)2

["deltal "]
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Chapter 10
Competitive equilibrium models

10.1. Introduction

The next three chapters study prices and quantities in a dynamic competitive
equilibrium model when a representative agent fears model misspecification.
This chapter sets the stage by describing competitive equilibria when the repre-
sentative agent has no concern about model misspecification. It introduces the
basic objects and equilibrium representations of prices and quantities that will
be modified when we add concerns about model missspecification in chapters 11
and 12.

10.2. Pricing risky claims

In an economy with complete markets, history-date prices equal intertemporal
marginal rates of substitution times conditional probabilities evaluated at an
equilibrium allocation. Complete markets assure that intertemporal rates of
substitution are equated across all consumers, making it possible to speak un-
ambiguously of the intertemporal rate of substitution and thereby allowing us
to synthesize a representative agent. '

In a pure endowment economy that directly specifies the preferences of
a representative consumer, like the economy studied by Robert E. Lucas, Jr.
(1978), it is trivial to compute the equilibrium history-date prices. They equal
the representative consumer’s intertemporal marginal rates of substitution, eval-
uated at the endowment, times the exogenous conditional probabilities. These

1 Hansen and Sargent (XXXX, chapter YYYY) extend methods for calculating a repre-
sentative household in a heterogenous agent economy to situations where households can have
different dynamic technologies for transforming consumption goods into household services
(e.g., different degrees of habit persistence).

- 251 —
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prices can be used to evaluate risky claims that consist of bundles of history-date
contingent commodities.

Brock (1982XXX) extended this pricing strategy to representative house-
hold economies that have endogenous state variables such as capital stocks that
produce goods and household services. Household capital stocks can be used to
represent non-separabilities over time in the household’s preferences. Brock’s
procedure for pricing risky claims has these steps:

1. Compute optimal allocations by solving a planning problem. The optimal
allocations can be represented recursively as functions of a state vector, the
endogenous components of which are influenced by the planner’s decisions.

2. Compute shadow prices of the history-date contingent consumption goods
as conditional probabilities times intertemporal marginal rates of substitu-
tion evaluated at the optimal allocation. Take the shadow prices to be the
history-date contingent prices.

3. Represent a security as a stochastic process of pay outs, i.e., as a sequence
of measurable functions of the economy’s history of shocks.

4. Price a security by multiplying the history-date payouts by the history-date
prices computed in step (2), then sum over time and across histories.

Chapter 12 relies heavily on the four step strategy (1)-(4) for pricing assets.
Here and in chapter 11, we lay out alternative decentralizations of our planning
problem. Our four step strategy is powerful partly because it allows us to price
assets using the state vector x; for the planning problem. However, to express
the idea that the household is a price taker in a recursive competitive equilib-
rium, we have to augment the state x; with additional components X; that
are comparable in dimension to x;; X; becomes a part of the state vector that
the household takes as exogenous and in terms of which we express prices.? In
a competitive equilibrium, we impose X; = z;, but only after the household
has optimized while taking X; as beyond its control. Setting X; = x; after
optimization is what makes the representative household be representative. Af-
ter we have set X; = x;, we can cast asset pricing formulas solely in terms of
the state x; in the planning problem, provided that we adopt the assumption
of time-zero trading that is embedded in the standard Arrow-Debreu model of

2 In related contexts, this idea was used by Lucas and Prescott (1971) and Prescott and
Mehra (1982XXX).
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competitive equilibrium. The Arrow-Debreu timing is contained in one of the
three types of competitive equilibrium models to be described in this chapter.

10.3. Types of competitive equilibria

We study a class of economic environments that fit the optimal linear regulator.?
Three types of competitive equilibrium share common specifications of informa-
tion, preferences, and technologies, but have different market structures. They
are (1) an “Arrow-Debreu equilibrium” with trades at time 0 in a complete set
of state-contingent dated commodities; (2) an “equilibrium with Arrow securi-
ties” that has a sequence of complete markets in current period commodities
and one-period ahead state-contingent claims; and (3) a “partial equilibrium”
model in which a competitive representative firm acts as a price taker and prices
lie along a system of demand equations perturbed by shocks. The allocations in
all of the competitive equilibria solve a common planning problem. The three
types of competitive equilibria provide alternative decentralized ways of attain-
ing the same allocation by confronting households and firms with different price
systems and trading opportunities. For applications, it is useful to know how to

transform one type of equilibrium into another.

10.4. Information, preferences, and technology

3 Hansen (1987) and Hansen and Sargent (200X) have studied such economies.
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10.4.1. Information

An exogenous information vector z; is governed by
ze41 = Azozt + Ca€rya, (10.4.1)

where {¢;} is an i.i.d. Gaussian vector with mean 0 and covariance matrix I,
and the eigenvalues of Ay = \/BAss are bounded by unity in modulus. The
vector z; determines a time t preference shock b; and a time ¢ endowment
shock d; via

dt = Ud Zt

10.4.2
bt = Ub Zt. ( )

To account for the flow of information in the economy, we define the space
Jy = [€', zo], where Jo = [z0] and €' = [e;, €,—1, ..., €1]. We say that a stochastic
process is ‘adapted to J;’ if its time ¢ component is a measurable function of
Jg.

10.4.2. Preferences

A representative household has preferences ordered by

—-(1/2)E <§: B (Ise = baf* + £7) ’ Jo) ; (10.4.3)

t=0

where /; is a scalar process that constrains a vector g, of intermediate activities
(designed to capture generalized adjustment costs) in equation (10.4.6) below,
and s; is a vector of household services produced at time t via the household
technology

s¢ = Ahy—1 + ey

(10.4.4)
ht = Ahht—l + Qth.

Sometimes we interpret ¢; in (10.4.3) as labor input. In (10.4.4), h; is a vector
of stocks of household durable goods at ¢, ¢; is a vector of consumption flows,
and A, II, Ay, O, are matrices.
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10.4.3. Technology

There is a constant returns to scale production technology

(I)CCt + (I)llt + (I)ggt = Fkt,1 + dt

. (10.4.5)
ke = Apki_1 + Opiy,

where k; is a vector of capital goods used in production, i; is a vector of
investment goods, Ay is a matrix, and g; is constrained by*

gt -9t <45 (10.4.6)

10.4.4. Planning problem

The planning problem is to maximize (10.4.3) over choices of processes for
{st, ¢ty ity gi, ke, hi }52o that are adapted to Jp subject to (10.4.1), (10.4.2),
(10.4.4), and (10.4.5) with given initial conditions for (zg, h—_1,k—_1). The plan-
ning problem takes the form of an optimal linear regulator. Let

The two components h and k of the state vector are endogenous and z is

exogenous. If the matrix ® = [®, ®,] is nonsingular, the control vector w,
can be chosen to be investment 7; because®
|:Ct:| = (1)71 (Pkt_l + UdZt — (I)iit) . (1047)
9t

Using this relation, the constraints (10.4.4) and (10.4.5) can be rewritten

Ti41 = AIt + But + O€t+1 (1048)

4 Under the constant returns to scale interpretation, d; is taken as an additional input
available in fixed supply.

5 The matrix ® can usually be rendered nonsingular by augmenting the control vector to
include some components of consumption or the labor-using intermediate activities.



256 Competitive equilibrium models

for appropriately chosen matrices A, B,C'. The matrix A is block triangular
and the bottom row block of B is zero as required for the discounted stochastic
linear regulator problem (see page 64). Moreover, using (10.4.7) and (10.4.4),
the time t terms |s; — by|> and |g;|? in the objective function (10.4.3) of the
planner can both be expressed as quadratic forms in the control u; = i; and the
augmented state xy.

The planner’s optimal decision rule is u; = —Fx;. Under this rule, the
state evolves according to

Tip1 = Az + CEH_l, (1049)
where A° = A — BF.

10.4.5. Imposing stability

In permanent income economies, optimality does not automatically imply sta-
bility of the state vector process. For example, the economy of chapter 9 has a
single consumption good, a single capital good, and no labor-using intermediate
activities g;. The counterpart to equation (10.4.7) is

Ct = Pkt_l + UdZt — it.

The chapter 9 model constrains the subjective discount factor to be the recip-
rocal of the physical return to capital: g = ﬁ. Without imposing stability
as an additional constraint, the optimal sequence of capital stocks diverges to

minus infinity at a rate that is not dominated by ﬁ . We want to impose sta-

bility because solutions that require z; not to explode at a rate exceeding ﬁ

are much better approximations to models that impose debt limits or various
non-negativity constraints. We therefore impose stability as an additional con-
straint, with the consequence that the solution of the resulting infinite-horizon
control problem equals the limit of a sequence of solutions to the corresponding
finite-horizon problems, each of which imposes a zero terminal capital stock.

We now describe competitive equilibria with three different types of trad-
ing structures, each of which supports an allocation that solves the planning
problem.
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10.5. Arrow-Debreu equilibrium

10.5.1. The price system at time 0

An Arrow-Debreu equilibrium has complete markets at time 0 in claims to
history-contingent dated commodities. We follow Harrison and Kreps (1979)
and Hansen and Sargent (XXXX) in re-scaling the Arrow-Debreu prices. The
re-scaled prices are the ordinary Arrow-Debreu history-date prices divided by
probabilities times discount factors. Using the scaled prices converts present
values into expected discounted geometric sums of quadratic forms that are

easy to compute by solving Sylvester equations (see chapter 3).
We use a price system with components {p%, p%, pY,, %, p%}i%, each
element of which resides in a space L3 defined by

L = {yt}io: y+ is a random variable in J; for t >0, and F
t=0

Zﬂty,52|(]0]<+oo].

That ‘y; is in J;’ means that y; can be expressed as a measurable function of
Ji. The square summability requirement, E[>,° ) 8%y? | Jo] < oo, imposes that
y; not grow too fast in absolute value.

Our price system contains the following prices: pY is an n. x 1 stochastic
process that prices the consumption process c¢y; pgt is a scalar stochastic process
that prices /4;; pgt is a vector stochastic process that prices the process {d;}; p?
is an ng x 1 vector stochastic process that prices new investment goods; and
p?%, is an ny x 1 vector stochastic process of capital rental rates. A time ¢
component of the price system is a random vector that is a function of J;. The
price system is a sequence of vector-valued measurable functions of the time ¢
histories J;.

Prices and quantities are stochastic processes. We require the stochastic
processes for both prices and quantities to reside in LZ. By virtue of a Cauchy-
Schwartz inequality, this makes the conditional inner products to be used in
the budget constraints and objective functions below well defined and finite in
equilibrium. Later it will be convenient to obtain recursive representations for
both prices and quantities.

We now describe the choice problems faced by a household and a firm within
a competitive equilibrium in which all trades occur at time 0. The household
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and firm act as price takers. The allocations chosen by the household and the
firm must be “realizable” in the sense that time ¢ decisions depend only on
information available at time ¢, i.e., they must reside in Lg.

10.5.2. The household

We let E denote the mathematical expectation evaluated with respect to the
joint probability distribution of [e!,x¢]. We also let E; denote E(-|J;). The
household chooses stochastic processes for {c, s¢, b, €41, ki }52,, each element

of which is in L3, to maximize
1 o0
-5 B D B [(se=be) - (st —bi) + 7] (10.5.1)
t=0
subject to

EZﬁt (pgt "Gt +szt 'it) | Jo

t=0

= EZﬁt (p?tﬂt + 92 ki1 +pY - di) | Jo (10.5.2a)

St = Af;,ol + ¢, (10.5.2b)
he = Aphi—1 + Oner (10.5.2¢)
ke = Apki_1 + Opiy (10.5.2d)
by = Upzs (10.5.2¢)
dy = Ugz 10.5.2f)
)

—_—

ze+1 = Aogozy + Co€pqq 10.5.2¢g

with h_q,k_1, 20 given.
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10.5.3. The firm

A firm rents capital and labor and buys the realization of the endowment pro-
cess d;. It uses these inputs to produce consumption goods and investment
goods that it sells to the household. The firm chooses stochastic processes for

{et,it, ki, €, gt,di }, each element of which is in L3, to maximize

Ey Zﬁt (pgt "Gt +P?t by — Pgt ki1 — P?tft _pgt ) dt) (10.5.3)
t=0
subject to
(I)C c: + (I)g gt + (I)»L it = Fktfl + dt (1054)

10.5.4. Competitive equilibrium with time-zero trading

A competitive equilibrium has all trades being made at time 0.

Definition 10.5.1. A competitive equilibrium is a price system {p?,, p?t, pgt,
p%, 0,122, and an allocation {c;, iz, 8¢, kt, ht, b, g 132 that satisfy the following
conditions:
a. The allocation and each component of the price system and reside in
the space L3.
b. Given the price system, the allocation solves the problems of the house-
hold and firm.
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10.5.5. Equilibrium computation

A strategy for computing an equilibrium is first to solve the planning problem
for equilibrium quantities, then to compute shadow prices that we transform
into equilibrium prices.

The optimal linear regulator can be used to solve a planning problem. The
optimal law of motion for the state z; and the value function for the planning
problem contain enough information to compute competitive equilibrium prices.
Let V(z) = —a’Pxz — p be the optimal value of the planning problem starting
from initial state z = [h’ k' 2’]’. The Bellman equation for the planning
problem is

—2'Pr—p= max {=5[(s=b)-(s—b)+g g+ BE(—a*"Pz* —p)} (10.5.6)

subject to the linear constraints

G+ Pgg+ i =Tk +d

k* = Akk + Ot
h* = Aph+ Opc

s=Ah+1c (10.5.7)
2" = Agoz + Coe

b= Uz

d=Uyz,

where * denotes a next period value. The time-invariant character of the plan-
ning problem makes the optimal decision rules time invariant. Time t decision
rules are linear in the state vector z;. We denote these rules ¢; = Scxy,9¢ =
Sqxt, hy = Shae, @y = Sixe, by = Skxt, 5t = Ssxs.

The law of motion for the state vector is linear:

Tip1 = A%z + C€t+1 (1058)

where Ao Ao 0
Ao = |71 12 o= . 10.5.9
|: 0 A22 ’ CQ ( )

The partitioning of the A° and C' matrices is according to the endogenous state
vector [h;_, ki_,;] and the exogenous state vector z;. The zero restriction
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on the (2,1) partition of A° reflects the fact that the exogenous component of
the state vector at time ¢t + 1 does not depend on the endogenous state vector
at time ¢. The zero restriction on the first rows in the partition of C reflects
the fact that the endogenous state vector at time ¢ + 1 is predetermined (i.e.,
depends only on time ¢ information). The contingency plans for h; and k; are
embedded in the part of (10.5.9) that determines the endogenous state vector
[h} ki) as a function of x;. In particular,

Sh
|:Sk] =[Ag; A9]. (10.5.10)
The planner’s decision rules are recursive in the sense that the time ¢ decision
depends on the state vector at time ¢, which in turn depends on the state vector
at time ¢ —1.

10.5.6. Shadow prices

Equilibrium prices can be found by appropriately reinterpreting shadow prices
as prices. Formulas for shadow prices corresponding to the elements of the price
system {p%, %, p%, p%,p%}5%, can be extracted from A° and the matrix P
in the quadratic form in the value function. Evaluating these shadow prices at
the equilibrium allocation recovers prices.

The time ¢ component of these shadow prices are linear functions of x;. In
particular, the vector of shadow prices PY for ¢; is given by

0
DPer = Mcflft

where

M, = O}, My, +II' M,. (10.5.11)

Here Mpx,; is the shadow price of consumer durables and M x; is the shadow
price of household services. These shadow prices satisfy

Myz, = E | Y87 (A) 7 A Mg |y (10.5.12)
=1
MS.’IJt = (St — bt) N (10513)

6 Quantities M;z; emerge from derivatives of the planner’s value function and are mea-

sured in units of marginal utility.
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where the mathematical expectation is evaluated with respect to the model
(10.5.8) and where b = Spz; and s; = Ssx; is the planner’s solution for s; as
a function of z;. Also, let the planner’s solution for intermediate inputs g; be
gt = Sgxy. Hansen and Sargent (XXXX) show that these other components of

the shadow price system have representations”
pgt = M.z
p?t = M;z,
Y, = T" Mgz, (10.5.14)
Pgt = Max,
p%t = [Mz,|.

where Hansen and Sargent (200XXX) give the following formulas for the M;’s

in terms of P and A°:
M, =28[010]PA°

M, =231 0 0] PA°

Ms = (Sb - Ss)
& 17 10, My, + 11’ M,
=[] |7
o/ -5,
M, = O}, My, + 1I' M,
M; = 6}, M. (10.5.15)
M, =S,

Here the partitions [0 I 0] and [/ 0 0] are conformable with the partition
[héfl; kilffl’ Zt]l Of T .

7 Hansen and Sargent also compute a shadow price of capital, which they show is pg ;=
(FIMd + A;Mk)xt .
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10.5.7. Recursive representation of time 0 prices

Formulas (10.5.8) and (10.5.14) imply that we can regard the price system as
consisting of sequences of measurable functions of the histories J; = [e!, x¢].
Equations (10.5.8) and (10.5.14) give a recursive representation of this price
system in terms of the planner’s state vector ;. Although this representation
of the price system turns out to be very convenient for asset pricing, it is not
an appropriate representation for posing a recursive version of the household’s
optimization problem in a competitive equilibrium. We can obtain a recursive
representation of the price system that will serve this purpose by introducing
an additional state vector designed to keep track of the histories J; for t > 0.
In particular, define a new state vector X; with components H; 1, K; 1 that
have the same dimensions as h;_1, k:—1, respectively:

H;_
X = | Ky
2t

The exogenous state vector z; is a common component of z; and of X;. Impose

an initial condition

H_4 h_1
XQ = K_l = k_l = X9-.
20 20
Take the law of motion for X to be
Xy = A°X; + C€t+1 (10516&)

where A° is the same matrix that appears in the representation (10.4.9) for the
evolution of x; under the planner’s optimal control. Then we can represent the

shadow price system as
Py = MX,. (10.5.16d)

What is the purpose of this “big X ” representation for prices?® First, note
that by setting Xy, = z(, we assure that (10.5.16) reproduces the planner’s
shadow prices. But by expressing them in terms of X; rather than z;, we

8 In their concept of a recursive competitive equilibrium, Prescott and Mehra (1980) dis-
tinguished between the market wide level of capital k and the level chosen by an individual
k in order to represent price-taking behavior. Our purpose is somewhat different than theirs,
which was not to get a recursive representation of time-0 Arrow-Debreu prices.
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make these prices depend only on a state variable that is beyond the control of
the household. The role of X; is to account for the history J; = [et, xo]. In a
competitive equilibrium, we want households and firms to influence the evolution
of hy and k;, the endogenous components of z;, but still to be price takers.
Therefore, in expressing the choices facing households and firms in a competitive
equilibrium, we use X; to provide a recursive representation of prices.

10.5.8. Recursive representation of household’s problem

The household chooses an allocation to maximize (10.5.1) subject to (10.5.2)
and the price system (10.5.16a), (10.5.16b), which the household regards as

exogenous. Thus the household maximizes
B B {=5[(se —be)- (s: — br) + 6]} (10.5.17)
t=0
subject to

EZﬁt (pgt " Ct +szt 'it) | Jo

t=0

=EY 3" (phle + 0y ko1 + 0% - di) | Jo (10.5.184)

S¢ = Af;,ol + Iley (10.5.18b)

hi = Aphi_1 + Oney (10.5.18¢)

ky = Mgk + Ogiy (10.5.18d)

by = Upze (10.5.18¢)

dy = Ugz (10.5.18f)
P = Mo X, (10.5.18h)
Xio1 = A°X; + Ceyq. (10.5.184)

with h_1,k_1, 20 given. For a given Lagrange multiplier p attached to (10.5.18a),
problem (10.5.17), (10.5.18) takes the form of an optimal linear regulator. (See
section 11.4 for details and also for a way to compute g from the solution of

the planning problem.)
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The maximizing choice of the household makes the time ¢ component of

hi—1
ar = [c iy ellt]/ a function of the composite state | k;_1
X
hi—1
a=—[fi fo f3] |kt |- (10.5.19)
X

The solution of the planning problem makes a; a function of the state Xj:

ay = —FXt. (10520)
In an equilibrium, x; = X; in (10.5.19), so that the following equality prevails
hi—1
forall 2 = Xe: s —[f1 fo [f3]| ko1 | = —FX:.
Xt

10.5.9. Units of prices and reopening markets

Prices have the units of time 0 marginal utilities of the representative agent.
We can choose a numeraire to express prices in terms of one of the consumption
goods. In particular, denote the time ¢ marginal utility of the first consumption
good eju.: and assume that eju.; # 0 with probability one for all ¢. This
assumption makes the first consumption good at time ¢ a legitimate numeraire.
We choose to express the price system at time 0 in units of the first consumption
good. Therefore, we set

0 M.’L't
t

(10.5.21)

€1Uc,0 '
More generally, for ¢ > 7 where 7 > 0, we could define a time 7 price system?

.M
Pl = (10.5.22)

€1Uc,7

To convert the tail of the time 0 price system for ¢ > 1 to the time 1 price

system we can use
el
1 0 ¢1Uc0
Pet = Pet ’
€1Uec,1

9 This time 7 price system would prevail if we were to reopen markets at time 7, subject
to appropriate initial conditions being inherited from earlier trading at time 0 prices.
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and so on.

10.6. Sequential markets with Arrow securities

We noted in section 10.5.7 that the time 0 prices for an Arrow-Debreu time
0 competitive equilibrium have a recursive representation based on (10.5.16a),
(10.5.16b). This fact makes it easy to construct equilibrium prices for trading
in a sequence of one-period markets. Following Arrow (1954XXX), we can
use (10.5.16) to form competitive equilibrium prices with sequential trading
of all current dated commodities and one-period state-contingent claims to a
composite commodity called wealth. In this setting, the decision problem of
the household is recursive and that of the firm is static. Though the trading
arrangement differs, the equilibrium allocation is the same as the one attained
in the equilibrium of the Arrow-Debreu model with time 0 trading of all history-
contingent commodities for all dates.

10.6.1. Arrow securities

To explain why it is natural to move from an equilibrium with time 0 trad-
ing to an equilibrium with sequential trading, represent the consumer’s budget
constraint (10.5.2) as

o0
Eo Zﬁt (pgt s PYy e — Pyle — Dy - ko1 — Dy - dt) + P+ Co+ P o
t=1

= pYolo + o - k-1 + po - do.

Express the expected discounted sum on the left side as

o0
€e1u, 1 — y
E05< : )Zﬁt Y (pee - o+ iy - i — Digle — Dry ko1 — gy - di)
t=1

e1Ue
= Eof (ﬁ) a1 (Xy) = /q (X1|Xo) a1 (X1)d X1,

" (10.6.1)
where a1 = a1(X1) measures wealth at time 1 in state X; in units of the

time 1 consumption good, and the one-step ahead pricing kernel ¢(X;|Xy) =
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Best f(X1]|Xo). Here f(X1|Xo) is the transition density of X defined by
(10.5.16a). Use (10.6.1) to express the budget constraint as

/q (X1]Xo0)ay (X1)d X1+ py - co + pip - o

= poolo + P - do + oy - k—1 + ao (Xo)

(10.6.2)

where ag(Xo) is the value of the household’s initial wealth, namely, the capital
stock k_1. More generally, take prices without superscripts to be denominated
in units of time ¢ consumption of the first good and write

/q (Xeq1|X)arr1 (Xeg1) d Xeq1 + Det - €6 + pir - it

(10.6.3)
= pecly + par - di + pre - k-1 + a (Xy)
where
e1uc,
q (X |Xe) = 5%]” (Xi41|Xe) (10.6.4)
c,t

is the kernel for pricing claims of the first consumption good at time ¢ + 1 in
terms of time ¢ consumption of the first good.

The spot prices p.; are given by the appropriate time ¢ components of
our original time 0 prices defined in (10.5.16). Together with the pricing kernel
defined as (10.6.4 ), they allow us to support the solution of the planning problem
by a competitive equilibrium with sequential markets. Within that equilibrium,
the problem of the household is recursive and the problem of the firm is static,
as we now proceed to show.

10.6.1.1. The household’s problem in the sequential equilibrium

The household’s Bellman equation is

W(at,htfl,ktfl,Xt) = max {— (|St _bt|2 +€§)

ceyit,le,a(Xeq1)

+5/W(G (Xt-i-l)7ht7kt7Xt+l)f(Xt-i-llXt)dXt—i-l}
(10.6.5)

where the maximization is subject to

St = Aht + HCt (1066@)



268 Competitive equilibrium models

he = Anhe_1 + Oper (10.6.6b)

ke = Apki1 + Opiy (10.6.6¢)

Xip1 = A°X; + Cerp (10.6.64)

pe = MX,y (10.6.6¢)

by = SpX, (10.6.61)

d; = 94X, (10.6.69)

/a (Xt41) ¢ (X411 Xe) d Xi1 = at + perly + par - di + pre - ke—1

— Det * Ct — Dit " Uty (10.6.6h)

and by = Sp Xy = Upz¢. The optimal policy functions express ¢, i, £y, and
a(X¢41) each as functions of (ag, hi—1, k-1, X¢).

10.6.1.2. The firm

The problem of a firm is static:

max (Pet - ¢t + Dit - 4t — Pre - ke—1 — Dar - dp — peele) (10.6.7)

ctyit e ge,de,ke—1

subject to the technology (10.5.4), (10.5.5).

10.6.2. Recursive competitive equilibrium

We call a competitive equilibrium with Arrow securities a recursive competitive
equilibrium. In a recursive competitive equilibrium, the household takes the law
of motion for X; as given. However, the household and the firm choose elements
hs, ks of the state x441 that correspond to the elements Hs, K of X 11. A
recursive competitive equilibrium requires that X; = x; for ¢ > 1, starting
from zg = X, which means that the laws of motion chosen by firms and the
household must be consistent with the law of motion (10.5.16) that inspires the
household’s decisions.

It can be verified that the quantities that solve the planning problem are
recursive competitive equilibrium quantities at the candidate prices described
above. See Hansen and Sargent (20XXX) for some of the details.
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10.7. Asset pricing in a nutshell

It is a significant practical convenience that we can dispense with X; as a state
variable when we actually compute asset prices. After we have computed the
equilibrium quantities and prices, for the purpose of computing asset prices, it
is sufficient to express streams of payouts and prices both as functions of the
state vector x; that appears in the planning problem.'® As an example, let
an endowment shock be a linear function of the exogenous component z;, and
let the endogenous component h;—; track movements in the intertemporal rate
of substitution that drives the prices. Let {y:}?2, be a stochastic process of
‘dividends’, i.e., claims on the vector of consumption goods with representation
Yyt = Scxy. In units of the first time ¢ consumption good, let a,; denote the
price at time ¢ of a claim on the tail of the dividend process {ys}52,. The price
ay: of a claim on the dividend stream from ¢ onward can be represented as

Tip1 = A%z + CEH_1 (1071@)

Y = Syxy (10.7.1b)

Pes = (exMeae) ™ Mea, (10.7.1c)

aye =By Y B'Detr - Uiy (10.7.1d)
t=0

Equation (10.7.1d) can be evaluated by solving a Sylvester equation.

Equations (10.7.1) capture the spirit of Brock’s (1982) extension of Lucas’s
asset pricing formulas in which equilibrium history-date prices are the pertinent
probabilities times the intertemporal marginal rate of substitution evaluated at
the equilibrium allocation. The single state vector z; tracks both the history-
date prices and the dividend process.

10 We view this as a manifestation of Brock’s (1982) idea of evaluating history-date prices
by multiplying the relevant conditional probabilities by the representative consumer’s marginal
rates of substitution evaluated at the allocation that solves the planning problem. Incidentally,
another perspective on Brock’s insight is Mehra and Prescott’s (1985) observation that the
cross-equation restrictions between asset prices and consumption are not affected by whether
consumption is regarded as exogenous or endogenous. Making consumption endogenous adds
restrictions across consumption and yet other processes.
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10.8. Partial equilibrium interpretation

Another decentralization of the planning problem makes contact with partial
equilibrium models in the style of Lucas and Prescott (1971), Rosen, Murphy,
and Scheinkman (1994), Rosen and Topel (19977), Ryoo and Rosen (2003), and
Sargent (1987, chapter XIV). These models have a representative firm that acts
as a price taker within an industry that faces a stochastically shifting linear
demand schedule.

Within the environment of this chapter, consider a representative firm that
chooses stochastic processes {ct, g¢+} to maximize

Eo Zﬁt {pt-ct—ge-ge} (10.8.1)
=0

subject to the constraints

ke = Apke_1 + Opiy (10.8.2a)
Bocr + Byge + Diip = Thy_y + dy (10.8.2b)
Xps1 = A°X, + Cern (10.8.2¢)
d; = UX, (10.8.2d)
pe = McX,. (10.8.2¢)

Here (10.8.2¢), (10.8.2¢) are used to represent a dynamic demand curve, where
M, and the state X; are defined as above. The H; component of X; can
express high order dynamics in demand.*! The Bellman equation is

Vv (kt—17 Xt) = max {pt *Ct — gt " Gt + ﬁEV (kt, Xt+1)} (1083)

ctykt it gt

where the maximization is subject to (10.8.2). The optimal decision rule ex-
presses c¢t, g: as functions of k¢, X;, so that the firm chooses to make k; follow
a law that can be expressed as

kt = k (kt_l, Xt) = k (kt—la Ht—la Kt—la Zt) . (1084)
Embedded in (10.8.2¢) is the firm’s perceived law of motion for K;, namely,

Kt =K (Xt) =K (Htfl, thl, Zt) . (1085)

11 See Hansen and Sargent (XXXX, chapters XXX) for an analysis.
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A competitive equilibrium requires that ks = K for all s and all z,, or
k(K1 Hi—1, Ky—1,2) = K (Hy—1, Ky—1, %) - (10.8.6)

The left side of (10.8.6) is the actual law of motion for K that emerges from
optimization (this is the content of the function k(-)) and equilibrium (this is
the content of the condition £ = K that makes the representative firm repre-
sentative). The right side of (10.8.6) is the representative firm’s perceived law
of motion for K. Thus, (10.8.6) imposes equality between the ‘perceived’ law
of motion for K and the ‘actual’ law of motion implied by those perceptions.
Equality between these two laws imposes rational expectations and respects the
price taking behavior of the firm.!2

10.9. Concluding remarks

This chapter has set forth a class of dynamic linear quadratic economies and
described three types of competitive equilibria. We have made the standard
rational expectations assumption that a planner and the agents all trust their
common model. The next chapter alters that assumption by instilling in both
the household and a planner the same degree of preference for robustness of
decision rules with respect to deviations of the actual data generation mecha-
nism from a common approximating model. Thus, the next chapter will contain
modifications of the Bellman equation (10.5.6), (10.5.7) for the planner and the
Bellman equation (10.6.5), (10.6.6) for the household trading Arrow securities.
With a preference for robustness, these will be replaced by Bellman equations
for two-player, zero-sum games. Decentralizing the robust planning problem will
then require checking that the choices of both the maximizing and the minimiz-
ing players for the planning problem and the household within a competitive
equilibrium, respectively, are mutually consistent. Here agents choose an alloca-
tion as well as worst case shocks. To decentralize the economy, we shall require
that these worst case shocks be appropriately aligned with those chosen by the

planner.

12 Marcet and Sargent (1989) and Evans and Honkapohja (2001) extensively exploit the def-
inition of a rational expectations equilibrium as the fixed point of a mapping from a perceived
to an actual law of motion.






Chapter 11
Competitive equilibrium under robustness

11.1. Introduction

This chapter puts fear of model misspecification into the mind of the representa-
tive household in the model of chapter 10. The analysis parallels that of chapter
10 except that we replace Bellman equations for the maximizing agents in chap-
ter 10 with ones that pertain to two-player zero-sum games. In each game, a
minimizing player helps the decision maker explore the fragility of a decision
rule with respect to various difficult-to-detect perturbations of the approximat-
ing model. To decentralize an allocation that solves the planning problem, we
specify two-player zero sum games for the representative household in a decen-
tralized economy and describe how at the equilibrium prices both the allocation
and the worst case model chosen by the household are aligned with counterparts
that are chosen by the planner. Equilibrium quantities solve a robust planning
problem. Competitive equilibrium prices can be computed from shadow prices
for the robust planning problem. Chapter 12 uses these results to price assets
when agents fear model misspecification. Appendix A describes a partial equi-
librium decentralization of a robust planning problem with adjustment costs.
Before describing competitive equilibria with the more general household
and production technologies of chapter 10, we begin with a pure endowment

economy.

- 273
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11.2. A pure endowment economy

11.2.1. The planning problem

We consider a nonstochastic pure endowment economy. Two sequences by, d;
are governed by

Ti41 = AIt + Othrl (1121&)
bt = Ub(Et (1121b)
dt = det- (11210)

Here x, b, d:, w; are each vectors; d; is an exogenous endowment and b; is an
exogenous preference shock sequence; w1 is a distortion to the state x; that
determines the endowment and preference shock processes. A representative
household receives consumption ¢; = d;. Because the endowment is exogenous,
the robust planning problem becomes

W41

—zhPxg = min} > B {=ler — bif* + BOw)y ywisr } (11.2.2)
t=0

where 6 € (0, +00] measures the planner’s fear that (11.2.1a) is misspecified.
The planner minimizes criterion (11.2.2) subject to (11.2.1) and ¢; = d;. The
planning problem is an optimal linear regulator. Let R = (Ug — Up)' (Ug — Up).
The Bellman equation for the planning problem is

—2'Px = n}li)n {—2'Rx +w' (B0I)w — y' Py} (11.2.3a)
where the minimization is subject to
y = Az + Cw. (11.2.3b)
The solution of the planning problem is a feedback rule
w= Kuz. (11.2.4)
The law of motion for the state x under the worst case rule is

Tip1 = (A+ KC) Tt

["simplel;a "]
["simplel;b "]
["simplel;c "]

["simple2 "]

["simple3;a "]

["simple3;b "]

["simple4 "]
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and the worst-case endowment and preference sequences can be represented

¢t =Ug(A+CK) xo (11.2.5a)
by = Uy (A+ CK)" xo. (11.2.5b)

The worst case processes in (11.2.5) generate a shadow price sequence ¢ = 'p;
associated with the robust planning problem, where

and where M = 2(U, — Uy) or

pe=2(Uy —Uy) (A+ CK)" 0. (11.2.7)

11.2.2. Household problem

We confront the representative household with the sequence of scaled (Harrison-
Kreps) prices {p:}22, from (11.2.7). It is convenient to represent the price
system recursively as

XtJrl = (A+CK) Xt (1128&)
pe=MX, (11.2.8b)

where Xy = xg. The household’s problem is

min  max Zﬁt{—|ct — b? + BOw,, wes} (11.2.9)
{wt‘Fl}:io {Ct};,)io t=0

subject to (11.2.1) and the budget constraint
> Bpe-di—pi-e] =0 (11.2.10)
t=0

To solve this problem, we formulate a Lagrangian

L= pY—|c; — b|* + BOw,, ,w
; {=ler = bl e (11.2.11)

+ pg [pe - di — pe - ]}
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where p is a Lagrange multiplier on (11.2.10). Formula (11.4.11) below im-
plies that pf = 1. We are to maximize (11.2.11) with respect to ¢, and
minimize it with respect to w;41. The first-order condition with respect to c;
is static:
e pr = 2(by — ¢) (11.2.12) ["simplell "]

which using 3 = 1 leads to the demand curve
c; = by — .5py. (11.2.13) ["simplel2 "]

Using (11.2.12) or (11.2.13) and (11.2.8b), we deduce that —|c;—b,|? = —.25X,M' M X,
pr - dy = X{M'Uyzxy, and py - ¢, = XM'Upzy — SX[M'MX,;. Therefore

the current period term in the objective (11.2.11) becomes 25X, M'M X, +

wi 1 (B0 w1 + X{M'(Ug— Up)x . Note that M'(Uq—Uy) = —.5M'M . Thus,

we have that the Bellman equation for the household’s problem reduces to

XV [Pu P [X] . J[X][ 25M'M —25M'M][X
w] [P Polla] "W\ |2] [—25M'M 0 @

e sV [ ] 1]}

(11.2.14) ["simplel3d"]
where the minimization is subject to

Y1 [A+CK 01[X] [0 o )
[y] = { 0 A} {x} + {C] w. (11.2.15) ["simple14"]

The solution of the robust household’s Bellman equation (11.2.14), (11.2.15) is
attained by a policy rule

w=[K Ks] [X] . (11.2.16) ["simplels "]

For the worst case shock chosen by the household to be aligned with the
one chosen by the planner requires that

K, + K, =K. (11.2.17) ["simplel6 "]

It can be proved that this equality holds, and furthermore that in this simple
example that K = 0, so that the household feeds back only on the part of the
aggregate state that drives the scaled price process p;.
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As an example, set 3 =.99,0 = .001"1,d; —.7d;—1 = (1—.7)5+.05wy, by =

1
30. Let the state be z; = [d
t

and RQ :O.l

11.3. A robust planning problem

When the representative consumer fears model misspecification, the planning
problem takes the form of a robust linear regulator problem. Let V(z) =
—x'Px — p be the value of the robust planning problem starting from initial
state . The Bellman equation is
—2'Pr—p= minmax{—.f)[(s —b)-(s—b)+g-g]
voeny (11.3.1)
+ B0w'w + BE (—x* Px* — p)}

where the extremization is subject to the linear constraints

Goc+ Pyg+ Qi =Tk +d (11.3.2a)
kE* = Agk + Ot (11.3.2b)
h* = Aph+ Ope (11.3.2¢)

s = Ah+ e (11.3.2d)
2" = Agaz + Ca(e +w) (11.3.2¢)
b= Uz (11.3.2f)
d="Uyz, (11.3.29)

where * denotes a next period value. Problem (11.3.1), (11.3.2) differs from
(10.5.6), (10.5.7) in the following respects: (1) the addition of the distortion
Cyw to the law of motion for z, (2) the appearance of S6w’w in the continuation
value function in (11.3.1), and (3) the minimization over w. As usual, § > 0 is
a robustness parameter.

A Markov perfect equilibrium of the two-player zero-sum game (11.3.1),
(11.3.2) is a pair of decision rules u = —F(0)x,w = K(0)z. The equilibrium
determines two laws of motion for the state, namely,

Tip1 = A°xy + C€t+1 (1133)

1 The Matlab program decentr.m computes an example.

] . We computed that K; = K = [—0.0044 0.0001]
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and
Tip1 = (AO + CK(H)),Tt + C€t+1, (1134)

where A° = A — BF(6). Equation (11.3.3) is the approximating model under
the robust rule, while (11.3.4) is the worst case model under the robust rule.
In chapter 12, we show that both of these models can be used to price assets by
appropriately adjusting the stochastic discount factor.

11.4. Min-max representation of the household’s problem i

an Arrow-Debreu equilibrium

As in chapter 10, the value function and the robust law of motion for the
state x; contain information about competitive equilibrium prices (see formulas
(10.5.14) and (10.5.21)). To decentralize the solution of the robust planning
problem, we must verify that when the robust representative household faces
those prices as a price-taker, he chooses the allocation that solves the planning
problem. In checking that claim, we also verify that the representative household
chooses a worst case model that is aligned with the planner’s worst case model.

An Arrow-Debreu setting makes it natural to formulate the household’s
problem as a game in which the maximizing and minimizing players both commit
to sequences, as in the sequence games of chapter 6. We find it convenient to
embrace a recursive representation of each player’s problem (see section 6.5.1).
The maximizing player chooses an allocation, taking as given the law of motion
for X chosen by the minimizing player. We use a guess-and-verify strategy.
First we take up the problem of the maximizing player, having guessed that the
minimizing player has chosen as the law of motion for X the same worst case
law that is chosen by the robust planner. Second, setting the allocation equal
to the one chosen by the planner, we verify that the minimizing player chooses
the same distorted law of motion as does the planner.

["nasset4 "]
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11.4.1. Sequence problem of maximizing player

We first pose the problem of the maximizing player in a sequence formulation
of the household’s robust decision problem. As in chapter 10, we use a recursive
representation of prices in the Arrow-Debreu equilibrium. This enables us to
give a recursive representation of the maximizing player’s decision problem.
The maximizing player in the robust household chooses stochastic processes for
{ev, e, 8¢, hey ki, £1}5°,, each element of which is in L3, to maximize

Eo Y B {=5[(st —be) - (50 — br) + (7] + BOX] | | K'K Xy 41} (11.4.1)
t=0
subject to

EOZﬁt (p(c)t *Ct +p?t : it) | Jo

=0
=Eo Y B (0%lr + PV - ki1 + Y - di) | Jo (11.4.2a)

Sy = Ah:,lo—l— I, (11.4.2b)

hi = Aphi—1 + Oney (11.4.2¢)

ket = Arke_1 + Opiy (11.4.2d)

by = Upzy (11.4.2¢)

dy = Uyz (11.4.2f)

pY = MX, (11.4.2h)
Xiy1 = (A° + OK) X, + Ceppr (11.4.24)

Tom and Lars: do we want to include the law of motion for z;,; here?
with h_1,k_1,20 given, and where the mathematical expectation is evaluated
with respect to the distribution over histories €'. In (11.4.27), K = K(0) is
the matrix that defines the decision rule for the worst case shock in the robust
planning problem. To compute the pricing matrix M in (11.4.2h), we use
the counterparts to formulas (10.5.14), (10.5.21) in which A° is the now the
matrix A — BF' that solves the robust planning problem and P is the matrix
in the value function for the robust planning problem that appears on the left
side of (11.3.1). In the household’s problem (11.4.1), (11.4.2), Ey denotes the
expectation evaluated with respect to the ¢;’s that together with the distorted
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law of motion (11.4.27) for the state X;i1 generate the distribution used to
evaluate the present values in the budget constraint as well as the component of
the state z; that drives the preference shock b; and the endowment process d; .
A convenient feature of problem (11.4.1), (11.4.2) is that the same distribution
is used to evaluate future prospects both in the objective function (11.4.1) and
in the budget constraint (11.4.2a). Putting a multiplier uf on the household’s
budget constraint, we can combine (11.4.1) and (11.4.2a) into a Lagrangian

L=E> A {—.5 [(50 = bi) - (50— by) + £2] + BOX] K'K X4
=0 (11.4.3)

+ 11§ (Pele + PPy - ki1 + D - die — Pl - o+ Yy - Zt)}

The household’s problem is to choose an allocation to maximize (11.4.3) and a
multiplier p§ to minimize it, subject to (11.4.2b)—(11.4.2¢). For a given puf,
this problem takes the form of an optimal linear regulator. In the following
subsection 11.4.2, we give a formula that allows us to compute pg in advance
directly from the allocation that solves the robust planning problem and the
price system (11.4.2h), (11.4.27). Being a linear regulator problem, it follows
that the solution of the maximizing player’s problem is a decision rule that can
be expressed

(¢ i 4] =8|k |- (11.4.4)
Xy

For (11.4.4) to confirm the solution of the planning problem it must be

true that
hi—1

S| ki1 | =8Xy, (11.4.5)
X

when we set hy_1 = H;_1 and k;_1 = K;_1, where SX; is the decision rule
that solves the planning problem. Equality (11.4.5) assures that the robust
household in the competitive equilibrium chooses the allocation that solves the
planning problem.

The role of the pair (11.4.2h), (11.4.27) is to provide a recursive represen-
tation of the prices that appear in the household’s budget constraint (11.4.2a).
In particular, notice how (11.4.2¢) makes sure that in (11.4.2a) the conditional
expectation is taken with respect to the ‘twisted’ or worst case distribution that

["rofilagrange "]

["rof22 "]

["rof24"]
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emerges from the robust planning problem.? Equality (11.4.5) assures that
the allocation that solves the planning problem satisfies the household’s budget
constraint (11.4.2a).

Another role of (11.4.2i) is to force the household to accept the twisted
probability distribution chosen by the robust planner in evaluating conditional
expectations of the shocks b;, d;. This streamlines the problem because it allows
us to use a common distribution to express the conditional expectations FEj
that appear both in the objective function (11.4.1) and in the Harrison-Kreps
representation of the budget constraint (11.4.2a).

11.4.2. Digression about computing pg

To solve problem (11.4.1), (11.4.2), it is useful to have a formula for the La-
grange multiplier u§ on the household’s budget constraint (11.4.2a) in a com-
petitive equilibrium.? Hansen and Sargent derive the following convenient for-
mula for pf’ . They define the implicit price of consumption services as

pgz;H*”[A;-@;E;EZKT(A;-AqlfhegyflAqr*3£¢+T. (11.4.6)

T=1

To compute uf, Hansen and Sargent (200XX) partition household capital and
service sequences into two components. One is a service sequence obtained
from the initial endowment of household capital h_;. The other is the service
sequence obtained from market purchases of consumption goods. The service
sequence {s;;} obtained from the initial endowment of household capital evolves
according to:

Sit = MNhj 1

(11.4.7)
hit=Aphit1

where h; 1 = h_1. The service sequence {s,,;} obtained from purchases of
consumption satisfies

St =br — 8i 4 — uSJp?. (11.4.8)

2 Recall also that the A9, P that are used in forming the prices via formulas (10.5.14),
(10.5.21) pertain to the solution of the robust planning problem.
Counterparts of the same formulas would work for computing ;ﬂo” of the chapter 10

models without fear of model misspecification.
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There are two ways to compute the time zero cost of the sequence {s,,}. One
is to compute the time zero cost of the consumption sequence {c;} needed to
support the service demands using the price sequence {p%}. Another is to use
the implicit rental sequence {p?} directly to compute the time zero costs of
{8m.+}. Hansen and Sargent (200XXX) verify that the two measures of costs
agree:

Ey Z ﬁtpto “Smt = Ey Z ﬁtp? -y (11.4.9)
t=0 t=0

It follows from (11.4.8) that

Ey Z B0 - sme = Eo Z Bp7 - (b — i) — pg Eo Z B'pf - p). (11.4.10)
t=0 t=0 t=0

Substitute (11.4.9) and (11.4.10) into the consumer’s budget constraint (6.2),
and solve for the time zero marginal utility of wealth pf :

w_ Bo3i2o 8% - (b — sia) — Wo

H Y ) (11.4.11)
0 Eoy tho 6tpg : pto
where Wy denotes initial period wealth given by
Wo = E j;t “(poet k O - d
0= £o B (pgrle + pre - ke—1 + pgy - di)- (11.4.12)

t=0

The geometric sums in (11.4.10) and (11.4.12) can be computed by solving
Sylvester equations.
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11.4.8. Sequence problem of minimizing player

Our next task is to pose the problem of the minimizing player in a sequence
version of the zero-sum two-player game that describes the robust household. We
freeze the allocation chosen by the maximizing player at the one described in the
last section, which equals that chosen by a robust planner. As remarked in the
previous subsection, that guarantees that the allocation satisfies the household’s
budget constraint (11.4.2a). We have to verify that the household chooses the
same twisted law of motion that the robust planner did.

It simplifies things that the preceding argument allows us to drop the con-
sumer’s budget constraint because we know that it is satisfied at the allocation
that solves the robust planning problem. The minimizing player within the
household chooses a sequence {ws11}$2, to minimize

By B {=5[(se = by) - (st — by) + €] + BOwy 1 - wipa } (11.4.13)

t=0
subject to

s¢ = Aheq +Iey (11.4.14a)

hi = Aphi_1 + Opey (11.4.14b)

ke = Apks 1 + Opiy (11.4.14¢)

(¢, i 0] =8X, (11.4.14d)

Xi1 = (A° + CEK)X; + Ceryq (11.4.14€)

by = Upz (11.4.14f)

dy = Ugz (11.4.149)

ze41 = Aoz + Co(€r41 + Weg1). (11.4.14h)

Here X, is a state vector with components comparable to those in z;, A° =
A — BF(0) is the robust decision rule that the robust planner would choose,
and we impose the initial condition Xy = . Also, the conditional expectation
is evaluated with respect to the distribution of future values of the joint state
h,k,z, X that is generated by the distribution for the €;41’s together with the
given laws of motion for the state variables. The role of (11.4.14d), (11.4.14e)
is to freeze the household’s allocation at the solution of the planning problem.
The solution of the minimizing player’s problem is a decision rule of the form

X
Wi =K [ t} . (11.4.15)
Tt
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We want verify that _
_ [ X, 8
K =KX, (11.4.16)

Lt
when z; = X,. But problem (11.4.13), (11.4.14) is a recursive representation
of the sequence version of the minimizing part of the robust planner’s problem.
Thus, (11.4.16) follows directly from results in chapter 6, section 6.5.1.

11.5. A decentralization with Arrow securities

11.5.1. A robust consumer trading Arrow securities

This section adapts the equilibrium with sequential trading of one-period
Arrow securities, as in section 10.6, to the situation where the representative
household is concerned about model misspecification.

As a price taker, the household faces the one-step ahead pricing kernel
q(Xi41,X:) that obeys the following version of (10.6.4)

€1Uc, ¢
q(Xe41|Xe) = 5ﬁf(Xt+1|Xt) (11.5.1a)
c,t

where the conditional density f (Xt41|X¢) is induced by the difference equation
Xt+1 = (AO + CK)Xt + C€t+1 (1151b)

where €41 ~ N (0,1), A° = A— BF(f), and where A° + CK is the worst-case
transition matrix for the autonomous law of motion for x; that emerges from
the robust planning problem for a given 6.4

We obtain the household’s Bellman equation by replacing (10.6.5), (10.6.6)
with a two-player, zero-sum game. We generate a recursion in a value function
W (at, hi—1, ki—1, X¢) by posing an ‘inner problem’ by which a maximizing player
chooses ¢, i1, 0y, a(X}), taking as given the feedback rule for w1 ; and an ‘outer

4 Notice that f(Xt-i-l | X¢) is the transition density under the planner’s worst case model
and the robust rule. See chapter 12 for representations of pricing functions in terms of the
approximating model.
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problem’ in which a minimizing player who chooses w;;; takes as given the
decision rule for ¢, i, ¢, a(X;) chosen by the maximizing player.

11.5.2. The inner problem

The maximizing player solves

i gg(}g{tﬂ){—ﬂst — b2+ 03 + BOW,; w1
T (11.5.2) ["arrowlOR "]

+5Et/W(Q(thLl)vhtakthtnLl)}

where the maximization is subject to

s¢ = Ahy + Ty (11.5.3a) ["arrowliR;a "]

he = Aphe_1 + Onee (11.5.3b) ["arrowliR;b "]

ki = Agks—1 + Oiy (11.5.3¢) ["arrowliR;c "]

X1 = A°X: + Clery1 + wiy1) (11.5.3d) ["arrowliR;d "]

wer1 = KX, (11.5.3¢) ["arrowliR;e "]

pr = MX; (11.5.3f) ["arrowliR;f "]

by = Sp Xy (11.5.3f) ["arrowliR;f "]

dy = Sq X, (11.5.3h) ["arrowliR;h "]

/G(Xt+1)q(Xt+1|Xt)dXt+1 = ai + perle + pre - ki

+ pat - di — Pet - ¢t — it * U (11.5.37) ["arrowllR;i "]

Here E; denotes the mathematical expectation generated with respect to (11.5.3d),
(11.5.3¢). In (11.5.2), (11.5.3), the maximizing player takes for granted that
w41 conforms to the decision rule chosen by the robust planner, namely,

wip1 = KX,y (11.5.4) ["wrobplanner "]
and chooses a decision rule of the form
hi—1
[ee i¢ & a(Xy)]=8 | ko1 | . (11.5.5) ["arrowl2R "]

Xy
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11.5.3. The outer problem

The problem of the minimizing player is

Wiag, hi—1, ki1, X¢) = min{—(|st - bt|2 + é?) + 69w£+1wt+1

We41
(11.5.6)
4BE; [ W(a(Xein). b,k Xis)
where the maximization is subject to equation (11.5.5) and
St = Aht + HCt (1157@
h,t = Ahht,1 + ("‘)th (1157b
ki = Agki—1 + Oiy (

11.5.7d
11.5.7f

Xit1 = A°Xy + Cler1 + wig1)

)

)

11.5.7¢)

)

b = Sp X, )

(
(

The minimizing player also takes as given the decision rule (11.5.5) emerging
from the inner problem and chooses a decision rule for wyy; of the form

[hia
wiyr = K | ki
Xy

We have not included the budget constraint (11.5.3h) in the outer problem be-
cause we know that it is satisfied from the way the inner problem has constructed
decision rule (11.5.5). The optimal decision rule of the minimizing player has

hi—1
the form wyy = K ki—1 | . This structure can be shown to affirm the identity
Xy
he1
K ki—1 | = KX, which aligns the worst case shock in a recursive competitive
Xy

equilibrium with that emerging from a robust planning problem.
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11.6. An ex post Bayesian planning problem

There is also an ex post Bayesian version of the planning problem like the one
described in chapter 6. It endows the planner with a belief about the law of
motion that is distorted relative to his approximating model in just such a way
that he attains a robust rule by solving an ordinary Bellman equation without
a concern for robustness.

We can apply an idea of chapter 6 to confront the planner with a distorted
law of motion for z that will inspire him to choose a robust decision rule. This
leads to what is known as an ex post Bayesian problem because the robust
rule cannot be dominated in the sense of statistical decision theory. Rather
than assigning the planner the approximating model, we endow him with a
model that has been twisted to promote robustness. Taking that model as
given, the planner then behaves as an ordinary planner without concern about
misspecification.

To formulate this ex post Bayesian problem, we can augment the state
variable x by a vector X of the same dimension. The Bellman equation is

~a'Pz—p=max{=5[(s=b)- (s —b) + -9
c,2,9

(11.6.1)
+ BE (—z* Pz* — p)}

subject to the linear constraints formed by (11.3.2) and the following additional

exogenous law of motion for w:

X" =A°X 4+ C(e +w) (11.6.2a)
w=KX. (11.6.2b)

Three features are noteworthy relative to equations (11.3.2). First, (11.6.1)
is an ordinary (non-robust) dynamic programming problem. Second, through
equation (11.3.2e), the w determined by equation (11.6.2) feeds back on the
z process that governs the shocks impinging on the consumer’s preference and
endowment shock processes, (b, d). Third, we have augmented the state by ‘big
X’ in order to have the ex post Bayesian planner take w as exogenous and
beyond his control. Where u; is the control, the planner chooses a decision rule

_ [ x
u=—F X} . Chapter 6 shows how, after equating X = x, this decision rule

satisfies

7 m — Fu
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where u = —Fz solves the robust planning problem (11.3.1), (11.3.2).

11.6.1. Remarks on practicality

The direct way of solving the robust planning problem is obviously the more
useful one computationally, not only because it has a lower dimensional state
vector (z as compared with (z, X)), but also because in order to find the
distorted model (11.6.2), we have first to solve a robust planning problem.
Nevertheless, the ex post Bayesian method is a useful reinterpretation of the
allocation associated with the robust planning problem, one that we shall use

when we turn to asset pricing.

11.7. Two asset pricing strategies

Under a preference for robustness, there are two counterparts to the strategy
described in section 10.7 that express asset prices in terms of the state vector x;
of the planner. The first uses the robust planning problem (11.3.1), (11.3.2),
and the second uses the ez post Bayesian planning problem (11.6.1), (11.6.2).

11.7.1. Pricing from the robust planning problem

Hansen, Sargent, and Tallarini (1999) used the following three step method to
compute asset prices:

1. Solve the robust planning problem.

2. Obtain representations for the planner’s shadow prices, based on marginal
utilities of consumption evaluated at the allocation that solves the planning
problem.

3. Use the appropriate shadow prices to price assets as conditional expecta-
tions of inner products of (scaled) history-date prices, computing the con-
ditional expectation by taking the distorted law of motion cast in terms
of little z that emerges from the robust planning problem and the corre-

sponding sequence of information J;.



Two asset pricing strategies 289

This method leads to a representation for asset prices corresponding to (10.7.1)
of the following form:

Tip1 = ont + Cet-',-l (1171@)

Yr = Sy (11.7.1b)

sz = (elMcxt)_lMcxs (11716)

aye =B B'Divys Yerss (11.7.1d)
t=0

where F is the expectation evaluated with respect to Ao = A° + CK , the
transition matrix for the worst-case transition law under the robust decision rule
F, where A° = A — BF'; and M, also incorporates the worst case transition
law through the presence of A°+CK in (10.5.12), (10.5.11) (also see formulas
(10.5.14) and (10.5.21)).

11.7.2. Pricing from the ex post Bayesian planning problem

An alternative strategy is based on the following four step procedure:
1. Solve a robust planning problem.

2. Obtain a representation of the worst case shock process in terms of the new
state variable X; as on page 263.

3. Solve the ordinary (i.e., non-robust) planning problem with the distorted
law of motion for the augmented state LI; ] as in (11.6.1), (11.6.2).
t
4. Use either of the complete-market decentralizations presented in chapter 10

for our economies without robustness and price assets using the standard
(non-robust) asset pricing formulas.
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11.8. Concluding remarks

Chapter 10 showed that without a preference for robustness, the pricing kernel
for Arrow securities has the representation

€1Uc,t+1
q(Xe41|Xp) = B——=f(Xe11| Xt)
€1Ue,t
where f(X;y1|X:) is the transition density under the approximating model.
In this chapter, we have shown that a representative consumer’s fear that the
approximating model is misspecified makes the pricing kernel for one-period

Arrow securities become

e1Uec. A
q(Xt+1|Xt) = 571 lan f(Xt+1|Xt)
€1Uec,t

where f(X;11|X;) is the planner’s worst-case model. The price of Arrow secu-
rities under a preference for robustness can also be written as

4(Xi]Xy) = et <f(Xt+1|Xt)

X1 Xy). 11.8.1
ertte s f(Xt+1|Xt)> f(Xe1]Xe) ( )
In chapter 12, we shall use representations like (11.8.1) to price assets under the

F(Xiq1]X0)
F(Xep1]Xe)

adjustment to the usual stochastic discount factor ===+ that is contributed

approximating model. The term ( ) can be viewed as a multiplicative

by the representative household’s concern about model misspecification.® When

the likelihood ratio (%) is volatile under the approximating model, it

serves to boost the market price of macroeconomic risk.

5 The likelihood ratio (%) that adjusts the stochastic discount factor for robustness also
governs the detection error probability statistics described in chapter 8. See chapter 12 and
Anderson, Hansen, and Sargent (2003) for more about the connection between detection error
statistics and theoretical values of market prices of risk.

["keyassetformula "]
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A. Decentralization of partial equilibrium

For a partial equilibrium model with adjustment costs, this appendix studies a
recursive competitive equilibrium in which the representative firm has a pref-
erence for robust decisions. We show that the standard trick of computing
an equilibrium by solving the fictitious planning problem of maximizing a dis-
counted sum of consumer plus producer surplus extends to a setting where the
firm wants robustness. In this case, the planning problem becomes a robust
planning problem in which the planner extremizes over decision, model distor-
tion pairs.

Consider an adaptation for robustness of Sargent’s (1987, chapter XVI)
version of Lucas and Prescott’s model of investment under uncertainty. Demand
for a single good is governed by an inverse demand function

pr = Ag — Alat + v (11A1)

where
Vg1 = pvt + Cpwisq. (11.A.2)

A representative firm has one-period quadratic cost function o(g,qi+1) and
one-period profits m; = prqt — 0(qt, ¢t+1). The firm acts as a price taker and
wants to extremize Y-, ' (piq: — 0(gs, qr+1)) with respect to sequences for
{@t4+1, wer1}52o- The firm believes that the law of motion for aggregate output
is

Typ1 = Lq(Ty,0) (11.A.3)
where /, is a linear function. The representative firm solves the two-player

Zero-sum gaimme

min max Zﬂt{ptqt —o(qt, qe41) + 69wt2+1} (11.A.4)
t=0

{wep1} a1} =

where the extremization is subject to (11.4.1), (11.4.2), (11.A.3). An equilib-
rium of the representative agent’s two-player zero-sum game is a pair of decision

rules

Gi+1 = Dq(qe,vt,Gy) (11.A.5a)
Wit1 = Guw(qr, Ve, Gp)- (11.A.5b)

["lprl n]
[u lpI'2 n]
[||1pr3 n]
["1pr3a n]

["olilll;a "]
["olil11;b "]
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The representative agent’s extremization problem induces a mapping from £,
in (11.A.3) to (¢q, Pw). When the representative firm perceives the law of
motion for g, to be (11.A.3), it acts to make the actual law of motion to be
Goy1 = 0@y v1,G,) - A competitive equilibrium under robustness is a fixed point
of the mapping from £4(g,v) to ¢q¢(q,v,q). That is, for the representative firm
to be representative, it must be true that £, satisfies

gbq(atvvtvqt) = éq(atvvt)' (11A6)

Fortunately, by extending lines of argument of Lucas and Prescott (1972)
and Sargent (1987), it is not necessary to attack this fixed point problem directly.
In particular, we can compute £, and an associated {,, directly by solving a
fictitious robust planning problem. The fictitious planning problem is

o0

min - max Z BHS @ ve) = 0@ Tpyr) + BOWE wes1 } (11.A.7)
{wer1} {@eqa} =0

where S(g,v) is consumer surplus defined as

q
S(g,v) = / (Ap — A1z +v)dx
0

A
= Aog — 5T +7v.
The state of the market is G,,v:. A solution of this two-player zero-sum game
is

T1 = Lq(Gy, v) (11.A.8a)
wiy1 = L (qy, vt) (11.A.8b)

It turns out that ¢,(q,v) = ¢;(q,v,q) for j = ¢, w. This assertion can be proved
by extending the proof in Sargent (1987, ch. XIV). The proof strategy is to ob-
tain the Euler equations for extremizing (11.A.4), then to use the demand curve
(11.A.1) to eliminate price, rearrange, and note that these Euler equations-cum
equilibrium conditions match the Euler equations for extremizing the fictitious
planning criterion (11.A4.7).

[lllpr5 ||]

["1pr6 n]
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Chapter 12
Asset pricing

12.1. Introduction

This chapter explores how a fear of model misspecification affects prices of risky
securities. Without fear of misspecification, the price of a claim to a random fu-
ture payoff equals the conditional expectation of the inner product of a stochastic
discount factor and the random future payoff, evaluated using the representa-
tive agent’s model.! When the representative agent fears misspecification of
his approximating model, two such inner-product representations of asset prices
are available. They differ in what they take as the model with respect to which
the conditional expectation is evaluated. In one, the conditional expectation is
evaluated with respect to the representative agent’s worst case model, a model
that depends on the parameter 6 that calibrates his fear of misspecification.
A second representation of the same prices exists because the approximating
model and the worst case model put positive probabilities on the same events.
This second representation evaluates the conditional expectation with respect to
the approximating model. The first representation captures a concern about ro-
bustness by adjusting the probability distribution relative to the approximating
model, while the second representation instead adjusts the stochastic discount
factor (a.k.a. pricing kernel). In particular, to represent asset prices in terms
of conditional expectations under the approximating model, the second rep-
resentation multiplies the ordinary stochastic discount factor without fear of
misspecification by the likelihood ratio, or Radon-Nikodym derivative, of the
endogenous worst case distorted model relative to the approximating model.
The expected value of that likelihood ratio is the entropy measure that we used
in chapter 2 to measure the proximity of models. It also governs the detection
statistics of chapter 8.

After reviewing asset pricing formulas in a standard model without a fear
of misspecification, this chapter modifies those formulas to express a representa-
tive agent’s fear of misspecification. By way of examples, we study asset pricing

1 Without fear about misspecification, an agent can discard the adjective ‘approximating’.

- 293 -
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in the permanent income economy of chapter 9 and a partial equilibrium occu-
pational choice model of Jaewoo Ryoo and Sherwin Rosen (2003).

12.2. Approximating and distorted models

Chapters 10 and 11 describe planning problems and competitive equilibria for
a class of linear-quadratic models of which the consumption smoothing model
of chapter 9 and the occupational choice model of section 12.6 are special cases.
The environment of chapter 10 is arranged so that without a fear of misspec-
ification, the planning problem fits into the optimal linear regulator problem.
Chapter 11 then uses a robust linear regulator to create a model in which the rep-
resentative household’s fear of misspecification is indexed by parameter 6 > 0.
Equilibrium representations for prices and quantities can be determined from
the solution of the robust linear regulator.

Chapter 10 describes matrices that portray the preferences, technology, and
information structure of the economy. These can be assembled into matrices
that define the robust linear regulator for a planning problem. The solution of
the planning problem determines competitive equilibrium prices and quantities.
Associated with the robust planning problem is the Bellman equation

—2' Pz — p = maxmin {r(z,u) + 06w'w + BE(—z* Pz* — p)} (12.2.1)
where the extremization is subject to
¥ = Ax + Bu + C(e + w), (12.2.2)

where € ~ N(0,1) and 0 € (8,+0o0]. A Markov perfect equilibrium of this
two-player zero-sum game is a pair of decision rules v = —F(0)z,w = K(0)x.
The equilibrium determines the following two laws of motion for the state that

interest us:
Tip1 = A°xy + C€t+1 (1223)

and

Ti41 = (AO + CK(@))ZEt + C€t+1, (1224)

where A° = A — BF(0). For a given 0 € [f,00), (11.3.3) is the approximating
model under the robust rule for w, while (12.2.4) is the distorted worst case

model under the robust rule.
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Where there is no fear of misspecification, § = +o0o. Chapter 10 describes
a class of economies whose equilibria can be presented in the form (12.2.4)
together with selector matrices that determine equilibrium prices and quantities
as functions of the state z;. In particular, quantities @Q; and scaled state-
contingent prices p; are linear functions of the state:

Qe = Squt (12.2.5a)
DL = DPQTt- (12.2.5b)

We shall soon remind the reader what we mean by ‘scaled prices’. We showed
how to compute these in chapter 10; see formulas (10.5.14), (10.5.21).

To get equilibria under a fear of misspecification, we simply set § < +oc0 in
(12.2.1). Formulas for equilibrium prices and quantities from chapter 10 (i.e.,
the Sg, Mg in (12.2.5)) apply directly. Associated with an equilibrium under
a fear of misspecification are the approximating transition law (12.2.3) and the
distorted transition law (12.2.4) for the state x;, as well as auxiliary equations
for prices and quantities of the form (12.2.5).

The approximating and distorted equilibrium laws of motion (12.2.3) and
(12.2.4) induce Gaussian transition densities?

f(@eqa|ze) ~ N(A°2, CC") (12.2.6a)

F@slze) ~ N((A° + CK)ay, CC"), (12.2.6b)

where we use f without a (*) to denote a transition density under the ap-
proximating model and f with a (*) to denote a probability associated with
the distorted model (12.2.4). These transition densities induce joint densities
f®(2?) on histories at = [x¢,z¢_1,...,20] via

FOa") = faea) f@e-ilze-s) ... f(@1]ao) f (o),
and similarly for f®)(z*). Let fi(x|z0) denote the t-step transition densities

fe(@i|wo) ~ N (A% 0, V) (12.2.7a)
fila|zo) ~ N((A° + CK)'xo, Vi), (12.2.7b)

2 An alternative formulation on page 399 allows a broader set of perturbations of a
Gaussian approximating model by letting the minimizing agent choose an arbitrary den-
sity. Under that formulation, the minimizing agent would still choose a Gaussian transi-
tion density with the same conditional mean as (12.2.6b) but with conditional covariance
cC'=cu—-o-1c'poy-1c.
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where V; satisfies the recursion V;, = A°V,_1A, + CC’ initialized from V; =
CC', and V; satisfies the recursion V; = (A° + CK)'YA/}_l(AO + CK)+CC’
initialized from Vi = CC’.

12.3. Asset pricing without robustness

In section 10.7, we explained how the value of claims on risky streams of returns
can be represented as the inner product of price and payout processes, where
both the price and payout are expressed as functions of the planner’s state
vector x;. In portraying the household’s problem in a recursive competitive
equilibrium, we needed to distinguish between the individual household’s z; and
its ‘market wide’ counterpart X; that drives prices. Nevertheless, we showed
that for the purpose of computing asset prices, we can exclude X; from the state
vector and simply use x; as the state vector. Accordingly, in the remainder of
this chapter, we express prices in terms of x, and histories z?.3

When 6 = +o00, there is no discrepancy between the distorted and worst
case models and the following standard representative agent asset pricing theory
applies. Let ¢; denote a vector of time—¢ consumption goods. The price of a

unit vector of consumption goods in period ¢ contingent on the history z! is*

u'(ci ("))

O (22 3.
e - UI(CQ((EO))JC ( | 0)5 (12 3 1)

¢ (a'|zo) = B
where c¢;(z') is a possibly history-dependent state-contingent consumption pro-
cess, u'(c) is the vector of marginal utilities of consumption, and e; is a se-
lector vector that pulls off the first consumption good, the time-zero value of
which we take as numeraire. To make (12.3.1) well defined, we assume that
e1 - uj(co(xo)) # 0 with probability one. If we assume that the consumption
allocation is not history-dependent, so that c;(x!) = c(x;), as is true in the
models that occupy us, then we can use the t—step pricing kernel

_ pt u'(c(zt)) ol
qt(xt|z0) = B e w(c(zo) ' (c(x0)) fi(ze]zo)- (12.3.2)

3 The household in a competitive economy would face prices that are the same functions
of X; and X*.

4 We denote by u/(ct) the vector of marginal utilities of the consumption vector c;. In
our model, u/(c;) = Mcxy .
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Let an asset entitle its owner to {y(z:)}22,, a stream of a vector of con-
sumption goods whose state-contingent price is given by (12.3.2). The time-0
price of the asset is

t0=Y" [ aleilon) -yl
t=0 v Tt
or

S [ g a)) e
ao_;/xtﬁ (cwg)) V") fel@ilzo)d . (12.3.3)

ey -u
We can represent (12.3.3) as
By elan) -y

@0 e1 - (c(xp))

(12.3.4)

In linear-quadratic general equilibrium models, u'(c(x:)) and y(x;) are
both linear functions of the state. This means that the price of an asset is the
conditional expectation of a geometric sum of a quadratic form, as portrayed in
(12.3.4). Equation (12.3.4) implies a Sylvester equation (see page 93). Thus,

let
u'(c(x))

e1 - (c(xg))’

Then the asset price can be represented

pc(xt) =

ao = Eo Y B'pelwr) - y(a1). (12.3.5)
t=0

We can regard p. as a scaled Arrow Debreu price: it equals the Arrow-Debreu
state price divided by ' times a conditional probability. Scaling the price
system in this way facilitates computation of asset prices as conditional expec-
tations of an inner product of state prices and pay outs. Often B'p.(z;) is called
a t-period stochastic discount factor. Below we shall also denote the stochastic
discount factor as mg+ = S'p.(z¢), so that (12.3.5) becomes

o0
ag = Ey Zmo,t “y(@y).
t=0
Hansen and Sargent (200XX) provide a complete treatment of asset pricing
within linear-quadratic general equilibrium models. They show that: (1) equilib-
rium scaled Arrow-Debreu prices and quantities have representations (12.2.5);
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(2) the information required to form the matrix Sg is embedded in F, A, B
from the optimal linear regulator problem; and (3) the matrices M, that pin
down the scaled Arrow-Debreu prices can be extracted from the matrix P in
the value function —a’Px — p and the matrix A° = A — BF that emerge from
the planner’s problem (see formulas (10.5.14), (10.5.21)). Thus, in such models

pe(xt) = Moy /e1 Mexg. (12.3.6)

See formulas (10.5.11), (10.5.13) in chapter 10 for a formula for M, and more
details.

12.4. Asset pricing with robustness

We activate a fear of misspecification by setting # < 400, which causes the
transition densities (12.2.6a), (12.2.6b) under the approximating and distorted
models to disagree. In addition, the formulas for Sg and Mg in (12.2.5)
respond to the setting for 6, via the dependence of Sg on F'(0) and the depen-
dence of Mg on the P that solves the Bellman equation (12.2.1). Again, see
(10.5.14), (10.5.21). We give an example in section 12.6.

The price system that supports a competitive equilibrium can be repre-
sented in the forms (12.3.1) and (12.3.2), with the distorted densities f®) and
ft replacing the corresponding densities for the approximating model in (12.3.1)
and (12.3.2). Thus, with a fear of misspecification, the time 0 price of the asset
corresponding to (12.3.3) is

(o]

a = [ B'pelwe) - ylxe) felwe|zo)d . (12.4.1)

t=0 v Tt

We can represent (12.4.1) as

ao = Ey Z Brpe(xt) - ye (12.4.2)
t=0
where E denotes mathematical expectation using the distorted model (12.2.4),
and u'(c(x)) must be computed using the Mq in representation (12.2.5b) as-
sociated with 6.
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12.4.1. Adjustment of stochastic discount factor for fear of model
misspecification

Formula (12.4.2) represents the asset price in terms of the distorted mea-
sure that the planner uses to evaluate future utilities in the Bellman equation
(12.2.1). To compute asset prices using this formula, we must solve a Sylvester
equation using transition matrix A° + CK () from equation (12.2.4) to reflect
that we are evaluating the expectation using the distorted transition law. We
can also evaluate asset prices by computing expectations under the approzrimat-
ing model, but this requires that we adjust the stochastic discount factor to
make the asset price satisfy (12.4.1). By dividing and multiplying by fi(x¢|xo),
we can represent (12.4.1) as

- S to (¢ folzi|o) e ooz )d z
ao—;/ztﬁpc( t) <ft($t|xo)> y(@e) fe(@elzo)d . (12.4.3)

or

ap = Eo Zﬁtpc(xt) <%> cy(xy), (12.4.4)
t=0

where the absence of a (%) from E denotes that the expectation is evaluated
with respect to the approximating model (12.2.3).°

In summary, with a fear of misspecification, if we want to evaluate asset
prices under the approximating model, we have to adjust the ordinary t-period
stochastic discount factor mg+ = ﬁtpc(:vt) for a concern about model misspeci-
fication and use the modified stochastic discount factor:

S ACAED)
O\ Filwilwo) |

Such a multiplicative adjustment to the stochastic discount factor mg: car-
ries over to nonlinear models. For our linear-quadratic-Gaussian setting, the
likelihood ratio is

L= L) _ i{e'ws—bw'ws} .
ft(l“t|330) ° ’

s=1

5 Notice the appearance of the same likelihood ratio in (12.4.4) used to define entropy in
chapters 2 and 17 and to describe detection error probabilities in chapter 8.
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12.4.2. Reopening markets

This section describes how to extend our asset pricing formulas to allow us to
price ‘tail assets’ that are traded at time ¢ and that pay vectors of consumption
{y-}22, for t > 0. We want the price to be stated in time ¢ units of the
numeraire good.
Letting the ¢-step discount factor at time 0 be mg: = Bipc(xt), (12.4.2)
can be portrayed as
)
apg = EQ Z mo,t - Yt (1245)
t=0
where mg+ is a vector of time-0 stochastic discount factors for pricing a vector
of time-¢ payoffs. Define m; , as the vector of corresponding time-¢ stochastic
discount factors for pricing time-7 >t payoffs: 6

mer = 6T7tpc(x7)/elpc(xt>- (1246)
Then in time ¢ units of the numeraire consumption good, the vector of payoffs
{y‘r}?—o:O is
a = F Z Mt +Yr- (12.4.7)
7=0

Equation (12.4.7) is equivalent with

oo

ar=E; Y (mimi,) - yr, (12.4.8)
7=0

where the appropriate multiplicative adjustment mj' to the stochastic discount
factor is the likelihood ratio

u :f‘r—t(xrlxt)
M = ()

T (12.4.9)
= exp lz {ws — .5w’sws}] :

s=t

6 We assume that e1pe(zt) # 0 with probability 1.
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12.5. Pricing single period payoffs

For the purpose of using the permanent income model of chapter 9 to shed
light on the implications of a fear of misspecification for the equity premium, let
consumption be a scalar process and ;41 a scalar random payoff at time ¢4 1.
Without a fear of misspecification, the price at time ¢ of a time ¢+ 1 payout is

ar = Eymy 4141 (12.5.1)

Applying the definition of a conditional covariance to (12.5.1) and using the
Cauchy-Schwartz inequality implies

(L) > Eyri1 — <M> o1 (Yev1)- (12.5.2)

Etmt,t+1 Etmt,t+1

The bound is attained by payoffs on the efficient frontier. The left side is the
price of the risky asset relative to the price Eymy 41 of a risk-free asset that

Ot (mt,t+1)
Eimy 11

pays off 1 for sure next period. The term ( ) is the ‘market price of
risk’: it tells the rate at which the price ratio a;/Eym; 41 deteriorates with
increases in the conditional standard deviation of the pay out ;41 .

Without imposing any theory about my;i1, various studies have esti-

gt (mt,t+1)
Eimy 11

mated the market price of risk ( ) from data on (a¢,yi+1) For post
WWII quarterly data, estimates of the market price of risk hover around .25.
Hansen, XXX, and XXX’s characterization of the equity premium puzzle is
that .25 is much higher than would be implied by many theories that explicitly
link my ;41 to aggregate consumption. A standard benchmark is the theory
me 41 = Pu'(ce41)/u (cr) where u(-) is a power utility function with power ~.
That specification makes m; 41 = 3 (%)7 But aggregate consumption is a
smooth series, so that the growth rate of consumption has a standard deviation
so small that unless v is implausibly large, the market price of risk implied
by this theory of the stochastic discount factor my;y; remains far below the
observed value of .25. Similarly, the permanent income model of chapter 9 that
sets my 41 = Mexeq1/Mya, also implies too low a value of the market price of
risk, again because the volatility of consumption growth is too small.

When the representative household is concerned about robustness, we have

ar = Ey(mit11mi )Y (12.5.3)



302 Asset pricing

where from (12.4.9)
my 1 = exp [€}4 W1 — BWiy  Wep1] - (12.5.4)

By construction, Eym{',,; = 1. Hansen, Sargent, and Tallarini computed that

Ey(m}, ;)* = exp(w}wes1) so that

Tt p) = Jexp(w]yyween — 1) & [wly | (12.5.5)

HST refer to o(my ;1) as the one-period market price of Knightian uncer-
tainty. Similarly, the 7 — t—period market price of Knightian uncertainty is the
conditional standard deviation of m{ _ defined by (12.4.9). A fear of misspec-
ification can boost the market price of risk by increasing these multiplicative
adjustments to stochastic discount factors.

°
2

One-Period Market Price of Knightian Uncertainty
°
o
8

0 . . 1 1
0.25 03 0.35 0.4 0.45 05
Detection Error Probability

Figure 12.5.1: Market price of Knightian uncertainty for
one-period securities o¢(my11)* as function of detection er-
ror probability in HST model.
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0.25

°
° 2 °
2 & [

Four-Period Market Price of Knightian Uncertainty

)
o
&

0.35 04
Detection Error Probability

Figure 12.5.2: Market price of Knightian uncertainty for
four-period securities oy (m¢4+4)"* as function of detection er-
ror probability in HST model.

12.5.1. Calibrated market prices of Knightian uncertainty

As in chapter 9, we follow HST and use the parameterization ¢ = —~1. HST
computed one-period market prices of risk for a calibrated version of the per-
manent income model described in chapter 9. In particular, they proceeded as

follows:

1. Setting 0 =0 and SR = 1, HST used the method of maximum likelihood
to estimate the remaining free parameters of chapter 9’s permanent income
model.

2. HST used those maximum likelihood parameter estimates as the approxi-
mating model of the endowment processes d;, d; for a representative agent
whose continuation values they used to price risky assets. Thus, HST took a
particular stand on how the representative agent created his approximating
model, something that our robust control theory is silent about.

3. To study the effects of a fear of misspecification on asset prices while leaving
the consumption—investment allocation (¢, ;) intact, HST lowered o below
zero, but adjusted the discount factor according to the relation § = B(U)
given by equation (9.3.18), which defines a locus of (8, 0) pairs that freeze
{et,it}. For each (8,0) thereby selected, HST calculated market prices
of Knightian uncertainty and the detection error probabilities associated
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with distinguishing the approximating model from the worst case model
associated with o. Figure 9.6.3 in chapter 9 reports those detection error
probabilities as a function of o. We are interested in the relation between
the detection error probabilities and the j-period market prices of Knight-

ian uncertainty.

For one and four period horizons, Figures 12.5.1 and 12.5.2 report the
calculated market prices of Knightian uncertainty plotted against the de-
tection error probabilities. These graphs have two salient features. First,
there appear to be approximately linear relationships between the detec-
tion error probabilities and the market prices of Knightian uncertainty. In
a continuous time, diffusion specification, Anderson, Hansen, and Sargent
(2003) establish an exact linear relationship between the market price of
risk and a bound on the detection error probabilities. To the extent that
their bound is informative, their finding explains the striking pattern in
these figures. Second, the market price of Knightian uncertainty is sub-
stantial even for values of the detection error probability sufficiently high
that it seems plausible to seek robustness against models that close to the
approximating model. Thus, a detection error probability of .3 leads to
a one-period market price of uncertainty of about .15, which can explain
about half of the observed equity premium.

In chapter 14, we shall return to the relationship between detection error

probabilities and the market price of Knightian uncertainty in a version of a

permanent income model in which the representative agent must use a Kalman

filter because he does not observe the state variables that drive our two-factor

endowment process.
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12.6. A model of occupational choice and pay

Aloyisius Siow (1984) and Jaewoo Ryoo and Sherwin Rosen (2003) have used
pure time-to-build structures to represent price and quantity cycles in markets
for occupations under rational expectations. In their models, prospective new
entrants into an occupation respond to optimal forecasts of the present value of
a stream of wages that will begin accruing only after a period of schooling. We
want to study how in equilibrium those forecasts and workers’ decisions would
behave under a concern for model misspecification.

Siow and Ryoo and Rosen used partial equilibrium models cast in terms
of dynamic supply and demand curves. To analyze how a concern for model
misspecification affects demand and supply, we first find the representative agent
whose preferences induce the demand curve and the technology that generates
the supply curve. It is straightforward to cast Ryoo and Rosen’s model within
the class of general equilibrium models of Chapter 10. Then the methods of
section 12.2 and 12.4 can be used to construct a version of the model in which
the representative agent has a concern about model misspecification indexed by
0 € (8,00].

12.6.1. A one-occupation model

For concreteness, let the occupation be called engineering.Rosen (1995)’s model
determines the stock of engineers N;; the number of new entrants into engineer-
ing school, n;; and the wage W; of engineers. It takes k periods of schooling to
become an engineer. We'll set £k =4 in our example. Ryoo and Rosen’s model
consists of the following equations: first, an inverse demand curve for engineers

Wi =n4g — agNg + uar , aq > 0; (12.6.1)
second, a description of the education process as a time-to-build structure
Nyt =0NNigk—1+n:, 0< oy <1 (12.6.2)

third, a definition of the expected present value of each new engineering student

(o]

v = BB, Z(ﬁlsN)thJrkJrj; (12.6.3)
7=0
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and fourth, a supply curve of new students as a function of v
ng = 1Ns + sV + Usp , g > 0. (1264)

Here u; = [ugr st ]/ is a stochastic process of labor demand and supply shocks.
Under a potentially distorted model indexed by w4, the shocks wug, uge are

given by
Ugt = Ugz
' ! (12.6.5)
ugr = Uq124
where
Zt+1 = AQQZt + 02(€t+1 + U)tJrl) (1266)

the eigenvalues of Ay are bounded in modulus by Lﬁ’ Us,Ugqqr are selector

vectors, €;41 is an i.i.d. vector stochastic process with mean zero and covariance
matrix I, and w41 is a vector of perturbations to the conditional means of the
innovations to the approximating model. As usual, the approximating model
assumes that w;41 = 0. Specification (12.6.5)—(12.6.6) allows the demand and
supply shocks to be serially correlated.

We use the following:

Definition 12.6.1. A rational expectations equilibrium without a fear misspec-
ification is a stochastic process {Wy, Ny, vy, m 22, satisfying (12.6.1), (12.6.2),
(12.6.3), (12.6.4), (12.6.5) and (12.6.6), w41 = 0, the stability condition
Eo Y20 BN < 400, and the initial conditions for N_1,n_s,s =1,...,—k+1.

12.6.2. Equilibrium with no concern about robustness

In the model in which the representative agent is not concerned about robust-
ness, E; in (12.6.3) is the mathematical expectation evaluated with respect to
the distribution under the approximating (w41 = 0) model. With a concern
about robustness, the mathematical expectation under the distorted model E,
replaces Fy in (12.6.3). But the distorted model is endogenous. Discovering it
requires knowing the common preferences of the malevolent agent and the repre-
sentative agent. To put a fear of misspecification into Ryoo and Rosen’s model,
it is thus necessary first to map the model without a fear of misspecification
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into the equilibrium framework of chapter 10. This will identify the prefer-
ences of a representative agent that the malevolent agent also uses to formulate
perturbations that promote robustness.

In terms of the class of general equilibrium models of chapter 10, we repre-
sent Ryoo and Rosen’s model by sweeping the time-to-build structure into the
household technology and the demand for engineers into the preference specifica-
tion, while putting the supply of new engineers into the technology for producing
goods. Here is how. Take the household technology to be

- N,
se=lag 0 0 0] +on
nt—2
LTt—3
Nt+1 oy 0 0 17 N; 0
0 0 0 _ 1
it _ nt—1 + ny.
Nt—1 0 1 0 0 Ng—2 0
) 0 0 1 04 N¢g—3 0

In the notation of chapter 10, these equations can be represented as”

St = Aht_l + HCt

(12.6.7)
he = Aphy—1 + Opcy,

where we have set n; in Ryoo and Rosen’s model to ¢; and [Ny ng—1 mi—o ng—3 ]/
to hi—1in the model of chapter 10. To complete the representation of (12.6.1),
we set the preference shock by = ng + ugy -
We represent the supply of entering students by using the technology side
of the model. In particular, we assume

1 —1 . 0 0 Ust
ot lazt T 0|9 = o] o |
This equation matches the representation of technology in chapter 10

<I>cct + (I)iit + @ggt = Pkt—l + dt.

7 In the language of Hansen and Sargent (200XX), this preference representation is not
canonical, meaning that it must be transformed to a canonical representation in order to get
convenient representations of dynamic demand functions.
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Associated with this model is a representative agent who has preferences over
¢ paths that are ordered by

~Eoy B {5(se —br) - (st = be) + 51~ g} (12.6.8)
t=0

where the mathematical expectation is taken with respect to the approximating
model. Hansen and Sargent use the shadow prices from a planning problem to
construct a competitive equilibrium, as described in chapter 10. The shadow
prices M35, M¢, MP for s, c;, hy, respectively, satisfy

f = bt — 5¢ (1269@)

M =E Y BT(AL)TTINM; (12.6.9b)
T=1

¢ = QM +TI'M;. (12.6.9¢)

Since II = 0 for the present example, we have

00

f=0LE Y BT(AL)TTIAM. (12.6.10)

r=1

It can be verified that the wage W; in Ryoo and Rosen’s model matches the
shadow price M§ and that the present value v; matches g T My (compare
(12.6.3) with (12.6.10)). Where x; is the state,® Hansen and Sargent show
that M§ = M.x; and M; = Mz, and give formulas for the matrices M., M.
We can use these objects to compute the equilibrium values of Wy = Mgz, v, =
M.x; in Ryoo and Rosen’s model. The solutions for the quantities can be
determined from the representation for the equilibrium in the state space form

Ti41 = AOZZ?t + OetJrl.

The next section computes examples of equilibria of the model both without
and without a fear of misspecification. Appendix A solves the model by hand
and describes some its analytical features.

8 The state z¢ equals [Ny mp_1 ng_o 1 2z zdt]/, where zs is the supply shock
and z; is the demand shock. The presence of zs and z; means that we can accommodate
demand and supply shocks that are first-order autoregressive processes.
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12.6.3. Example

A version of the model with a fear of misspecification replaces (12.6.3) by

o0

v =0 E, 2(65N)jwt+k+ja (12.6.11)
=0

where E, is the mathematical expectation with respect to the distorted model.
Representation (12.4.8) above implies that an equivalent representation of v
in the model with a fear of misspecification is

oo

ve = BB Y (BON) M Weshts (12.6.12)

=0

where mj' is the Radon-Nikodym derivative defined in (12.4.9). In (12.6.12),
the expectation is evaluated under the approximating model. Equation (12.6.12)
shows how a fear of misspecification puts an adjustment for model uncertainty
into v;. That adjustment gets reflected in the behavior of Ni, ng, W; in ways
that the following example illustrates.

For alternative versions of the same model without a concern robustness
(the solid lines) and with a concern for robustness with —~! = —.5 (the dotted
lines), Fig. 12.6.1 shows impulse responses to an i.i.d. supply shock where the
inverse demand shock is also i.i.d. Both of these impulse responses are evaluated
under the approximating model.? We set the covariance matrices of the two
shocks to be I and the remaining parameter values at oy = .95, a5 = 1,aq =
1,ns = 10,14 = 30,8 =1/1.05.1°

The effects of a fear of misspecification operate through the forecasting
equation (12.6.11). The bottom left panel of Fig. 12.6.1 shows that when there
is fear of misspecification, the initial adverse effect on vy of a supply shock is
greater in absolute value (more negative) than when there is no concern for
robustness. The top right panel shows how, because of its more adverse im-
plications for v;, the supply shock causes a lower entry rates under a fear of

9 Thus, for the robust version of the model the agents inside the model are basing their
decisions on the distorted model, but we are assuming that the data are actually generated
by the approximating model.

10 gee appendix A for a description of the role of the ratio ascay of the slopes inverse
demand and supply function in influencing the solution, and for under the i.i.d. specification
an inverse demand shock has no persistent effects on any variable in the model.
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misspecification. This means that under the approximating model, the wage
actually declines less in response to a supply shock under a fear of misspecifica-
tion (see the top left panel). The top left panel shows wages declining less while
the bottom left panel shows the expected present value declining more under a
fear of misspecification. This discrepancy reflects the pessimistic forecasts that
emanate from the worker’s use of the distorted model to form E . Wages decline
less under a fear of misspecification because the lower entry rate induced by the
pessimistic forecast vy causes the actual stock of engineers N, to increase less

under a fear of misspecification (see the bottom right panel).!!
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Figure 12.6.1: Impulse responses to supply shock without
a fear of misspecification (solid lines) and with a fear of mis-
specification with ¢ = —.5.

11 Appendix A gives analytical expressions that help provide more intuition about the
shapes of the impulse response functions and the relations among them.
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12.7. Concluding remarks

The asset pricing example of HST indicate how a little bit of concern about
model misspecification can potentially substitute for a substantial amount of
risk aversion when it comes to boosting theoretical values of market prices
of risk. The boost in the market price of risk emerges from a form of pes-
simism relative to the representative agent’s approximating model. The form
that the pessimism takes is endogenous, depending both on the transition law
and the representative agent’s discount factor and one-period return function.
Pessimism has been proposed by several researchers as an explanation of asset
pricing puzzles, e.g., Reitz (XXXX) and Abel (20XXX). The contribution of
the robustness framework is to discipline the appeal to pessimism by restricting
the direction in which the approximating model is twisted, and by how much,
through the detection probability statistics that we use to restrict 6.

A. Solving Ryoo and Rosen’s model by hand

Using methods described by Sargent (1987), we can solve Ryoo and Rosen’s model
by hand and thereby discover a reduced description of the state. Substituting equations
(12.6.1), (12.6.3), and (12.6.4) into (12.6.2) and rearranging yields

(1-+80% + asaas® — by L = BoNLTH) Ny
(12.4.1)
=k {(1 — BINL ™) (s + ust) + asB(ng + Ud,t-i—k)} ,

where L is the backward shift operator. Notice the appearance in the characteristic
polynomial of agas = %7 the ratio of the slope of the inverse demand schedule to

the slope of the inverse suspply schedule. The polynomial in L on the left side evidently
can be factored as fof(BL™1)f(L) where f(L) = (1 — L) and || < 1. Then the
stabilizing solution of (12.A4.1) is

£t

Niyp =9 Ny 1+E¢ { (W

) (1= BSNL™ ") (s + ust) + asB” (ng + ud,t+k>]} :

(12.A.2)
It follows from (12.A.2) that Nyyj_1 is a complete description of the endogenous
part of the state vector at the beginning of time ¢t. We could have guessed this from
(12.6.2) because Nyyp—1 is independent of decisions or shocks that occur before time
t.
When wugt, ug are iid., (12.A4.2) simplifies to

Nigk = ONeip—1 +1s + asf” + use. (12.A.3)
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In the i.i.d. case, it follows from (12.6.2) and (12.A4.3) that the decision rule for n; is

ne = (Y — 6N)Nyg—1 + s + 053" + ust. (12.A.4)
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Chapter 13
A robust filtering problem

13.1. Filtering

Chapter 4 described the Kalman filter, a recursive method for estimating a
hidden state vector that can be computed as the dual of the optimal linear reg-
ulator. The Kalman filter assumes that a decision maker knows the statistical
model linking the hidden state to observables. If he regards the statistical model
only as approximating an unspecified true generating mechanism, he may want
estimators of the hidden state that are robust to model misspecification. This
chapter describes such robust estimators and how they embody another mani-
festation of Fellner’s observation about how probability slanting depends on the
‘prize’ (see page 32): a robust filter depends partly on the decision maker’s cri-
terion function. In this chapter we assume that the decision maker cares about
a weighted sum of current and past errors in estimating the state. An alterna-
tive but equivalent way of thinking about this criterion is that at some initial
date, the decision maker commits himself to a particular estimator that he will
eventually evaluate according to a weighted sum of state estimation errors over
the entire horizon. Duality arguments that correspond to ones encountered in
chapter 4 naturally lead us to this ‘commitment’ way of specifying the decision
maker’s criterion. Although this criterion is plausible for some economic prob-
lems, for others it is not, as we shall argue in chapter 14. We adopt it now partly
because it of how it illuminates the duality of robust control and filtering.

- 315 —
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13.1.1. Warning about recycling of notation

As is typical in some presentations of filtering and control, we have recycled
some notation. For example, we use the matrices A and K to denote different
objects in the robust filtering and control problems.

13.2. Summary of robust filtering and duality

The duality described in chapter 4 doubles the usefulness of the optimal linear
regulator problem because to each control problem there corresponds a filtering
problem, and vice versa. There is also a filtering problem that is dual to the
robust linear regulator problem studied in chapters 6 and 7. This section displays
that problem but postpones a formal derivation of it to section 13.3. We begin by
recalling the duality of control and filtering presented in chapter 4, then indicate
how it can be extended to incorporate concerns about model misspecification.

13.2.1. Duality of ordinary filtering and control

Let 2, = C'A\¢ + D'y Consider the optimal linear regulator problem

—M XA = ma;}cz —%, (13.2.1)
t=0

{Ht

where the maximization is subject to an initial condition for Ag and the transi-

tion law

)\t+1 = AI)\t + Glﬂt. (1322)

Here )\; is the state vector and u; is the control vector.

Chapter 4 displayed a filtering problem that is dual to this regulator prob-
lem and interpreted the A;’s and p;’s of the control problem as Lagrange mul-
tipliers associated with that filtering problem. For ¢ > 0, the filtering problem
has a state vector z_, and an observation vector y_; that satisfy

T = A:z:,t,1 + CE,t (1323&)
Y—t = GLC_t_l + Dé_t (1323b)
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where e_; is an i.i.d. Gaussian vector with mean zero and covariance matrix I.
The recursive estimator of the hidden state is:

,f_t = Aii'_t_l + K(y_t — Gii'_t_l), (1324)

where K is the Kalman gain matrix. The error in reconstructing the state at ¢
is

€E_t =Tt — Li'_t. (1325)
The decision maker wants to construct an estimator Z_; of a linear combination

z—+ = Hx_4 of the state at each ¢ and so poses the minimization problem

T
. . -1 2 ’ 2
m&nETILr{l)oT tgo(z_t 2_0) (2ot — 24) (13.2.6)
or
m}én trace(H' HY)

subject to (13.2.3), (13.2.4), (13.2.5) and where again ¥ = E(e_se’ ;). The 2
that minimizes trace(H'HY) is independent of H. Define the operators

K(X) = (CD' + AXG')(DD' + GXG') ™! (13.2.7)
T*(2) = (A - K(2)G)Z(A - K(2)GY
+(C = K(2)D)(C — K(2)D)'. (13.2.8)

The minimized value of ¥ solves the Riccati equation

X=T*%) (13.2.9)
and the minimizing K satisfies

K =K(%). (13.2.10)

In chapter 4, we established that (K, ) also solve the linear regulator (13.2.1),
(13.2.2), and that p; = —K'): is the optimal decision rule.
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13.2.2. A robust linear requlator

We now describe a multiplier robust control problem that corresponds to (13.2.1),
(13.2.2) and whose dual is a robust filtering problem. For 6 € (6, +o0], consider
an undiscounted robust linear regulator corresponding to (13.2.1), (13.2.2):

—A\p¥Ao = max min —Z1% + 06, 13.2.11
0= {pe} {dstﬂ};{ t<t ¢t+1¢t+1} ( )

where again Z; = C'\; + D’y and the maximization is subject to
Airr = AN+ G + H' g1 (13.2.12)

and an initial condition Ag. The solution of this robust control problem is a
pair of decision rules

e = —K/)\t (13213@)
bri1 = K. (13.2.13b)

18.2.3. A dual robust filtering problem

We can now state the filtering problem that is dual to (13.2.11), (13.2.12). The
robust filtering problem surrounds the approximating model (13.2.3) with a set
of perturbed models of the form

r_t = A{E_t_l + C(G_t + ’LU_t) (13214@)
Y—t = Gl'_t_l + D(E_t + ’U}_t) (13214b)

where €_; is another i.i.d. Gaussian vector with mean zero and covariance matrix
I and w_; is a vector of measurable functions of [y~ z~*]. The w_; process
represents specification errors that feed back on histories of both the unobserved
state and the observed variables, thereby representing misspecified dynamics.
The decision maker constructs a robust filter by solving the following two-player
zero-sum multiplier game: !

T
! _ . : —1 / _ /
trace(H'HY) = max n}énETlgr;OT E (22 — O yw_y)  (13.2.15)

w-t}Zo t=0

1 When H is such that the decision maker cares about unobserved components of the
state, the solution to this problem will depend on H, so that the ¥ associated with the
solution depends on H (which it did not for the ordinary Kalman filter).
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where z_; = He_; and subject to (13.2.14), (13.2.4), (13.2.5) and where
Y = E(e_te’,). For H'H of full rank, the extremizing ¥ is the fixed point
of iterations on T* o D*, where T* is the operator (13.2.10) associated with
iterations on the Riccati equation for the ordinary Kalman filter, and

D*X) =X+ 0 'SH'(I -0 'HSH ) 'HY. (13.2.16)

Lars: is there a direct (in terms of filtering) interpretation of this as
a distorted expectations operator? The only interpretation I could
figure out was a dual one. The robust Kalman gain K then satisfies

K =KoD*(Y), (13.2.17)

where
Y =T"oD*(X) (13.2.18)

and K is defined in (13.2.7). The maximizing w_; sequence has the recursive
representation

w_y=—0""[I+071(C— KD)S ' (C - KD)] (O - KD)YS YA - KG)e_y_1,

which shows how the worst case mean distortions w feed back on e_;_1 =
T_¢—1 — T_4—1, which means that they feed back on both the unobserved state
x_¢—1 and the history of the observed signal as summarized by &_;—;. This
formula shows how the malevolent (i.e., error-mazimizing) agent exploits his

information advantage over the decision maker, who cannot observe z_;_1.

13.2.4. The robust filter when Hz_; is observable

Formulas (13.2.16), (13.2.17), and (13.2.18) show that the robust filter is con-
text specific, depending on the criterion 2’ ,z_; = ' ,H'Hz_; that the maxi-
mizing player cares about. In many problems, z_;H'Hz_; plays the role of the
maximizing player’s one-period return function. When the decision maker cares
only about observable components of the state, formulas (13.2.16), (13.2.17),
and (13.2.18) imply that D*(X) = ¥ because HXH’ = 0. In this case, the
robust filter is equivalent with the ordinary Kalman filter.
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13.3. The robust filtering problem

We now substantiate these claims about the robust filter and its duality with
the robust linear regulator. Because chapters 6 and 7 study discounted optimal
linear regulators, we extend (13.2.11), (13.2.12) to make it into a discounted
optimal linear regulator, and seek a filtering problem that is dual to that dis-
counted problem.

As we saw in chapter 4, though the filtering problem is typically applied
in stochastic contexts, because the mathematics merely manipulates moment
matrices, we can present what seems to be a nonstochastic derivation of a robust
Kalman filter. Thus, we shall appeal to a version of certainty equivalence to
drop the random process e_; from the state space system and also shall drop
mathematical expectations from the prediction error criterion that the decision
maker seeks to minimize. We let the random vector e_; = 0 in the decision
maker’s approximating model and allow for specification errors to be of the

form:?2

Tr_¢ :Aiﬂftfl + wat (1331&)
Y—t :Gl'_t_l + Dw_t. (1331b)

Here t > 0. Let y~* denote the history of y up to —t. Let E[-|y~*"] denote
a filtered value conditioned on the history of y up to time —t — 1. We seek
filtered values Z_; = E[z_¢|y~"], J_¢ = Ely_¢Jy~t"'], where E(-) is a distorted
expectations operator. Note the differences in the conditioning sets. See (13.3.2)
and (13.3.4) for confirmation of these different conditioning sets.

We construct a robust filter by solving a non-stochastic zero-sum two-player
game in which an evil prediction-error-maximizing agent chooses a sequence of
shocks {w_;} to mazimize the same prediction error criterion that a decision
maker wants to minimize. We restrict the robust Kalman gain to be time-
invariant. For now, we take as given the choice K by the prediction-error-
minimizing decision maker, and focus on the decision of an evil maximizing
agent. To set the problem facing the evil agent, we form an observer system
(see Kwakernaak and Sivan (1972)). Emulating the measurement equation, we
require the estimator of y to take the form:

gy =Gi_y_q. (13.3.2)

2 See the discussion in section 4.2 for an explanation for why we make time recede into
the past with increases in ¢t.
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It follows that the prediction error for y_; is:
Yot — G-t = G(x_4—1 — T_4—1) + Dw_y.

We consider updating schemes for & that are parameterized by a fixed gain
matrix K. The forecast-error-minimizing agent chooses K in an updating rule
of the form:?

Ty =A 4 1+ K(Y—t—9-t) (13.3.3)

or
j—t = Aii'_t_l + K(y_t — Gii'_t_l). (1334)

Subtracting (13.3.3) from (13.3.1a) gives
oy —d 1 =(A—KG)(x—t—1 —2T-¢—1) + (C — KD)w_s. (13.3.5)
Define the state reconstruction error:
et =T_y — T_y. (13.3.6)
Then (13.3.5) can be expressed
et =(A-—KG)e_4_1 + (C — KD)w_,. (13.3.7)

The filter K is designed to minimize a quadratic form in the following linear
combination of the forecast errors in the state:

Z_t = He_t. (1338)

3 The reader of Bagar and Bernhard (1995) will notice that their predictor (e.g, 6.62 on
page 273) appears to have a somewhat different form than ours, there being an extra term
in &4 in theirs. However, if we apply their formulas to the problem in our text, it can be
shown that that extra term vanishes. The relevant part of their analysis occurs on their pages
272 and 273. Their approach is to solve two Riccati equations. Take the first one, that in
M;j, on page 272. Define G} = —I which makes the target Hx — u so that we have a pure
forecasting problem where the goal is to forecast Hz, and B = 0,4 = A, and Q = 0, so that
the Riccati equation for M implies that M = 0 as a solution when the equation is stated in
a form that does not require nonsingularity. The full information control problem has a zero
value function and the optimal control is to set w = Hz, so that the control portion of the
problem is degenerate. The nontrivial part of their solution in our case is the I'y, component
and Basar and Bernhard refer to this as the dual quantity. Their equation for ¥; will have
a nondegenerate solution. Substituting 4, = H& into their equations (6.62) and (6.63) gives
the result that the extra & term drops out of (6.62).
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The criterion of the multiplier form of a two-person game for a robust filter is
5> Bz — 0w wy), BE(0,1) (13.3.9)
t=0

Notice how 3! weights forecast errors from the more recent past more heavily.
The decision maker minimizes this criterion by choosing K , while the evil agent
maximizes it by choosing w_;’s subject to (13.3.7) and (13.3.8). Here 6§ > 0
penalizes the w’ ,w_; sequence. Given K, the maximized value of (13.3.9) is

BHepX ey (13.3.10)

where X satisfies a Riccati equation for a dual problem to be stated shortly
and the maximizing w_; sequence can be represented in the recursive form
w_y = Oe_y_1, where e_; evolves according to (13.3.7) and where a formula
for O will be given in (13.3.13) below.

13.3.1. The evil agent’s problem

We now focus on the evil agent’s problem. As in chapter 7, we can use the
optimal value function that emerges from this problem as a criterion function
that the minimizing agent can use to devise a robust K. Recall that in posing
the problem of the evil agent in chapter 7, we frequently took the control law
u = —Fz as fixed and let the evil agent respond. We now take K as fixed
and study the problem of maximizing (13.3.9) by choice of {w;}. We form the
conjugate problem associated with choosing the w_;’s to maximize (13.3.9).
Let (')A, denote the vector of Lagrange multipliers on (13.3.7), let 3'¢} be
the vector of multipliers on (13.3.8), and form a Lagrangian. Among the first-
order conditions for the problem of maximizing the Lagrangian with respect to
{w_¢,e_+}22, and minimizing it with respect to {\;, ¢+ }22, are:

13.3.11a
13.3.110
13.3.11c
13.3.11d

W_p: W_p = —%(C — KD) N\
Zogt Zog=—Qy

e—t—1: Py =(A—KG)'\ + BH 141
e_o: Xo=Hdgo

A~ o~ o~
= L =
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We can use (13.3.11a) to get a convenient formula for the distortion w_;. First,
note that ), is the vector of shadow prices of e_¢, so that A\, = £ ~te_; where
Y. appears in the value function (13.3.10). This equation and (13.3.11a) imply

w_y =—0"1(C - KD)'S " te_,. (13.3.12)

To compute the feedback rule for the worst-case shock w_;, substitute (13.3.7)
into (13.3.12) and solve for w_; to get

w_y=—0""[I+671(C—KD)S ' (C — KD)] - KDYS A~ KG)e_y_1
(13.3.13)
Below, we shall show how both 3 and K can be computed by solving the linear

regulator (13.2.11), (13.2.12).

13.3.2. The dual to the evil agent’s problem

To form the dual to the error-maximizing agent’s problem, use (13.3.11a) and
(13.3.11b) to write

1
ﬁ)\g(c — KD)(C — KD)' )\

zltz,t = ¢;¢t

/
wftw_t =

Substituting these into (13.3.9) gives the dual criterion
1 o0
55 O B {=N(C = KD)(C ~ KDY\ + 0661} . (13.3.14)
t=0

The dual problem is to minimize (13.3.14) by choice of {¢:}:2,, subject to
(13.3.11¢) and (13.3.11d). For convenience, rewrite (13.3.11¢), (13.3.11d) as

M1 =B HA-KG)\ + H ¢ 1 (13.3.15a)
o = H' . (13.3.15b)

This is a discounted linear regulator problem with state A\; and control ¢;11.
The optimized value of the objective functions of the original and dual problems

are equal.
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We can reinterpret the dual problem in terms of a time-domain version of
the multiplier problem associated with (7.2.3), (7.2.4), which for convenience

we repeat here:

?111; > B {—ai(Ho — JF)' (Hy — JF)x; + wjw} (13.3.16)
Wt =0
subject to
2411 = (Ao — BF)xy + Cwiyq (13.3.17a)
20 = Cwo. (13.3.17b)

Notice that the dual filtering problem (13.3.14), (13.3.15a), (13.3.15b) corre-
sponds to (13.3.16), (13.3.16), (13.3.17) with the settings in Table 13.3.1. This
means that all of the computational methods that apply to the control problem
can be used to solve the filtering problem, as we describe in the following section.

Table 13.3.1: Duality of filter and control

Filter ) bt At A'p G'/8 H c’ K’ D’

Control P Wi Tt Ao B C Hy F J

13.3.3. Computing K

By using the duality relations listed in Table 13.3.1, we can formulate a two-
person zero-sum game that can be used to compute a robust filter K. We simply
use analogies from chapters 6 and 7 to take advantage of what we know about
the analogous game for the control problem.

The two-player zero-sum game associated with the robust control problem

is

max min B =2z + 0w, w 13.3.18
iy 36 {1 + b} (13.3.18)
subject to
zZt = HQZCt + Jut (133190,)
Ti41 = AOZZ?t + But + th+1 (13319b)

xo = Cwy. (13.3.19¢)
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The u; component of the solution is a time-invariant feedback rule
u = —Fry, (13.3.20)

where formulas for F' are given in chapters 2, 6, and 7.
Using Table 13.3.1, it follows that the two-player zero-sum game for the
dual filtering problem is

max min BH—Z% + 0, 13.3.21
e S §{-55 + 0001} (13.3.21)
subject to
Z=C'\ + D'y (13.3.22a)
M1 =B AN A+ B Gy + H diya (13.3.22b)
)\0 = H/gf)o. (133226)

This problem (13.3.21), (13.3.22) can also be formulated as an optimal linear
regulator. Equilibrium choices of pu, ¢¢+1 have representations of the forms
given in (13.2.13), namely, p; = —K'A and ¢ry1 = KjAy, where K', K, can
be calculated with formulas analogous to those used to solve the corresponding
control problem (13.3.18), (13.3.19).

The beauty of these findings is that we can solve for the robust Kalman
gain by solving a robust optimal linear regulator problem.

13.3.4. Matlab programs

We can induce our matlab program doublex9.m for solving the robust linear
regulator to compute K, ¥, and D*(X) by exploiting the duality displayed in
section 13.3.3. We accomplish this in the following steps.*

1. Input the objects A,C,G,D that form the state-space system, H and (3
in the decision maker’s criterion function, and 6; A is n xn, C is n X p,
Gismxn, Dis mxp,and H is r X n, where n is the dimension of the
state, p the number of shocks, m the number of observables, and r the

number of variables entering the decision maker’s criterion function.

4 The Matlab program rfilter.m performs these steps. .
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2. Prepare the robust linear regulator formulated in (13.3.21) and (13.3.22)
by setting Q = CC',R = DD'.W = CD',A = 37'A" B = 37'G",D =
H’. These are the objects in a discounted robust linear regulator problem
with cross-products between states and controls. Therefore, if we want to
use doublex9.m, which is for undiscounted problem without cross-products
between states and controls, we have to use the trick described in chapter
3 on page 65 for converting to such a problem. We accomplish this in step
3.

3. Form As = /B(A—BR™'W'),Bs= /BB, Qs= Q—WR'W’. The Matlab
program trick.m accomplishes these tasks.

4. Set sig= —6~! and issue the command [F,K,P,Pt]=doublex9(As,Bs,D,Qs,R, sig).
To complete the trick begun in step 3, set F' = F+ R~ , as described in
chapter 3 on page 66.

5. Finally, K = F', ¥ =P, and D*(X) =Pt.

Given K, the feedback rule for the worst case mean w can be computed by
using either formula (13.3.13) or (13.4.2). Appendix A describes an optimal
linear regulator problem that can be used to compute this feedback rule and
that leads to formula (13.4.2). Appendix B describes a worst-case distorted
transition law for the state for which the ordinary Kalman gain equals the
robust Kalman filter for the transition law under the approximating model.

13.4. Robustifying Muth’s filter

As an example, we set 5 =1 and consider Muth’s (1960) problem of estimating
the position of a random walk disturbed by measurement error. We set H =1
(so that the decision maker cares about the hidden state), and assume the

approximating model:

Tpy1 = Ty + €141 (13.4.1a)
Y41 = @t + €241 (13.4.1b)
where « is the signal to noise ratio and €11 = [€1,441 €21t+1]/ is an i.i.d.

Gaussian process with mean zero and identity covariance matrix. The state x;
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is to be estimated from current and past values of y;. Setting H = 1 makes the
decision maker’s criterion equal to the variance of the error in reconstructing
the state z from past signals y. We consider the filter

Tpp1 = ¢ + K(yt+1 — 50,5) (1342)

where 2,41 is the estimate of the state using the history of y, through ¢+ 1.
We want K to be robust to misspecification of (13.4.1).

We use the program rfilter.m described in section 13.3.4 to compute the
robust K. To illuminate the perturbations to the approximating model that
the decision maker is considering, we also display the following calculations.

To attain robustness, the decision maker considers a family of perturbed

models:
Tyl = X + Oé(El,tJrl + w17t+1) (13.4.3&)
Yi41 = g + €2,441 + W p41 (13.4.3b)
where €41 = [€1,441 627t+1]l is another i.i.d. Gaussian process with mean

zero and identity covariance matrix, and [wy 41, w2 41] are distortions to the
conditional means of the two shocks ;41 in (13.4.1). Subtracting (13.4.2) from
(13.4.3a) and using (13.4.3b) gives

Ct41 = (1 — K)et =+ Q€Y 41 — K621t+1 + QW1 t41 — Kw2_’t+1, (1344)

where e; = x¢ — 2. Using formula (13.3.13), we can represent the worst case

mean distortions as
w141 = —Niet

(13.4.5)
wa 41 = —Naey,
where N7 and Ny are computed using formula (13.3.13) or (13.4.2). Please
notice that Ny, Ny are functions of § and K.
For arbitrary K and fized w11 = —Nies, w241 = —Naet, the error in
reconstructing the state when the model associated with (N1, N2) prevails is

Ct+1 = (1 — K)et — oleet + KNQBt + Q€1 t41 — K621t+1 (1346)

or

et+1 = Xt + €y 11 — K€27t+1, (1347)
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where
x=1—K —aN; + KNs. (13.4.8)

Equation (13.4.7) gives the law of motion of the error e; in reconstructing the
state for filter K when the conditional means of the shocks are feeding back on
et via N1, No. Denote the variance of e; by var.(K; N1, N3). From (13.4.7) it
follows directly that

2 K2
vare(K; N1, Np) = % (13.4.9)
The spectral density of e is
Se(w; K, Nl, Ng) = g1 (w)gl(—w) + 92(W)g2(—(AJ) (13410)
- o - K . . .
where g1 (UJ) = W, g2 (UJ) = m, Se achieves the deCOmpOSl—

tion of var. across frequencies:

1 T
var, = —/ Se(w; K, N1, Na)dw.
2 J_,

Consider var, as a function of K. Let K (0) be the robust filter associated
with 8. When N;(0), N2(6) deliver the worst case distortions w; and wsy to the
conditional means of the two components of € for a given 8, var.(K; N1, Na) is
minimized at K = K(6).

13.4.1. Ordinary Kalman filter

Let K* = K(+00) denote the standard Kalman filter. If § = 400, then N; =
Ny = 0 and the variance of e; simplifies to:

o? + K2
1—(1—-K)?
o+ K?
2K — K?°

var.(K;0,0) =
(13.4.11)

Minimizing (13.4.11) with respect to K gives a formula for K that agrees with
that produced by the ordinary Kalman filter: K* = 7%0‘2_0‘2 =

5 When o = 1, this equals \/5271 , the golden ratio.
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Figure 13.4.1: Variance of e;(K; N1, N2) as function of K
for Ny and Ny evaluated at § = 10%. Here the ordinary
Kalman gain K* satisfies K* ~ K(0), and both K* and
K(6) are denoted by asterisks. The two curves are for two
values of the signal-noise ratio « =1 and a = 1.78.

Figure 13.4.2: Variance of e;(K; N1(6), N2(6)) as function
of K for Ny and N> evaluated at § = 7. Here the ordinary
Kalman gain K* satisfies K* < K(f) (where K is denoted
by the x and K* by the small vertical line on the var,(K)
curves ). The two curves are for two values of the signal-noise
ratio o = 1, 1.78.

13.4.2. Illustrations
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Figure 13.4.3: Frequency decomposition of the reconstruc-
tion error variance var.(K;Np(f), Na2(6)) for § = 108 for
K() and K*, o = 1. The two curves for K(f) and K*
approximately coincide.

Figure 13.4.4: Frequency decomposition of the reconstruc-
tion error variance var,(K; Ny(0), No(0)) for 6 = 7 for K(6)
and K*, a = 1. The solid curve is for the robust gain K ,
the dotted one for the ordinary Kalman gain K*. The robust
gain K flattens the decomposition of variance across frequen-

cies.
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Figure 13.4.5: Frequency decomposition of the reconstruc-
tion error variance var.(K; Ny, Ny) for 6 = 7 for K(f) and
K*, a =1.78. The solid curve is for the robust gain f(, the
dotted one for the ordinary Kalman gain K*.

log(6)

Figure 13.4.6: The robust Kalman gain K (6) as a function
of log() and «.

For fixed § < oo, we can determine K (#) by solving the two player game
(13.3.21), (13.3.22). We can also find the associated feedback rules for the
shocks Np(6), N2(0) using formula (13.3.13).

In Fig. 13.4.1, we have fixed 6 = 10® and derived the associated K, Ny, Ny
(all three are functions of #) and have plotted var.(K; N1, N2), the variance
of e;(K), as a function of K. It has a minimum at K(f). We have also
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2 4 6 8 12 14 16 18 20

“log®)
Figure 13.4.7: The robust Kalman gain K (6) as a function
of log(0), given a = 1.78.

put K* = K(+oc) and K(#) on the graph. For this large value of 6, K* is
indistinguishable from K (6).

Fig. 13.4.2 contains the same information as Fig. 13.4.1, except for the
value of # = 7. Now K(7) > K* = K(o0), though the state reconstruction
error variances var, associated with them are close.

Fig. 13.4.3 displays the frequency decomposition of var.(K*;0,0). Because
N; = Ny = 0, this is the frequency decomposition of the variance of e; under
the assumption of no specification error, using the ordinary Kalman gain K*
with = 1. (See (13.4.7), (13.4.8).) Fig. 13.4.4 displays the frequency decom-
position of var(K; Ny(7), No(7)) for two values of K: K* and K (7). Here
7 is the value of #. Thus, the dotted line is the frequency decomposition of
vare(K*; N1(7), N2(7)), while the solid line is the frequency decomposition of
vare (K (7); N1(7), No(7)). Because they are computed using (13.4.7), (13.4.8)
evaluated at Ni(7), Nao(7), these spectral densities describe the frequency de-
compositions of the variances of the reconstruction errors associated with K*
and K () under the worst case model associated with § = 7.6 Fig. 13.4.4 is
for « = 1, while Fig. 13.4.5 if for a = 1.78. Note that for the ordinary Kalman
gain K*, the spectral density under the approximating model in Fig. 13.4.3 is
lower at low frequencies than is the spectral density in Fig. 13.4.4, which is eval-
uated under the worst case model. This illustrates how the evil agent spends

6 Tom: check to make sure the interpretation of the Ball and permanent in-
come models are correct w.r.t. which model is used to evaluate the spectrum.
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most of his ‘entropy budget’ by deceiving the decision maker at low frequencies.
Fig. 13.4.4 shows how the robust filter responds by lowering the low frequency
contributions to variance under the worst case model.

Fig. 13.4.3 shows that the ordinary Kalman filter K* is most vulnerable to
low frequency components of e;, which can be induced by having the worst case
conditional means feed back positively on e;. Fig. 13.4.4 shows how the worst
case conditional means associated with 8 = 7 pump up the low frequencies of
e, and how the robust K (7) filter achieves a lower variance var.(K; N1, Na) by
flattening the spectrum, accepting higher variance at higher frequencies in ex-
change for lower variance at the low frequencies where the worst case conditional
means operate the strongest.

Fig. 13.4.6 and Fig. 13.4.7 show the robust Kalman gain K as functions
of log(#) and «. These figures show how increasing the preference for a robust
filter (i.e., decreasing @) raises the Kalman gain.

13.5. Another example

Velde (2005XXXX) considers a state-space system of the form (13.3.1) in which
the first component of x_; is core-inflation and remaining components describe
the dynamics of a vector of relative prices. Velde is interested in minimizing
E(x1,_4—%1,—+)?. To get a robust Kalman filter, we would take Velde’s estimates
of A,C,G,D andset H=[1 0 --- 0].

13.6. Discounting and the direction of time

This chapter has been partly motivated by mechanical questions associated with
duality. The duality of ordinary (non-robust) filtering and control described in
chapter 4 led us to suspect that there exists a filtering problem that is dual to
the robust discounted optimal linear regulator problem analyzed in chapters 6
and 7. By reverse engineering, we have found that robust filtering problem.
This robust filter minimizes a geometrically discounted sum of current and
past forecast errors. That criterion is inappropriate in economic models that tell
the decision maker to care only about current and future returns, settings that
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induce the decision maker to limit his attention to errors in forecasting current
and future variables that influence payoffs.

In chapter 14, we shall describe a different robust filtering problem with a
payoff function that is exclusively forward looking. Nevertheless, it is possible
to imagine some economic contexts in which the timing convention of the filter
of this chapter can be defended, for example, where the agent who filters must
commit himself in advance to a filtering rule and then be judged in terms of the
average forecasting behavior only after much time has elapsed. The formulation
studied in this chapter is widely used in the control literature (for example, see
Bagar and Bernhard (1995) and Whittle (1990)).

13.7. Another perturbation

Consider the situation in which the decision maker cares only about current and
future values of the state. In particular, suppose that, conditional on knowing
the state = he has a value function —z’ Mz, where the symmetric and positive
semi-definite matrix M might be obtained as the outcome of iterating on a
Riccati equation that looks to the future. Suppose that if the decision maker
knew the state, he would use the decision rule uw = —Fx. Now suppose that
the state is not known and that the decision maker estimates the state using an
ordinary Kalman filter. The Kalman filter makes the time ¢ state = distributed
according to a Gaussian distribution with conditional mean # and conditional
covariance X, so that the decision maker acts as if the (partially hidden) state
x obeys x = & + é, where é is normal with mean 0 and covariance Y. An
application of a certainty equivalence argument would have the decision maker
use the decision rule u = —F'z.

But now suppose that the decision maker believes that the posterior distri-
bution emerging from the Kalman filter is misspecified, so that = instead obeys
T = T + é 4+ u where u is a perturbation to the conditional mean. Because the
decision maker wants decisions that are robust with respect to such misspeci-
fications, he conducts the following context-specific worst case analysis, where
now the ‘context’ inspires him to choose the distortion u to harm the forward-
looking criterion —z’Mzx. To find a worst case perturbation u, penalize u by
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entropy as measured by uX !4 and consider the problem
g@—@+uWW@+uy+;m*w (13.7.1)
whose first order necessary condition implies
u=—(M-0s"H"Mz. (13.7.2)
Apply the partitioned inverse formula
(a—bd ey ' =at+atb[d—ca ] rea™t
with a = M,b=0,d=%,c=1 to get
(M- H =M+ MO - Mo M
Then from (13.7.2) we have
u:—@+ﬂrﬂw5L4w4rﬂ@
The worst case x is then £ =& 4+ u or
i=T—-0"'2M) . (13.7.3)

The decision maker achieves robustness to doubts about the specification of the
prior distribution coming from the Kalman filter by using the decision rule

u=—Fi. (13.7.4)
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13.7.0.1. Formulation from control theory literature

Bagar and Bernhard (1995) and Whittle (1990) use a decision rule of the form
(13.7.4) where instead of starting with the prior for x that emerges from the
Kalman filter, they begin from the distorted prior that we deduced from our
reverse-engineered-from-duality robust Kalman filter. In that formulation, past
distortions w_; to the conditional means of past e_;’s, used to design the ro-
bust Kalman filter, affect the decision rule through their effects on Z; while
future distortions w; to conditional means of future €;’s, affect the decision rule
through the design of a robust F' via the approach described in chapter 2 and
6. See Whittle (1990) and Bagar and Bernhard (1995) for extensive discussions.

13.7.1. Transition to next chapter

The material in this section forms a bridge to the next chapter, where we con-
sider a ‘two-6 recursiv formulation of decision problems in which the decision
makers considers two sources of possible misspecification: (1) misspecified dy-
namics, accommodated by allowing distortions to the conditional mean of the
state and measurement errors €;11 to feed back on past outcomes, and a mis-
specified prior distribution for the hidden state variables, accommodated by a
perturbation like the u in problem (13.7.1). By using different 6’s to penalize
the entropies associated with these two perturbations, we can focus the decision
maker’s concerns more on one or the other of these sources of misspecification.

A. Another way to compute the worst-case shock

Formula (13.3.13) shows how to compute the worst-case shock associated with
the robust filter. An alternative way to compute it is to use the dual problem to
compute K, then to formulate the primal problem, say with the following convention
for our time index t¢:

o0
maxz B (et H' Hey — Owjwy) (13.A.1a)
Ll frwer
subject to
et = (A— KG)et—1 + (C — KD)wy (13.A.1b)

given an initial e_;. Note how the discounting of the past in problem (13.3.9),
(13.3.7), (13.3.8) corresponds to anti-discounting the future in (13.A.1a) (because
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|B] < 1). The feedback rule for the worst case shock is
wt = Netfl, (13.A.2)

where N equals the usual feedback matrix’ for the optimal linear regulator associated
with (13.A4.1).

Having found N either from formula (13.3.13) or (13.A4.2), we return to our
original convention for the index ¢ and use (13.3.2) to represent the robust filter
recursively as

Yot =GE_y_1 (13.A.3a)
4 =AT 41+ K(y—t — §—1). (13.A.30)

1SN
<

The associated worst-case law of motion for the state and the observed variables is

w_t = N(x_t—1 — E_t_1) (13.A.4a)
rp=Arx_4_ 1+ Cw_y (13.A.4d)
Y-t =Gr_y_1+ Dw—y. (13.A.4c¢)

B. A Bayesian interpretation of the robust i

In section 6.5.2 of chapter 6, we remarked that when a decision maker solves an ordinary
optimal linear regulator problem, acting as if a particular representation of the worst
case law of motion is true, he will thereby compute the robust decision rule. By
displaying a particular law of motion for the state that renders the robust rule optimal,
that finding was the basis for a Bayesian interpretation of the robust control law. In
this appendix, we describe a corresponding Bayesian interpretation of the robust filter
by displaying a representation of the worst-case law of motion for which an ordinary
Kalman gain will be the robust Kalman gain. We accomplish this by using another
version of a “Big X, little x trick.

Let K = K(0) be the robust Kalman gain and express the law of motion for
{z¢,yt} under the worst case model as

w41 = N(xt — &)

w41 = Az + Clet41 + wit1)
Fpe1 = Ady + K(yr41 — GZt)
Yir1 = Gxy + D(€erq1 + wig1).

7 Namely, —F' in uy = —F'z4 in the linear regulator in chapters 2 and 6.



338 A robust filtering problem

We use (%) to replace (%) for a reason that we explain after presenting system (13.B.2).
Substituting (13.B.1a) into (13.B.1b) and (13.B.1d), substituting the resulting for-
mula for y;11 into (13.B.1c), and rearranging allows us to represent the worst case
law as

T4l | A+CN —CN Tt n C
it1| | -K(G+DN) A+ K(G+DN)| | KD | !

(13.B.2)
yt+1:[(G+DN) —DN] |:; :| +D6t+1.

t

t

Notice how this representation shows that the worst-case law of motion is no longer

Markov in the state z; alone, though it is Markov when the state is augmented to

include @¢. This occurs because the distorted mean wyy; feeds back on x; — @¢,

thereby inducing history-dependence i